




1 think geometry the finest training the human, mind can 
have. The whole art of reasoning is contained in its 
'precB'pU, — Pascal. 
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PREFACE 

The widespread criticism of high school mathematics 
by those who would greatly alter the courses offered, 
or even eliminate them from the curriculum, has placed 
mathematics in a defensive position in many schcmls. 
Geometry has been subject to particular criticism, ine 
authors, beheving that the subject can retain its proper 
position in the secondary schools only if teaching ma- 
terials and methods are constantly improved and per- 
fected, offer this volume with the fervent hope that it 
may estabhsh a new high standard among textbooks 

in plane geometry. . . .. 

Free use has been made of materials appearmg m tne 
authors’ Modern Plane Geometry. The wide use of 
that book and the willing co-operation of many teachers 
made possible an accurate evaluation of its content and 
method. The best has been retained. _ _ 

Extensive experimentation by the authors m the 
classrooms at the College High School, Montclam, Aew 
Jersey, suggested new approaches to some topics and 
more effective methods for developmg others, ihe 
nature of pupil-interests was carefully sti^ed, and 

changing social emphases have been noted. The rent- 
ing book is modern in method, content, and attitude. 
Attention is called to certain specific features as folto^'s: 

Introduction.— The authors reahze that the studj ot 
demonstrative geometry differs so much from the mathe- 
matics that the student has previously studied that 
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especial care must be used in the introduction to answer 
three questions for him. These are: “ What is demon- 
strative geometry?” “ Why is its study valuable?” 
and " How should it be studied?” 

These questions are answered in several ways: 

1. Through the history of the early uses of geometry 
in mensuration he is shown the contributions that the 
study of geometry has made to the development of 
civilization. 

2. Numerous examples of the applications of geome- 
try in art, industry, engineering, navigation, and 
astronomy are shown in illustrations and problems. 

3. Unusual illustrations show the existence of 
geometric designs in the bodily structure of microscopic 
plant life, in animals, in coral, in sea shells, and in 
flowers. 

4. Intuitive geometry and constructions serve as 
the vehicle for introducing fundamental definitions. 

5. The student is led to see that conclusions reached 
through intuition and experimentation are liable to 
error and must be held tentatively. 

6. He is shown the need and value of proof through 
logical reasoning to verify tentative conclusions. 

7. Exercises in supplying reasons for statements 
give practice in use of the axioms and postulates. 

8. Graded exercises dependent on the first two 
congruence theorems lead the student from simple 
one-step proofs through exercises gradually increasing 
in difficulty up to the use of overlapping triangles. 

Psychological Development. — Plane geometry should 
develop the ability to understand deductive proofs and to 
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give them formally. Throughout the book the authors 
have borne in mind the additional fact that the course 
should also develop the student’s powers of observation, 
should lead him to the formulation of discoveries about 
the relations in a figure, and finally, should direct him to 
the verification of these hypotheses by a proof. More- 
over, originals should be so well graded and should lead 
up to the theorems in such a fashion that each one is met 
as an original, not more diflficult than those originals that 
have previously been solved. Hence: 

1. Each new unit of work is based on concepts and 
knowledge which are familiar to the student. ^ 

2. Only one difficulty is introduced at a time and 
adequate practice is given to make the student thor- 
oughly familiar with each new development. 

3. The student is led to make discoveries for hirn- 
self. Statements of these are tentatively made, sub- 
ject to verification by proof. Thus, observations and 
critical analysis make the subject vital and living. 

Everyday Reasoning. — One of the features of the book 
is the use of many applications of logical reasoning o 
everyday decisions and discussions. Throughout the 
text the student’s attention is directed to the valid 
inferences that may be drawn from given hypotheses and 
to the danger of forming conclusions which are not vahd, 

or of reasoning in a vicious circle. _ 

FlexibUity. — Aware of the varying abilities of students, 
the authors have made it possible for the ^ 

the course to their abfiities in several ways. The stud^ 
preparing for college entrance ™f^tions will find 
that all of the requirefhents of the College Entranc 
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aminations Board and of the New York State Regents, 
and the suggestions of the National Committee on the 
Reorganization of Mathematics have been fully met in 
this book. Other differentiated courses are possible: 

1. Through selection of theorems. — A miniTnum 
course is provided by proving formally only those 
theorems not marked with A or B. For the more 
capable students theorems marked B may be assigned. 
The A theorems provide honor work for the better 
students, but may be omitted entirely without destroy- 
ing the sequence or interfering with the exercises. 

2. Through selection of exercises. — Exercises down 
to the horizontal line form a minimum course. They 
are simple apphcations of the principles developed. 
Many of them are numerical, the solution of which 
depends only on simple applications without difficult 
work in algebra. Exercises below the line are more 
difficult, while starred exercises will challenge the best 
abilities of the brighter students. 

3. Through emphasis on practical applications. — 
Other differentiation can be provided by stressing 
the numerical exercises and the practical applications 
of geometry. 

Keyed Review and Testing Program. — At the end of 
each unit searching questions and complete summaries 
provide a review of the work of that unit. These are 
keyed so that the student can easily find the section 
where the work was first explained. Following this 
review there is a set of practice tests, also keyed, which 
adequately cover the work of the unit just completed. 
These are followed, in aU units except the first, by a set 

r ■ ■ 


PREFACE 


IX 


of keyed tests covering aU of the work previously studied. 

It is realized that tests printed in the textbook are not 
best for determining the acMevement of the students. 
Hence, a book of tests, containing objective tests on each 
unit and spiral cumulative tests, is provided for use with 

the text. 1 u 

Theorems. — The number of formal theorems has been 

reduced to a minimum. Most of these occur as easy 
originals to be proved by the student before they are 
stated formally. 

Exercises. — The authors’ long classroom experience 
has convinced them that geometry should not be a feat 
of memory with exaggerated stress on formal theorems 
but that it should develop ability in discovering geome ric 
relations and power in proving original exerckes, and p^ 
vide ample practice with numerical apphcations. io 
this end, graded original exercises, with the degree o 
difficulty increasing very gradually, lead the studen ^o 
discover important geometric relations for himse an o 
anticipate and prove the theorems before they occur m 
the text. Following the theorems, wherever possible, 
many numerical applications of the principle are provide . 
The authors believe that this text contains more origmal 
exercises and more numerical exercises than any other. 

Historical Notes. — It is the authors’ conviction that 
historical aUusions and anecdotes should be introduced 
at appropriate points throughout the course instead of 
being developed at a single point. Such material has 
been placed throughout the text, wherever its use tends 
to illustrate a principle or to add interest to the wor '. 

Practical Applications. -Over two hundred exercises 

show the practical applications of geometry, mde it is 
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realized that such applications are not a major objective 
in the teaching of plane geometry in high schools, their 
use provides interest and motivation. 

Locus. — The difficulty which students have with this 
topic led the authors to experiment in their high school 
classes. As a result of this experimentation a new 
development is given in this book. First, the attention 
of the student is called to the many illustrations of a point 
moving tmder various restrictions and to the resulting 
figures that are formed. Drawings of hnkages aid in 
showing this. In this way the student is shown how to 
discover what the form of a locus is. Second, he is given 
practice in exact description of the locus. Third, he 
proves his statements to be correct. 

Indirect Proof. — This is introduced after the student 
has become familiar with the use of direct proof. Appli- 
cations of this kind of proof to everyday decisions and 
inferences are shown. 

John C. Stone 
Virgil S. Mallory 
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ABBREVIATIONS AND SYMBOLS 



Ax.y axiom. is not equal to. 

*4/^., alternate; altitude. is similar to. 

bisector. is congruent to; congruent. 

Comp., complementary. >, is greater than. 

Cons., construction. < , is less than. 

Cor., corollary. |j, is parallel to; parallel. 

Con\, corresponding. ±, is perpendicular to; perpendicu- 

Def., definition. lar. 

Ex., exercise. , therefore. 

Fig., figure. . . . , and so on . 

Ext, exterior. Z , angle. 

Hyp., hypotenuse. A, angles. 

Jnt., interior. A, triangle. 

0pp., opposite. A, triangles. 

Post., postulate. O, parallelogram. 

Prop., proposition. HI, parallelograms. 

Beet., rectangle. □, rectangle. 

Rt., right. m, rectangles. 

St., straight. 0, circle. 

Swpp., supplementary, circles. 

= , is equal to; equals. arc. 

s.a.s, == s.a.s. Two triangles are congruent if two sides and the included 
angle of one are equal, respectively, to two sides and the included angle 
of the other. 

a.s.a. = a.s,a. Two triangles are congruent if two angles and the included 
side of one are equal, respectively, to two angles and the included side 
of the other. ^ 

S.5.S. = s.5.a. Two triangles are congruent if the sides of one are equal, 
respectively, to the sides of the other. 



NEW PLANE GEOMETRY 

UNIT ONE 
INTRODUCTION 



In beginning any new study you are interested in know- 
ing what the study is about and why you should studj . 
These are fair questions and deserve an answei. 

1 What is geometry? The dictionary ^sill tell you 
that geometry is that branch of mathemtics which 
atudie! the relations and properties of ^ces. 

lines, and angles, and ‘1«‘ f jtV 
of those figures which can be drawn on a pl^e or fl 
surface History will tell you that the study of geometry 
b^^ maS^ cenUes ago when man still hved m caves 
and used lines and circles for decorating the 
made Later he built conical tents, iglMS shaped lie 
hemispheres, and laid oijt the floor of his hon» m a ree- 
S? Thus he became familiar with geometric figures. 
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2. The Eg 3 rptians. The people who lived in the fertile 
valley of the Nile in Egypt found a further use for geome- 
try. Each year the river flooded their fields and it was 
necessary to stake them out again. They needed a knowl- 
edge of geometry to find areas and volumes, to lay out 
right angles at the corners of their fields, and to build 
their houses. Thus we see that early man used geometry 
in ornamentation and also in practical ways. 

3. The Greeks. About twenty-five hundred years 
ago the Greeks began to study geometry m a more scien- 
tific way. They loved beauty and took dehght in 
geometric ornamentation and in architectural effects. 
Thus they discovered many relations among geometric 
figures. They were not satisfied until they had proved 
beyond a doubt that the relations were true. In this they 
differed from the Egyptians. The Greeks studied geome- 
try as a method of thinking. They decided that every 
educated person must learn to reason and to make precise 
accurate statements. Thus Plato (429 b.c.) put over the 
door of his school; “Let no one unacquainted with geometry 
enter here.” 

4. How geometry is used. You have seen that the 
Egyptians used geometry in their great surveying and 
building enterprises and that geometric figures are used in 
ornamentation and in architecture. Many of the pictures 
in this book show geometric figmes used in quilt designs, 
linoleum patterns, wood carving, laces, church windows, 
etc., as well as many beautiful geometric forms found in 
nature. You wiU learn in this course how to make many 
of these designs. You wall also learn how the ship captain 
or airplane pilot uses geometry in navigation, how the 
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draftsman uses it in drawing plans, and how the astron^ 
mer uses it in his study of eclipses and m deternmmg the 
sizes and distances of celestial bodies. The enpneer uses 
geometry in planning buildings, tunnels, bridges and 
roads; the surveyor uses it in measunng nnd m la:^g 
out the plans of the engineer; the physicist and math^ 
matician also use geometric principles in their daily wor -. 

5. Why should you study geometry? Even though 
you may not plan to enter one of the vocations m which 
geometric figures and form are used directly, the stu y 
of geometry is important to you. It will teach you how 
to say what you wish in a precise, accurate way how to 
express your arguments with exact logical reasonmg, and 
S to Jrove thi truth or taWty of statomeute For these 
reasons alone every intelligent girl and boy should study 
geometry. 


SOCRATES 

A Greek philosopher who lived 469-399 b.c., demanded 
accurate definitions, clear thinking, and exact 
He developed a style of teaching which is often caUed the 
“ Socratic Method.” This method sought to reveal truth 
through a series of questions and responses. One of it 
impoint characteristics was its insistence on careful 
definition of terms. 


6. Definitions. Why is it important to detoe careMly 
the terms we use? Arguments and misunderstanctogs 
sometimes result because of our failure to define carefully 
the things we talk about. 
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A class in geometry gave the following reasons why 
definitions are necessary. 

Jane: So we will all be thinking of the same thing when the 
term is used. 

Robert: To prevent misunderstanding. 

Riiih: Unless we clearly imderstand what a term means we 
cannot use it intelligently. 

Standisk: If a term is properly defined, we know what kind of 
a thing it is and exactly what makes it different from other 
things which are somewhat like it. 

Do you think that the answers are correct? 

7. Properties of a good definition. “ We must give in a 
definition the briefest possible statement of such qualities 
as are sufficient to distinguish the class from other classes.” 

W. B. 3 evoxis: Lessons in Logic 

While you probably know in a general way what such 
geometric figures as circles, triangles, etc., are, in the study 
of geometry it will be necessary for you to know the 
definition of such terms. There are a few geometric 
terms which represent concepts so elementary that they 
cannot be defined in simpler terms. This is true of our 
idea of a straight line. 

A definition must be carefully thought out and should 
have the following properties: 

li Thif terms used must he simpler than the term defined. 

2. The term defined must he placed in its nearest class. 

Thus, you would not classify a drill as a piece of iron, but as 

a pointed cutting-tool. 

3. The difference between the term^defined and other similar 
terms must be pointed out. 

r 
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For example, A quadrilateral is a polygon which has four 
sides ” 

4. The definition must be reversible. 

Thus, A triangle is a polygon is not a definition because 
a polygon is not always a triangle. 

EXERCISES 

Tell which of the following are good definitions. Give reasons 
for your answers. 

1. A weasel has thick fur. 

2. A line has length but no breadth or thickness. 

3. A horse is a hoofed quadruped. 

4. A triangle is a closed geometric figure formed by three straight 
lines intersecting in tliree distinct points. 

5. A circle is a closed curve all points of which are equidistant from 
a point within called the center. 

8. Geometric figures are made of straight and curved 
lines. The geometric figures on page 1 are designs for 
church windows and contain triangles, circles, and parts 
of circles. 
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THALES 

Lived in Miletus about 600 b.c. He is called the 
“ Father of Geometry.” His most noted scholar was 
Pythagoras. 


9. Kinds of lines. A true straight line has length, 
but no width or thickness. You know that you can repre- 
sent a straight line by a stretched string and that you 
can draw a representation of a straight line by using a 
ruler or straightedge as a guide. 

A straight line has no definite length. A definite part 
of a straight fine is called a line segment. When there is 
no chance for misunderstanding we speak of a straight 
line as a fine and of a fine segment as a segment. 

Points are represented by capi- 
tal letters; fines by small letters. ^ ^ 
Thus we may speak of the fine 
AH or of the fine 1 . 


A broken line is made up of connected parts of straight 
lines. A curved line is a fine no part of wliich is straight. 



Designs Made from Circles 


10. Circles. A circle (sjnnbol O ) is a closed curve all 
points of which are equally distant from a point within 
called the center. 

r 

1 r 
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A line segment from the center to the 
circle is called a radius. 

The diameter is a line segment through 
the center terminated by the circle. 

A diameter is equal to two radii. 

A chord is a Une segment whose end 

points are on a circle. u i ^ 

Any part of a circle is qaUed an arc (sjunbo 



Geometry IN Finding Heights and Distances 



Geometry is used in many practical problems m find- 
ing heights and distances. 


EXERCISES 

1. Mark a point P on yoiir paper. How many straiglit lines can 
points P and Q. How many straiglit lines can be 

Saw\ straight line segment AB a.bout 2 in. 

mid-point. How many mid-points can a Ime segmen 

4. Two points P and Q are connected by a ^ 

straight line and a curved line. Which hne is ‘Q 

the shorter? m intersect in a point P. Can 

5. Two straight lines i.B and CD mtcmect map 

the lines have another point of intersection, Q? 
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6. Draw a circle. Call its center 0. Draw 
three radii (ra'di-i). Are they all equal? Are 
all diameters of a circle equal? 

7. Write statements of your conclusions in 
Ex. 1-6. See if any of your conclusions are like 
those on page 13. 



8. Draw a circle with any point as center and any convenient radius. 
Divide the circle into six equal arcs by stepping off 
the radius on the circumference. Join the succes- 
sive points of division. The; figure formed is called 
a hexagon. By connecting the alternate points of 
division an equilateral triangle is formed. What 
points can be connected to form an isosceles triangle? 

9. Mark off six equidistant points on a circle. With 
each point as center, and with the same radius, draw 
arcs as in the figure. This figure is the basis of many 
circular designs. 

10. The figure at the right (bottom of page) is based on the division 
of a circle into six equal arcs. Make a copy of it, making the diameter 
of the smallest circle 2 in. 

11. Copy the middle figure, first drawing a square whose side 
is 2 in. Use a drawing triangle or any square corner to make the 
corners of your square. 

*12. Copy the figure at the left in a 2-inch square. The radius of 
each of the larger circles is i in. How, by marking off |-inch segments 
on the sides of the square, can you locate their centers? 
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11. Symmetry. Many of the geometric 
nature are beautiful because their parts are 
When the parts of a figure are balanced with r« 
point, a line, or a plane, the figure is said 
symmetry. 

Notice the symmetry in the forms below ana ' 
A line through the center of the butterfly won 
into two parts of the same shape. The line h 
axis of symmetry. The snowflakes are symmel 
their central point. Have they also axes of sy 


Snow Ckystals, Bits op Coeal, The halves op 

The Wings op a^Botterfly Show Symmetry 

12 Polygons. Any closed figure bounded by 

.gments is caUed a polygon. 

ae sides of the polygon and the Vomtsm which 
itersect the vertices (si&gular, verUx) of the polygon. 
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13. A triangle is a polygon having three sides. Thus 
a triangle (symbol A) has three sides and three vertices. 

' 14. Kinds of triangles. Triangles can be classified 

according to the relative lengths of the sides. 

An equilateral triangle is a triangle that has all of its 
sides equal. 

An isosceles triangle is a triangle with two sides equal. 
The equal sides of an isosceles triangle 
are called the legs. The other side is 
called the base. 

A scalene triangle has no two sides equal. 



Microscopic Animals 

NOTICE THAT THESE FIGURES HAVE AXJiJS OP SYMMETRY. THEY 
ARE ALSO SYMMETRICAL ABOUT THE CENTER POINTS. 
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GeOMETKIC CoNSTBTTCTIONS 

15. Geometric constructions. We shall use the word 
construct in a technical sense, meaning to draw with the 
aid only of the straightedge and compasses. The straight- 
edge will be used to draw straight lines. The compasses 
will be used to draw circles and to transfer lengths. 

16. To copy a line segment. To copy the line segment 
AB proceed as follows: 

1. Draw a straight line of indefinite length on your paper. 
Call it 1. Use your straightedge to draw the line but not to 
measure the length of it . Select 
any point on i and label it A’. 

2. To get the length of AB, 
place one point of your com- 
passes on A and adjust the 
compasses until the other point 
falls on B. Then with one 
point of your compasses at A' 
mark the position of the other 

point on I and call it B'. Thus ~ ^ 

you have copied the segment 

AB on 1. Call this segment A'B' (read A -prime, B prime). 

17. To construct a triangle when three sides are given. 

■' ■ ■■■ y/ \ 

- ' " C ■ I - A/ . ' 

1. ||i a line I of indefinite length take AB = c. 2. With A as 
center and b as radius draw an arc. 3. With B as center and a 
as radius draw an arc intersecting the first arc at C. 4. Draw 
ACandBC. 5. ABC is the required triangle. 
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Quilt Designs 


EXERCISES 

1. Construct a line segment equal in length to 

a+h; 3a +6; 6 — a; 4 a —2 6. b 

2. Construct a line segment of length | in.; IJ in.; | in.; 1| in. 

3. Construct a triangle with sides 2 in., 2J in., and If in. 

4. Construct an equilateral triangle with each side equal to 2 in. 

5. Construct an isosceles triangle with base 1 in. and equal sides 
each If in. 

6. Do you think that two triangles are congruent (con'gruent, that 
is, exactly the same) if they have the sides of one equal respectively 
to the sides of the other? Test by constructmg two triangles and 
cutting them out. 

7. Can you construct a triangle with sides 1 in., 2 in., and 3 in.? 


8. Make a statement about the relation which must exist between 
the sides of a triangle to make its construction possible. 



9, Copy the designs shown above. The first is a window design. 
The other two are tile designs. In drawing the second one lay off a 
segment a four times. Then complete the square as in Ex. 11, § 10. 
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18* Ftmdameiital principles. We shall assnine that 
the following statements are true. Such assumptions 
are called postulates. We shall use them ■ frequently 
to justify statements that we shall make. 

Read these postulates over carefully. You need not 
memorize them now. You will find all of the postulates 
we shall use in this course listed in the Appendix, 

Postulate L A straight line can he produced (drawn) to 
any required length. 

Postulate 2. Two straight lines cannot inter sect in more 
than one point 

Postulate 3. Through two given points one and only one 
straight line can he drawn. 

Postulate 4. The length of the line segment connecting two 
points is the shortest distance hetween them. 

Postulate 5. A circle may he drawn with any point as 
center and with any line segment as radius. 

Postulate 6. All radii and all diameters of the same circle 
or of equal circles are equal. 

Postulate 7. A geometric figure may be moved without 
changing its size or shape. 

19. Applications of the postulates. The following appli- 
cations follow directly from the postulates just given. 

EXERCISES 

1. Mark two points A and B on your paper and connect the points 
with a straight line. Which postulate is illustrated by the fact that 
AB can be produced in either direction as far as you wish? 

2. fjse the following method to test the accuracy of your ruler: 
Mark along the edge, then reverse the ruler, placing it so that it touches 
the line at two points, and di^w a second line. What will show whether 
the ruler is true or not? 
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3. If the edge of your ruler is straight and is placed so that it touches 
a straight line at two points, will the ruler touch the line at every point 
of the ruler? Upon what property of the straight line in § 18 is the 
answer based? 

4. Use the following method to test the straightness of a segment 
AB, Place over it a piece of thin paper, 

through which the segment may be seen, x — ^ 

and trace it, marking points A' and B' over ^ ^ 

A and respectively. Then reverse the 

paper so that point A' falls upon point B and point B' upon point A. 
Is the segment straight? Explain. 

6, Explain which postulates are illustrated by: 

a. Two sights on a gun. 

b. _A cord stretched taut is straight. 

c. Fence stakes can be set in a straight line by sighting 

over two stakes to locate the position of a third. 

d. A surveying monument is marked with a cross. 

6. How can you locate a point known to be on each of two lines? 

7. What is meant by Two points determine a straight line^^? 

8. Whah is meant by ^^Two intersecting straight lines determine 
a point”? 

-■ 9. If two straight lines are in the same plane do they necessarily 
determine a point? 

» 10. Mark a point 0. With 0 as center and a radius of 1-| in. draw 
a circle. Wliich postulate is illustrated? 

11. On circle 0 (Ex. 10) mark any two points A and B. Draw OA 
and OB. Why does OA = OB'l Produce AO and BO through 0 to 
meet the circle at C and Z), respectively. Why does AC = BD? 


12. How many straight lines can be drawn through three points, 
if the points are not all in the same line? How many straight lines 
can be drawn through four points? Five points? 

. ' 13. Show that the formula for the number of straight lines that 
can be drawn through n points, no three of which are in a straight 

line, is L = ^ (ti — 1). Test for n = 3, 4, 5; and 6. 

r r ■ ■■ ■ ' ■ . . 
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14. In general, in how many points will three lines intersect? 

71 

Four lines? Five lines? Is the fomiula P = ^ ( — 1) ? 

15. Can a straight, line (indefinite!}' long) intersect a circle in only: 
one point? Can a straight line intersect a circle in more than two 
points? 

16. If treasure is buried so that it is on each of two distinct circles, 
show by a drawing its possible locations. 


EUCLID 

Was librarian in the University at Alexandria, Egypt, 
about 300 B.c. He collected all that w^as knowm about 
geometry and arranged it in logical form. 


Mid-Point of a Segment 

20. A line segment is bisected when a point divides it 
into two equal parts. The point is called the mid-point 
of the segment. 

21. To bisect a segment. The directions for bisecting 
a segment AB are: 

1. With A as center and with any ra- 
dius ffiofe than half ABj dra'w an arc. 

2. With P as center and with the same 
radius, draw an arc intersecting this arc in a- 
P and Q. 

3. Draw PQ intersecting A Pin ikf. 

4. M is the required mid-point. 

Test the accuracy of your construction 

by using your compasses to compare the segments AM and 
MB, Later in this course we shall prove that AM = MB. 

22. Postulate 8. We shall assume the following: 
A line segment has one \nd only one point of bisection. 



16 


INTRODUCTION 


ARCHIMEDES 

Lived in Syracuse; 225 b.c. While he used many 
practical applications of geometry, he liked best to dis- 
cover new geometric truths. 


: . . EXERCISES 

1. Draw line segments in several different positions. Construct 
the bisector of each. Test the accuracy of each construction with your 
compasses. 

2. Divide a segment into four equal parts. Can the method of 
bisecting a segment be used to divide a segment into five ec^uai parts? 
Tntq^? Explain. 

3. Can you wiite a formula which will express the number of equal 
parts into which a segment can be divided by repeated bisections? 

4. Construct a triangle ABC with sides 3 in., in., and 2\ in. 

Find the mid-points M, AT, and P of the sides C 

and draw AM, BN, and CP. These three lines 
are called the medians of the triangle. (A 
median of a triangle is a line segment from any 
vertex to the mid-point of the opposite side.) 

If your construction is made carefully the ^ 
medians will pass through a common point 0. 

Test with your compasses and answer the following questions: 

Is AM = PiV= CP? IsA0 = 20M? P0-20N? CO = 2 OP? 

■ ^ 5. Construct an isosceles triangle and its three medians. Do any 
of the medians seem to be equal? "" 

6. Do the medians of an equilateral triangle seem to be equal? 

" 7. Draw a circle and divide its diameter into 

four equal parts. With A and B as centers con- 
struct semicircles as shown. Is the area of the 
circle divided into two equal parts? Why? 

8. An old problem : A man traveled from A to P 
by first going half the distance from A t<> P; then 
going haK the remaining distance. If he continued this, each time 
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going half the remaining distance toward B, would he ever reach his 
destination? 

9. Draw a circle and two perpendicular di- 
ameters (see Ex. 11, §10). Connect the extrem- 
ities of the diameters to form a square. On each 
side of the square as diameter draw a semicircle. 

Shade the four outer crescents. 

Note. — This construction was first made by 
Hippocrates, a Greek mathematician who lived about 
460 B.c. He proved that the sum of the areas of the shaded crescents 
w^as equal to the area of the square. You will learn how to prove such 
facts later in this course. 




10. Draw a design like the one above. First divide a line segment 
into eight equal parts. With the ends of these parts as centers, and 
with a radius equal to two of the parts, draw arcs as shown in the 
figure. In drawing the smaller arcs use the same centers. 

C _ 

fv — 

c 




11. The drawing at the left shows the design of a Gothic wiiidow. 
Arc BC is drawn with radius AB and center A. Are AC is drawn 
with radius AB and center B. The small arcs are drawn with radii 
equal to AB and centers at A, B, and B. The center M of the circle 
is found by drawing arcs with centers A and B and radii equal to AF, 

12, Copy the drawing at the right. It represents parquet flooring. 
Each side of the square is divided into four equal segments, and the 
segments within the square are bisected. 
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GEOMBTlty Is USEP IN StJBVEYING 


23. An angle ( Z ) is the figure formed by two straight 
lines drawn from the same point. B is the vertex and 
AS and CB are the sides. 

The size of the angle depends on the 
amount the side AB must revolve about 
B to take the position CB. The size 
does not depend on the length of the 
sidds. ■ 

The angle may be read ZB, Zl, 
or ZABC. Notice that when three 
letters are used the middle one denotes 
the vertex of the angle. 

A single letter can be used to denote 


an angle only when there is no ambiguity. Thus, in the 
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second figure, Z 0 does not tell which of the three angles 
ACD, DCB, or ACB is meant. 



If you hold one arm of your compasses (AB) fixed in 
one position and revolve the arm BC in a counterelock- 
mse direction (opposite to the direction in which the 
hands of a clock move) the angle ABC becomes larger. 

We sometimes call the fixed fine AB the initial side 
and the line CB that revolves, the terminal side of the 
angle. 

If the terminal side revolves until it takes the position 
BC' so that ABC' forms a straight line, then the angle 
AjBC' is a straight angle. 

The sizes of two angles may be compared by placing 
one angle on the other so that their vertices coincide and 
a side of one falls along a side of the other. If, then, their 
other sides lie in the same direction, the angles are equal. 

Two angles are equal if they can be made to coincide. 


EGYPTIAN MATHEMATICIANS 

Were called Harpedonaptae, or Rope Stretchers. This 
is because they used a rope marked off into lengths of 3, 
4, and 5 units in making the comers of their buildings 
square. 


20 


INTRODUCTION 


24. To copy an angle. To copy ZBilC at point 
on line I, proceed as follows: 



1. With A as center and any convenient radius draw an arc 
intersecting BA and C A in P and Q, respectively. 

2. With A' as center and the same radius draw an arc 



intersecting I at P'. 

3, With P' as center and with a radius equal to PQ mark the 
point Q' on the arc drawn in (2). 

4. Draw AQ\ Angle P'A'Q' is the required angle. 

Test the accuracy of your construction by cutting out 
Z P'A'Q' and placing it on Z PAQ, Are there any possible in- 
accuracies in such a test? We shall later prove that Z P'A'Q' == 
ZPAQ. 


EXERCISES 

1. Construct an angle equal to a given angle and test your con- 
struction by using tracing paper. 


2. Construct an angle equal to Z a + Z 6; Z a + Z 6 + Z c; 
2Za+ Z&; Z.h- Za. 

2. Draw a triangle ABC and construct an angle equal to ZA + 
Z S + Z C. How large does the sum seem to be? 

SoTE. — Make the triangle large enough so that you can copy the 
angles easily. 
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4. Draw ^ a quadrilateral ABCD and con- 
struct an angle equal to the sum ZA+ AB 
+ ZC + Z D. How large does this sum seem 
to be? 

Repeat with a different shaped quadrilateral. 

Does the sum seem to be the same? 

5. Repeat Ex. 4, using a fi,gure having five sides (pentagon). Does 
the sum of the angles seem to depend on the number of sides? 

6. Draw a triangle ABC and bisect the sides at Mj N. and P. Draw 
' MN, MPy and NP, thus forming four other 

triangles. Using your compasses compare 
the size of the following angles: 

(a) ZA, ZMNC, ZBPM,md ZNMP, 

(b) ZB, ZCMN, ZXPA, and ZPNM. 

(c) ZC, ZPMB, ZANP, and ZMPN. 

7. Congruent (con'gruent) triangles are triangles that are the same 
in slia'pe and in dze. Similar triangles have the same shape but not 
necessarily the same size. Do any of the triangles in Ex. 6 seem to be 
congruent? Do the small triangles seem to be similar to triangle 
ARC? 



AHMES 

Who lived 1650 b.c. left us the earliest record we have 
of Egyptian mathematics. The papyrus he wrote was 
copied from one written 2350 b.c. 



Adjacekt Angles 


These Angles aee not Adjacent 


25. Adjacent angles are angles that have the same 
vertex and a common side between them. 

Why are A 3 and 4 nc?fc adjacent? Why are A 5 and 6 not 
adjacent? A 7 and 8? 
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26. Perpendicular. If two lines intersect so that the 
adjacent angles formed are equal, the hnes are said to be 
perpendicular (j.). 



Thus CD JL AB. 


27. Straight angle. A straight angle is an angle whose 
sides extend in opposite <to’ections from the vertex and 
form a straight line. 



Right Acute Obtuse Reflex 


28. Right angle. Each of the angles formed by per- 
pendicular lines is called a right angle. 

Hence a straight angle contains two right angles, or a 
right angle is half a straight angle. 

29. Other angles. An acute angle is an angle less than 
a right angle. 

An obtuse angle is an angle greater than a right angle 
and less than a straight angle. 

A reflex angle is an angle greater than a straight angle 
and less than two straight angles. 

Reflex angles and angles greater than two straight angles 
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are used in higher mathematics but you will not need 
them in this course. 



Obtuse 


Equiangulab 


30. Triangles. You have classified triangles according 
to their sides as scalene, isosceles, and equilateral. Tri- 
angles are also classified according to their angles. 

A right triangle is a triangle that has one right angle. 

An obtuse triangle is a triangle that has one obtuse angle. 

An acute triangle is a triangle all of whose angles are 
acute angles. 

An equiangular triangle is a triangle all of whose angles 
are equal. 

EXERCISES 

1. Using three letters read each of the angles below. Tell what 
kind of angle each seems to be. 





2. What are the sides of L 1? What are 
the sides of Z2? Of Z3? Of Z4? Of Z 5? n, 

3. Name each of the angles, using the 

letters. Notice that the vertex is the middle 
letter. , 

4. What is the common vertex? f~\ 



.a*/? 
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5. How many pairs of angles can you find that have a common 
side? There are eight pairs in all. Name them. 

6. Four of these pairs of angles in Ex. 5 are adjacent. Which are 
theyX-r-- 

7. Name the four pairs having a common side that are not adjacent. 

8. Draw in ymur notebook two angles that have the same vertex 
and no common side. 

9. Draw two angles that have a common side and different ver- 
tices. 

10. Draw two angles with the same vertex and a common side, but 
the com mon side not between the angles. 

11. Draw two adjacent angles. 

12. Draw two angles. Name one LABC and Ihe other ZDEF, 
Cut out or tTSLce Z DBF and place it upon ZABC so that E falls 
upon B and falls along BA. If EF falls within ZABC, which 
angle is greater? What angle sho^ws the difference? If EF falls along 
BCj what is known of the two angles? 

13. Does the size of an angle depend on the length of its sides? 

What kind of angle is the smaller angle formed by the hands of a 

clock at 1 o’clock? At 3 o’clock? At 5 o’clock? Wiiat kind of angle 
is formed at 6 o’clock? 


15. In Fig. 1 name five triangles. 

16. In Fig. 2 name four triangles. 

17. In Fig. 3 name eight triangles. 

18. Using the method of § 17 constrac| (Fig. 2) two triangles with 
sides equal, respectively, to the sides of triangles ABE and ACD. 
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Cut the triangles out of paper and place them together as. in the figu,re. 
Notice the overiapping. 

19. As in Ex. 18 construct (Fig. 3). three triangles with sides equal, 
respectively, to the sides of triangles ABE, ABC, and ACT). , Place 
them together as in the figure and notice the overlapping. 

31. Postulates. We shall accept as true the following 
general principles about angles. 

Postulate 9. All right angles are equal. 

Since a straight angle contains two right angles (§ 28), 

All straight angles are equal. 

32. An angle is bisected when a line divides it into two 
equal parts. (The line must pass through the vertex.) 


Postulate 10. An angle has one and only one bisector. 



$ 


Geometry Is Used in Astronomy 

Geometry is used in astronomy to determine the posi- 
tions of the stars, in the study of eclipses, and to find the 
latitude of points on th^ eart.h. 
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/3^. To bisect an angle. 

1. With P as center and any radius draw an arc inter- 
secting AP and BP in Q and R, re- 
spectively. 

2. With Q and B as centers and a 
radius more than half QR draw arcs 
intersecting in /S. 

3. Draw PS. PS is the required 

bisector. p, 

Test the accuracy of your construc- 
tion by cutting out and folding along the bisector. 



EXERCISES 

1. Bisect an acute angle, a right angle, and an obtuse angle. In 
each case test the accuracy of your construction by cutting out and 
folding along the bisector, 

2. Divide an angle into four equal parts. Can the method of bi- 
secting an angle be used to divide an angle into five equal parts? 
Into six? Into eight? 

|l Make a formula about the number of equal parts into which 
an angle can be divided by repeated bisection. 

4. Draw a triangle and bisect each of its 
.angles, producing the bisectors until they meet 
the opposite side. Do the bisectors seem, to be 
equal? Make a separate statement about equi- 
lateral, isosceles, and scalene triangles. 

5. In Ex. 4 do the bisectors of the angles seem to bisect the opposite 
sides? Make a separate statement about equilateral, isosceles, and 
scalene triangles. 

6. Draw two intersecting lines and bisect each 
of the four angles formed. Do the bisectors seem 
to be perpendicular? 




1. Bisect a straight angle. From the result make a statement 
about constructing a perpendicular to a line from a point on the line. 
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. 8, Can, you tell why the statements you made .in connection 
with Ex. 4 and Ex. 5 are hot proofs? 

9. What is the diEerence between a proof and a conclusion, drawn 
from experiment? ' 

*10. Can you prove that the bisectors formed in Ex. § are per- 
pendiciilarj that is, Z a + Z 6 = 1 right angle? 

*11. The following method is used hy boy scouts for determining a 
meridian or true north and south line. A stake is driven into the 
ground and its shadow is marked on the ground about two hours before 
noon and again the same number of hours after noon. The bisector 
of the angle is the meridian. Explain why this is so. 

Note. — TMs can be done without a w’atch provided the stick is vertical. 
At noon the shadow is shortest. It has the same length at equal times 
before and after noon. 

Measueustg Angles 

34. Unit of measure. The unit that is most frequently 
used in measuring angles is called a degree. It is one 
360th part of the entire angular magnitude about a point. 
Thus, in terms of this unit, a right angle contains 90 
degrees, written 90"^. Since a straight angle is equal 
to two right angles, it contains 180°. 


THE DEGREE 

It is thought that the division of a circle into 360 equal 
parts and hence the use of a degree as the unit in measuring 
angles can be traced to the Babylonian use of the number 
sixty in writing numbers. Thus influenced, the Greek 
astronomer Ptolemy (150 a.b.) divided the radius of the 
circle into 60, and the diameter into 120, equal parts. 
Then; in the belief that the circumference was 3 times the 
diameter, he divided the circumference into 3 X 120 or 
360 equal parts. 
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A degree is divided into 60 minutes (written 60'), and a 
minute into 60 seconds (written 60"). 

An instrument used to measure the number of degrees 
in an angle is called a protractor. To use it for measuring 
ABAC, the center of 
the protractor is placed 
over A, the vertex of the 
angle, and the protractor 
is turned until the zero 
point of the scale falls 
on the side AB ov A B 
extended. The number 
of degrees in the angle is read at the point on the scale 
where AC or AC extended crosses the scale. Thus, in the 


drawing, ABAC = 50°. 




Using a Tkansit 


Using a Sextant 


INTRODUCTION 


29 


Surveyors, astronomers, and navigators use instruments wiiich 
measure angles with great precision. The surveyor'^s transit 
has a telescope (for sighting distant points) mounted so that 
both veitical and horizontal angles, can be .read on protractors 
carefully placed for that purpose. A simple homemade transitt*" 
is shown on page 30. 

The navigator uses an instrument called a sextant for measur- 
ing the angle of elevation of the sun or of a star. From this 
information he is able to calculate his position in latitude and 
longitude. The sextant consists of a telescope mounted on a 
protractor. 

The mariner’s compass shows the division of the entire 
angular magnitude about a point into 32 equal parts called 
the points of the com- 
pass. Hence each point 
differs from the preceding 
one by Each of 

these points has a name 
as indicated in the pic- 
ture. To ^^box the com- 
pass” means to name 
these points in order. 

Generally directions at 
sea are indicated, how- 
ever, by giving the num- 
ber of degrees from north 
in a clockwise direction. 

Thus a course of 90° 
would be an easterly 
course; one of 225° would be southwesterly; etc. On land 
directions are generally referred to the four cardinal points. 
Thus N 20° E means a direction 20° east of north; S 45° W 
means a southwesterly direction; etc. 

* For method of constructing homemade tmnsit see Stone-Mallory Mathematics 
for Everyday Use (Benj. H. Sanborn & Go.), p. 619. 
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... / EXERCISES 

1. Copy on yom paper angles like those below and measure each 
with your protj'actor. Explain the method in each case. 


2. Draw any angle and bisect it as in § 33. Test .the accuracy of 
your construction with your protractor, 

3. Draw an angle and bisect it by using 

your protractor. \ 

4. Draw an obtuse angle. Copy the 
angle by using your protractor. 

5. Using the protractor draw a right 

angle. //* u \\ 

6. Draw angles of 15°, 30°, 45°, 75°, U \\ 

120° and 165°. ^ \ 

How many degrees between the jj 11 ^ 

hands of a clock at 1 o’clock? At 3 ^ 1\ 

o’clock? At 6 o’clock? At 9 o’clock? 11 

At 12 o’clock? u 

T T- • T XI 7 Homemade Teansit 

Note. — In each case give both angles. 

^^^^Draw a large triangle and measure each of the angles. What 
does the sum seem to be? 

One angle contains 64° 24' 35" and another contains 47° 28' 42". 
Fi^^their sum. 

Uo.' Subtract 23° 48' 50" from 90°; from 62° 25'. 


Constructions 

36. The perpendicular bisector ^of a segment is the line 
perpendicular to the segment at its mid-point. 
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36. To construct the perpendicular bisector of a line 
segment. The construction is the same as that given in 
§ 21 for bisecting a line segment. 

Is PM 1. A B? Measure with your 
protractor. 

Is AM = MB? Test your a - — 

compasses. ' Ci. 




/ 


< 


\ 


IM . 




Could you tell by usiifgj^^bur pro- 
tractor if angle BMP were a very 
little, say one minute, less than a right angle? 

Later in the course we shall be able to prove that PJf JL AB 
and that AM = M B. 

37. To construct a perpendicular to a line at a point on 
the line. 

If APB is a straight line, what 
kind of angle is ZBPA (§27)? 

If you bisect ZBPA, what two 
angles will be formed? 

Will SP be ± to AB at P? Why (§ 26)? 

Write out the constraction, using the form given in § 21. 



EXERCISES 

1. Draw a straight line and construct its perpendicular bisector. 

2. Draw an acute triangle and construct the perpendicular bi- 
sector of each side. Do the perpendicular bisectors seem to be cow- 
current; that is, have a common point of intersection? 

'3. Construct the perpendicular bisectors of the sides of an obtuse 
triangle. Does the point of intersection' of the perpendicular bi- 
sectors lie inside or outside of the triangle? 

4. Construct the perpendicular bisectors of the sides of a right 
triangle. At what point *^o the perpendicular bisectors seem to 
intersect? 
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Complements and Supplements 

38. Two angles whose sum is a right angle are said 
to be complementary, or one angle is the complement 
of the other, as Z 1 and Z 2. 


Two angles whose sum is a straight angle are said to be 
supplementary, or one angle is the supplement of the 
other, as Z3 and Z4. 

Angles need not be adjacent to be complementary or 
supplementary. 


Geometric Designs in Modern Jewelry 


EXERCISES 

1. What is the complement of an angle of 60®? Of 45®? 

2. What is the complement of an angle of 48® 24' 15"? Of 62® 
48"? Ofo:®? 

3. Construct the complement of a given angle ABC by use of 
straightedge and compasses; by use of straightedge and protractor. 

4. What is the supplement of an angle of 120®? Of 80®? 

5. What is the supplement of an angle of 93® 40' 30"? Of 133® 
45"? Of a:®? 

6. . Construct the supplement of a given angle ABC. 

1. What is the angle which equals five times its complement? 

Hint. — Let 5 a; equal the number of de^ees in the angle. For Ex. 7, 
8, and 9 see the Review of Algebra in the Appendix. 
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8. What is the' angle which equals eight times its supplement? 

9, Two angles are complementarj^ Three times, the smaller is 
5'^Vicss than twice the larger. What are the angles? 

10. If two angle.s are complementary, can 'one of them be obtuse? 
Explain. ; 

11. If two angles are supplementary, can both be obtuse? Can 
one be? Can both be acute? Can one be? Explain. 

12. How large is an angle which is equal to its own complement? 

13. How large is an angle which is equal to its own supplement? 


11. Find the difference bet-ween the supplement and the comple- 
ment of an angle of 30°; of 45®; of 60°. 

15. Repeat Ex. 14 for an angle of 10°; ^of 25°; of 80°. 

*16. Find the difference between the supplement and the comple- 
ment of an angle of a;°. ■ , 

*17. Complete -the statement: The difference between the sup- 
plement and the complement of a given angle is an angle of 

degrees. Why does your work in Ex. 16 prove the truth of this state- 
ment, while that in Ex. 14 and 15 does not? 

C C' 




39. Complements of equal angles. In the figures 
above; if angles ABO and A'H'C' are right angles, angles 
a and h are complementary; and angles c and d are also 
complementary. WHy? 

How many degrees in Zb and in Zdif Za = Zc== 30®? 
If Za = Zc - 45®? If Za = Zc - 60®? 

If Za = Zc - a:®; how many degrees in Zb? In Zd? 

Thus we have 

Equal angles liave equal complements. 
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40. Supplements of eqtxal angles. In the figures 
/.ABC = /A'B'C'. Also /ABD and ZA'B'D' are 
straight angles. Hence /bis the supplement of / a, and 
Z d is the supplement of Z c. 

How many degrees in Z6 and in Zdif /a = /c = 50°? 

If Za = Zc = 70“? If /a= /c = 80°? 

If Z a = Z c = a:°, how many degrees in /b? In Z d? 

Thus we have proved 

Equal angles have equal supplements. 

41. The statements in §§ 39 and 40 are easy theorems 
which we have proved informally. A theorem is a state- 
ment of a truth to be proved. 

The Need for Logical Proof 

42. Drawing conclusions from experiment. In some 
of the problems you have studied so far in this course you 
have drawn conclusions from experiment. Thus in con- 
structing a bisector of a line segment (§21) you tested 
with your compasses to see if the parts formed seemed to 
be equal. You also tested the accuracy of the construc- 
tion for copying an angle and for bisecting an angle. You 
have seen that this method of experimentally testing 
results is not exact. That is, while you are able to say 
that the method used seems to give the correct construc- 
tion, you have not proved that tjie construction will be 
correct in every ease. 
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No method that depends on measurement can be absolutely 
exact, for all measurements are subject to error. 

43. Optical illusions. Conclusions drawn from obser- 
vation are also subject to error. Objects seen from a 
distance such as automobiles and people seen from a 
vdndow in a tail building appear much smaller than they 
really are. The stars appear to be mere points of light 
but astronomers tell us they are sims enormous in size. 
Some examples of optical illusions are given in the exer- 
cises that follow. 



1. Are AB and CD straight or curved lines? Make your decision 
before you test with a straightedge in both figures. 


E G 

2. Look at the figures and guess which is longer, a or &? EF or 
QH’t Then test with your compasses 


B 



3. Is CD a continuation of AB? Test in both figures as before. 
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4. Are JLS aad CD the same distance apart from A to C as from 
RtoD? 


6. Which lines are continuations of what other lines? 


44. What is logical proof? When you establish that a 
statement is valid by reasoning alone and without the aid 
of experimentation, you have given a logical proof. Ob- 
serve the difference between experimentation and logical 
proof in the examples given below. 

46. Vertical angles. WThen two 
straight lines intersect, a pair of non- 
adjacent angles formed are called 
vertical angles. 

Thus A 1 and 3 are vertical angles, 
as are also A 2 and 4. 


46. Are vertical angles always equal? 
In the figure at the right, AB and CD 
are straight lines intersecting at 0 and 
forming angles 1, 2, 3, and 4. 

Observation: Z 1 seems to be equal to . 
be equal to Z4, in this ease at least. 



INTRODUCTION 


37 


Experiment: Measure the angles with your protractor^ or 
test their size with your compasses. Do the Yertieal .angles, 
seem to be equal? Draw other figures like the one above .and 
test. If Z 1 = 30®, how large is Z2? Z 3? How large if Z 1 = 
45®? If Z 1 = 60®? 

From your observation and measuring you can now conclude: 

In every case that I have tested^ the vertical angles seem to be 
equah 

Proof: Observe that if you know that Z 1 = 40®, the number 
of degrees in Z 2 is found by subtracting 40® from 180®. Thus 
Z 2 = 180® — 40® == 140®. Also to find the number of degrees 
in Z3, you subtract the number of degrees in Z2 from 180®. 
Thus Z 3 - 180® - 140® = 40®. 

Hence, if Z 1 = :r®, Z 2 = 180® — a:®. 

Since Z2 = 180® a:®, Z3 - 180® - (180® - x®) = x®. 

Hence Z 1 = Z 3 = x®. 

In the same way you can show that Z2 = Z4 = 180® — x®. 

Thus you have prot’cd informally : 

Vertical angles are equal. 

EXERCISES 

1. James Wilkins is 8 3^ears old. Every year that he can remember 
it has rained on Jul^- 4. Why can he not logically draw the con- 
clusion: It always rahis on July 4^' 

2. Marion has found 4-leafed clovers and 5-Ieafed clovers, but she 
has never found a 6-leaf ed clover. Can she correctly conclude: Clover 
ste 77 is with more than 5 leaves do not existf Give reasons. 

3. Ten thousand children were inoculated with anti-paralysis 
vaccine, and none of them had infantile paralysis. Wliich of these 
conclusions can be drawn? Give reasons. 

a. A child inoculated with anti-paralysis vaccine will never contract 
infantile paralysis. 

h, A child inoculated with anti-paralysis vaccine is not likeb" 
to contract infantile paralysis. 

c. No valid conclusion can be drawn. 
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4* What conclusions, if any, can you draw from each of the follow- 
ing? 

■ a, Mrs. Mailey is Bob^s mother. Mrs. Bruce is Mrs; 'Hailey’s 
sister. 

5. Last Winter was the coldest winter in 10 years. This is 

colder than last winter. 

5. If it rains, the ground is w^et. The ground is wet. Can you 
conclude that it has rained? Give reasons. 

6. Any pupil having home room 107 is a senior. If Mary Brown 
has home room 107 can you conclude that she is a senior? If Jack 
Wheeling has home room 103 can you conclude that he is not a senior? 
If Marion Jones is a pupil and has home room 107, can you conclude 
that she is a senior? 

7. Angles a and 5 are supplementary. 

Can you conclude ^^AOB is a straight 
line”? Give reasons. 

8. In the figure for Ex. 7, if AOB is 
a straight line, can you conclude , that 

a and 6 are supplementary ”? 

The Rules of Demonstrative Geometry 

There are rules to guide you in giving a geometric proof 
or demonstration. In this way the study of geometry is 
like a game. Just as foUowing the rules of the game help 
to make the game more fun, , so there is pleasure in dis- 
covering geometric relations and then proving the truth 
of your conclusions by the rules. 

47. Rules for giving a geometric proof. The Greeks 
were the first to state the rules which make the study of 
demonstrative geometry interesting. They are: 

1. ! The only instruments that can be used in making con- 
structions are compasses and an unmarked straightedge. 

2. A reason must he given for every statement made. 
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3. The only reasons that can be given are: 

а. the facts that are given 

б. definitions 

c. postulates and axioms 

d. previously proved theorems. 

48. ' Undefined terms. We have not defined the terms 
point, line, straight line, surface, and angle because the 
ideas they represent are so fmidamental that they cannot 
be defined in simpler terms. 

49. We have accepted the following postulates: 

1. A straight line can be yroduced {drawn) to any required 
length. 

2. Two straight lines cannot intersect in more than one point. 

' 3. Through two given points one and only one straight line can 

he drawn. 

4. The length of the line segment connecting two points is ike 
shortest distance hetioeen them. 

5. A circle may be drawn with any point as center and with 
any line segment as radius. 

6. All Tadii and all diameters of the same circle or of equal 
circles are equal. 

7. A geometric figure may be moved without changing its size 
Of shape. '■ 

8. A line segment has one and only one point of bisection. 

9. All right angles are equal. 

10. An angle has one and only one bisector. 

60. An axiom is a statement about quantities in general 
which is accepted as true, without proof. You are 
familiar with some of the following axioms from your 
work in algebra. 
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1. Quantities which are equal to the same quantity, or to 
equal quantities, are equal to each other. 

Thus, if a: = a, and y = a, 
then X = y. 

Also, if AC = BC, A'C' = 

B'C\ and BC = B'C’, then 
AC = A'C. 

2. If equals are added to equals, the sums are equal. 

Thus, if 2 X — 5 = 7, then 2 x = 7 + 5. 

Also, if AZ> = BB, and DC = EC, then AD + DC = BE 
+ EC. 

3. If equals are subtracted from equals, the remainders 
are equal. 

Thus, if 3 y + 1 = 7, then 3 y = 7 — 1. 

Also, if AC = BC, and DC = EC, then AC ~ DC = BC - 
EC. 

4. If equals are multiplied by equals, the products are 
equal. 

Thus, if ^ = 2, then x = 6. 

Also, if AD = I AC, then 2 AD = AC. 

5. If equals are divided by equals {not zero), the quotients 
are equal. 

Thus, if 5 X = 10, then x = 2. 

Also, if 2 AD = AC, AD = i AC. 

Note. — When equals are divided by 2 we may say, 

Halves of equals are equal. 

6. The whole of a quantity is equal to the sum of all its 
parts and is greater than any of its parts. 

Thus, AC = AD + DC. Also, AC is greater than (>) 
AD,andAC>DC. 
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7 . A quantity may he substituted for its equal in any 
expression. 

Thus, in + 2x - 7, if 3 ; == - 3, then (-3)^ + 2(-3) -7: 
is the Yalue of the expression. 

Also (see figure on opposite page), in AD + DC = BE + EC,. 
instead of AD + DC and BE + EC we can substitute AC 
and DC, respectively, and have AC = BC, 

51. The follovdiiig theorems have been proved infor- 
mally: 

1. A right angle is half a straight angle, (§28.) 

2. All straight angles are equal (§ 31.) 

3. Equal angles have equal complements, (§39.) 

4. Equal angles have equal supplements, (§40.) 

0 . V ertical angles are equal, (§46.) 

6. If two adjacent angles are supplementary, their exterior 
sides lie in a straight line, (§ 46, Ex. 7.) 

7. If two adjacent angles have their exterior sides in a straight 
line, they are supplementary, ( § 46, Ex. 8. ) 

EXERCISES 

In the following exercises give as a reason either a definition or one of 
the postulates, axioms, or theorems in §§ 49-51. 

Example 1. Given DC = EC, Why is ACDE 
isosceles? 

Answer: ACDE is isosceles because An isosceles 
triangle is a triangle with two sides equal (§ 14.) 

Example 2. Given Z 1 = Z 2, ADEB is a 
straight line. Why is Z3 = Z4? 

Answer: A 1 and 3 are supplementary and also A 2 and 4 (§ 38). 
Hence Z3 = Z4 because Equal angles have equal supplements (§ 40). 

1. Given: 3 a; + 7 = 19. Why is3 ^ == 12? 

2. Given: 5 a — 4 = f, I^Tiy is 5 a 5? 
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3. Given: I a; = 8. Why is 2 a; = 24? 

4. Given: 7 y = 28. Wliyisy=4? 

6. Given: /! + Z3 = 180°, and Z2+ Z4 = 180°. Why is 
Z1+Z3=Z2+Z4? 

6. Given: Z1+ /2= 90°andZ2= Z3. WhyisZl+Z3 = 
90°? 

7. Given: Z 1 + 4 2 = Z AOB. Why is Z AOB > Z 1? 


8. (Fig. I) Given: AB = AC and BC = AC. Why is ZB = BC? 

9. (Fig. II) Given: Z2 = Z3, Z1 = Z2, and Z4 = Z3. Why 

isZl=Z4? • 

10. (Fig. Ill) Given: Z1=Z2 and Z3 = Z4. WhyisZl+Z3 
= Z2 + Z4? Why is ABBA = ZZCB? 

11. Given: ZB = CD. Then ZB — CB= a C b 1 ) 
CD - CB or AC = BD. Why? 

12. Given: Z1 is | ZCBA and Z2 is ^ AACB. A 

Also Z1 = Z2. Why is ZCBZ = ZZCB? A 

13. In the same figure, given: BD = CE, BD is d/ \b 
I ZB and CE is i AC. Why is ZB = ZC? 

In Ex. 14-18 ADEB is a straight line. 

14. Given: ZC = CB. Why is AZBC isosceles? 

16. Given: AD = EB. Why is AE=DB1 q 

16. Given: ZB = DB. Why is ZB == BB? -A 

17. Given: Z5 = Z6. Why is AACE == / / \A 

-^-DCB? 

18. Given: ZZCB= ZBCB. WhyisZ5= ^ d E ^ 
Z6? 

19. Given: D bisects AB. Why is AD = BB? C 

20. Given: AC = BC, E is the mid-point of //Vv 

AC, and F is the mid-point of BC. Why is AB = , ^ ^ 

BB? . X 1 2 \ „ 

21. Given: 'Z1 = Z2. WhyisCBlAB? ^ 
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22. Given: Z 3 = Z 4, and Z 4 = Z o. Wliy is Z 3 = Z 5? 

23. G,iven: AB = AC = BC, Why is A A,RC equilateral? 

24. Given: ACB is a straight line. Why are 
A i and 2 supplementary? . 

25. Given: .Z1+ Z2= 1st. Z. Wh^As ACB ' 
a straight line? 

26. Given: CB bisects Z 1, and CB bisects Z 2. ^ 

Why is Z BCF = Z FOB, and IDCE = ZECAf 

27. Given: Z FCD + Z DOE = 1 rt-, Z . Why is EC X CF? 

28. Given: A 1 and 2. Why is ABC A = Z1+ Z2? 

Axiom 6.) 

Supply reasons for the statements in the following: 

29. Given: ADB is a straight line. ^ 

1. ' BE + EC = BC, X 

2. A 1 and 2 are supplementary. y/ ^ 

3. AD + DB> AB. 

4. AD+DE=AE. 

5. AC+CE>AE. 

30. Given DAB and EAC straight lines, AFAD = ACB A and 
ACAF=AACB. 

1. ACAD = ACAF + AFAD. C 

2. ACAD> AFAD. P /^\ 

3. Z1+Z3=Z2+Z4. \ ® / \ 

4. ZCZD= ZB+ ZC. 

5. Z1+ Z3+ Z5= Z5+ Z6. X® 

6. Z5-f“Z6=Z64-Z7. 
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MoBE CONSTKUCTIONS 

52, To construct a triangle when two sides and the 
included angle are given. 



Construction: 1. From any point 4,' on line I take JL'5' equal 
to c. 2. At construct /.B'A^X^ equal to A A. 3. From 
A^ on A ^X', take A 'C' equal to fe. 4. Draw B^C\ 5. A A 
is the required triangle. 


63. To construct a triangle when two angles and the 
included side are given. 



Construction: 1. From any point A' on line I, take A'B^ 
equal to c. 2. At A' construct an angle equal to ZA and 
at B' an angle equal to Z B. Call the intersection formed C'. 
3, AA^B'C' is the required triangle. 

h EXERCISES 

Construct the following triangles. Cut out and compare each triangle 
in size and shape with the ones constructed by your classmates, 

1. AB — 2 in., AC = 2| in., Z A = 40''. 

2. AB = 2 in., AC == 2J in., Z A a right angle. 

Z, AB = 2 in., AC = 2iin., ZA = 120°. 


INTRODUCTION 45 

4. AB — AC = 3 in., Z .4 = 80°. WTiat kind of triangle is this? 
T\Ti3^? 

5. AB = 3 in., Z. A = 50°, Z R = 65°. 

6. 4B = 2iin., ZA = 75°, ZR = 110°, 

7 . AR = 2| in., ,4 A and R each 45°. 

CONGEUENT TeIANGLES 

54. Congruent (con'gru-ent) figures are the same in 
size and in shape. 

If two geometric figures can be made to coincide in all 
their parts, they are said to be congruent (symbol =). 

Superposition is the placing of one geometric figure on 
another. 

Experiment. Construct triangle ARC. Make AR == 2| in., 
AC = in., and angle A = 50°. Construct another triangle 
A'B'C with A'R' = 2| in., A'C' = 3| in., and angle A' = 50°. 
You have constructed two triangles with two sides and the 
included angle of one equal, respectively, to two sides and the 
included angle of the other. Do you think such triangles are 
congruent? Gut them out and test by placing triangle A'B'C' 
on triangle ARC so that A'R' coincides with its equal AR, 
A' falling on A and C and C' falling on the same side of AR. 

Why will A'C' fall along AC? (§ 23.) 

Why will C' fall on C? 

Then why will B'C' coincide with BC‘i (Post. 3.) 

We shall assume the truth of the theorem: 

56. Proposition 1. If two sides and the included angle 
of one triangle are equal, respectively, to two sides and the 
included angle of another, the triangles are congruent. 
(Abbreviated, s.a.s. = s.a.s.) 

, '4 ' '■ ' lj|. 

The following exercises depend for their proof on this theorem. 
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EXERCISES 

1. Given: AC — AD. 

Z1=Z2. 

To prove: AACB ^AADB. 
Proof: 



STATB^IENTS 

REASONS 

1. '''AB = AB, 

1. The same line. 

2. AC= AD. 

2. Given. 

3. Z1=Z2.N 

3. Given. 

4. AACB^AADB. 

4. s.a.s. — s.a.s. 


2. Given: AB ± BC, DC A BC. 

AB = DC. M is the mid-point of SC. 
To prove: AABM ^ ADCM. 

Proof: 



STATEMENTS 

■reasons. 

1. *4S ± BC, DC ± BC. 

1. Given. 

2. A B and C are right A. 

2. The angle formed by perpen-- 


dicular lines is called a right 


angle. (§28.) 

3. ZjB= AC. 

3 . A ll right angles are equal. 

. 

(Post. 9.) 

4. M is the mid-point of BC. 

4. Given. 

5. SM = MC. i 

5. A line segment is bisected when 


a point divides it into two equal 


parts. 

6. AB= DC. 

6. Given. 

7. AABM' ^ ADCM. 

7. s.a.s. — s.a.s. 


3. In the figure for Ex. 2 

Given: ZBAM = ZMDC. 
AM = MD. 

AB == DC. 

To prove: AABM ^ ADCM. 
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4. Given: CD = CB. 

A DC A = AACB. 

To prove : A 4C'D S A ACB. 



5. Given: AC = BC. 

Al= A2. 

To prove: AlDC S ABDC. 

6. Given: .4R and CD st. lines. 

AO = OB. 

CO = OD. 

To prove: A40D ^ACOB. 

1, In the figure for Ex. 5 : 

Given : 4 S is bisected at D. 
ADAC=- ACBD. 

AC = .BC. 

To prove: A4DC ^ ABDC. 

8. Given: A A and B are right A. 

AE = BC. 

AD = DB. 

To prove: A ADD S ABDC. 

9. Given: A5CD is a straight line. 

Z 1 = Z2. 

BE=CE. 

AB=CD. 

To prove: A ABE Sk ADGE. 

10. Given: ABE a straight line. 
Z1 = Z2. 

BC=BD. 

To prove: AABC 54 AABD. 



E 

A 
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IL In the figure for Ex. 5: 

Given: CD ± bis. AB. ' 

Toprove: AADC^ABDC. 

12. Given: AADC, with .4C = BC. 

D, Ej and F mid-points of the sides 
ZA = ZD. 

To prove: AADF ^ ABEF, 

*13. In the figure for Ex. 9; if AE = DD, BE = CD and ZABB = 
Z CDD, prove that A ACE is congruent to A BDE. 

*14. Prove that any point on the perpendicular bisector of a seg- 
ment is equidistant from the ends of the segment. 

*15. From any point P on the bisector of Z A lines PB and PC are 
drawn to the sides of the angle so that AB = AC. Prove that PB = 
PC, 

56. Experiment. Construct triangle ABC. Make AB = 
3 in., angle A = 50°, and angle B = 60°. Construct another 
triangle Z.'D'C' with == 3 in., angle A' = 50°, and angle 
B' = 60°. You have thus constructed two triangles wdth two 
angles and the included side of one equal, respectively, to two 
angles and the included side of the other. Do the triangles 
appear to be congruent? Cut them out and test by placing 
triangle A'D'C' on triangle ABC so that A'D' coincides wdth 
its equal AD, A' falling on A and C' and C falling on the same 
side of AD. 

Why will A'C' fall along AC? (§ 23.) 

Why will B'C' fall along DC? (§ 23.) 

Why will points C' and C coincide? (Post. 2.) 

We shall assume the truth of the theorem: 

67. Proposition 2. If two angles and the included side 
of one triangle are equal, respectively, to two angles and the 
included side of another, the triangles are congruent (a.s.a. 
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EXERCISES 

1. Given; bisects Zi,. 

Z1=Z2. 

To prove: A.4CJ5. - = - ’ ^ 

“" 2. Given: CB 1. AB. 

CD bisects Z C. 

To prove: AADC^ ABDC. 

3. Given: CA 1. AB. 

DB ± AB. 

AC = BD. 

Mis the mid-point of AB . , 

To prove; A4.A¥ ^ ABDM. 

~ 4. Given: 4.R and CD straight lines. 

AO = OD. 

Z1 = Z2. 

To prove : A ZCO ^ A DBO. 

5. Given: .Z R4.DandDCBrt. A 

Z1 = Z2. 

To prove: AADC^AABC. 

6. Given: AC = BC, XY a straight line. 

Z1 = Z2. 

AD = DB. 

To prove: AACD^ABCD. 

58. Corresponding parts of congruent figures. When 
two figures are congruent, they can be made to coincide. 
The parts that match when one is superposed on the 
other are.called correspo^^ding parts. Hence; Correspond- 
ing parts of congruent figures are equal. 
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In Ex. 1 § 55 you have : 

Given: 1C = AD. 

ZB AC = Z DAB. 


It is then proved that AlDC ^ AIDD. ^ 

That is, if A ABC is cut out and placed on AABD, the two 
triangles can be made to coincide. You see that ZD vdll 
coincide with ZC, hence ZD = ZC] BC will coincide with 
BD, hence BC = BD] and ZCBA will coincide with and 

equals ZABD. _ 

o 

Note. — It is sometimes conven- 
lent to mark the parts' of a triangle / 

which are equal, as shown, using 

checks on the lines and arcs for 

the angles. Another convenient 

marking is shown for right angles. D 


1. In I, AB-== BE, ZB= ZD, ZA== ZE, and AABC^ 
A DEE. (Why?) Name three other pairs of corresponding parts. 

2. In II, AB=-DC, ZA^ZC, AD BC, and AABD^ 
A BCD. (Why?) Name the other corresponding parts. 

3. In III, AB == BC, Z ABD = Z DBG. Why are the triangles 
congruent? Name the other corresponding parts. 
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4. Tn IV, ilf is the mid-point of AB^ EA and CB ± AB, and 
ZEMA = ZBMC* Why are the triangles congruent? Name the 
other corresponding parts. 

5. In V, AB and CD are straight, lines, OC = OD, . -.4C ' and 
DB JL CD. Wliy are the triangles' congruent?, ' Name the corre- 
sponding parts. 

Ex. 6-8 refer to Fig. VI. 

6. How many triangles can you name? How many seem con- 
gruent? 

- 7. If ' AE=- ED and Z1 == Z2, why is AABB^AABD^. 
Name the .co.rresponding parts. 

^8. If Zl== Z2 and Z3= Z4, why is AABE^AABD^ 
Nam.e the corresponding parts. ' - . 

59, Two of the powerful tools you will use in solving 
originals are: 

I. To prove that two line segments are equal show that 
they are corresponding sides of congruent triangles, 

II. To prove that two angles are equal show that they are 
corresponding angles of congruent triangles, 

EXERCISES 

1. Given: AC = RC, CD bisects Z ACB. 

To prove: Z^i = ZB. 

2. In the same figure: 

Given: CD X AB, ZACD = ZDCB. 

To prove: ZA^ ZB, 

3. Given: ZCRA = ZABD, BC == BD, 

To prove: Z C = Z D, 

4. In the same figure: 

Given: AB bisects ZfBD and ZD AC 
To prove: CB DB. 
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.5. Given: ■ 0 bisects . CD, ' AC ' and 
BD±CD. 

AB and CD are straight lines. 

To prove: Z A=ZB, 

/ 6. In the same figure: 

Given: Lines AB and CD are bisected at 0. 
To prove: AC — BD. 



7. Given: Z1 = Z2, AD ■ 
To prove: BD = AC, 


BC. 


8. In the same figure: 

Given: Zl = Z2, Z3 = Z4. 
To prove: Z D == ZC. 



9. In the figure for Ex. 1: 

Given: CD is the perpendicular bisector of AB, 

To prove: A ARC is isosceles. 

10. In the figure for Ex. 7 : 

Given: Z 1 = Z 2, Z CAD == Z DRC, Z C is a right Z . 
To prove: RD± AD. 

11. Given: AC = AD, BC ~ RD, Z1 = Z2, 

Z3-Z4. 

To prove: A R bisects Z CBD. 


♦12. Given: AD = RC, AD and BC ± AR. 
To prove: Z ADR = Z ACR. 


♦13. Prove: Two adjacent angles whose bisectors form an 
45° are complementary. 



INTRODUCTION 
OvERLAPPmG Triangles 


5S 





-B A-^ 


A, 


60. When triangles to be proved congruent overlap 
you can imagine that they are moved apart, as in the 
illustration. Thus: 

Given: AAEC, ABAC = ZCBA, AB = BE. 

To prove: AB - BD. 

Proof: 


STATEMENTS 

KEASONS 

1. ABAC = ZCBA, 

1. Given. 

AD^BE. 


2. -45 = AB. \ 

2, The same line. 

3. AD-45 ^ A55-4. 

3. s.a,s. ~ s.a.s. 

4. -45 = BD. ; 

4. Corresponding parts of congruent 


triangles are equal. 


EXERCISES 

If necessary^ imagine the overlapping triangles removed as in the 
example above. 

n Given: Z51C= ABBA. 

Z1=Z2. 


To prove: ZC= ZD. 

I 2.f Given: AD = BC, Z€ — Z2. 
To prove; AC = BD. 


C D 
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3. Given: Z RAC = ZCRA, ZRAR=ZDRA. 

To prove: AR= BD. 

4. Given: AE bisects Z BAC and BD bisects Z CBA, Z BAC = 

■zcra. ' 

To prove: Z ADR = ZARR. C 

5. In Ex. 3, what further steps are necessary 

to prove Z BBC = Z CRA? , , 

^ T ■ 1 « ' 

6. In the same figure: 

Given: AC = RC, DC = RC. 

To prove: AR ^ RD. 

7. In the same figure: 

Given: AC = RC, D bisects AC and R bisects RC. 

To prove: ZCRA= A BBC. 

8. In the same figure: 

Given: AR == BD, DC = EC, Z ADR = Z ARR 
To prove: AC = RC. 


9. Given: Z 1 = Z2, Z3 = Z4, BE = CD. 
To prove: AR = AC. 


10. Given: BE== DC, AB^ AC, A AEB^ 
A CD A, 

To prove: A A DR is isosceles. 


*11. Given: ZRAC= ACBA, AE bisects 
ZRAC, BD bisects ACBA, 

To prove: AC = RC, 

Hint. — First prove AARD^ A ARR- Then 
, prove AARC^ ARDC. 
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*12. Given: AC = BC, AD = BD, A DAC = 
ZCBD. 

To prove: CD ± bis. AB. 

Hint. — First prove AACD= ABCD. Then 
prove AACM^ ABCM. 




^ M 

\ 

/ 


/ 


*13. Given: AC = BC. c 

D bisects AC. E bisects BC. A 

Z3=Z4. Z.4=ZR. 

To prove: Z(?= FR. A'\A\ 

^AZ\\ 

*14. Given: AF = GB. ^ F G ^ 

ZZ = IB. Z5= Z6. 

To prove: AD = BE. 

*16. Prove : The bisectors of two vertical angles form a straight line. 

61. Summary of the work of Unit One. In this unit 
you have been introduced to the study of plane geometry. 
You have studied: 

I. Definitions of geometric terms. 

1 . The most important of these are: 


line segment 

equilateral 

acute angle 

circle 

postulate 

right, acute, and obiu 

radius-^ 

■ bisected 

triangles 

diameter 

mid-point 

equiangular triangle 

chord 

adjacent angles 

complementary 

arc 

perpendicular 

supplementary 

polygon 

straight angle 

vertical angles 

triangle 

isosceles 

right angle 

congruent 
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2. Terms undefined are point, line, straight line, sur- 
face, and angle. 

II. Constructions. 

1. To copy aline segment. 

2. To construct a triangle when three sides are given. 

3. To bisect a lim segment. 

4. To copy an angle. 

5. Tobisect an angle. 

6. To construct the perpendicular bisector of a line 
segment. 

7. To construct a perpendicular to a line at a point 
on the line. 

S. To construct a triangle when two sides and the in- 
cluded angle are given. 

9. To construct a triangle when two angles and the 
included side are given. 

III. Postulates and axioms. The postulates are listed 
in § 49; i/ie axioms m § 50. 

IV. Theorems informally proved. 

1. AU straight angles are equal. 

2. A right angle is half a straight angle. 

3. Equal angles have equal complements. 

4. Equal angles have equal supplements. 

5. Vertical angles are eqml. 

6. If two adjacent angles are supplementary, their 
exterior sides lie in a straight line. 

7. If two adjacent angles have their exterior sides in 
a straight line, they are supplementary. 

8. If two sides and the included angle of one triangle 
are equal, respectively, to two sides and the included 
angle of another, the triangles are congruent. 
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9 . If two angles and the induded side of one Mangle 
are equals respectively, to two angles and die m- 
eluded side of another, the triangles are congrnmL 

REVIEW OF UNIT ONE 

See if you can answer the questions in the following exercises. If 
you are in doubt look up the section to which reference is made. Then 
study that section before taking the tests. The references given are those 
most closely related to the exercise. 

I 

Supply the missing words in the following: 

1. Complementary angles are two angles whose sum is § 38. 

2. The sum of two supplementary angles is . § 38. 

3. If two lines intersect so as to make the adjacent angles equal, 

they are said to be . §26. 

4. An angle whose sides extend in opposite directions from the 

vertex and form a straight line is called a angle. § 27. 

6. A triangle ha\ung one obtuse angle is called an triangle. 

§30. 

6. If the initial side of an angle revolves completely around to 

take its original position, it revolves through an angle of — — degrees. 
§34. 

7. Any part of a circle is called an . § 10. 

8. If two adjacent angles have their exterior sides in a straight line, 
they are — — '§38. 

9. The equal parts in two congruent triangles are called 

parts. § 58. 

10. Reasons that may be used in the proof of a theorem are the 
parts given, , , and previously proved . § 47, 


Complete the following: 

1. Equal angles have §§ 39, 40. 

2. Quantities equal to th% same or §50,1. 
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3. If two adjacent angles are supplementary, their exterior sides 
.... §51,6. 

4. A circle may always be drawn with .... § 49, 5. 

5. Through two given points § 49, 3. 

6. All radii and all diameters of the same or § 49, 6. 

7. A right angle is half §51,1. 

8. A quantity may be substituted § 50, 7. 

9. An angle has one and only one § 49, 10. 

10, A geometric figure may be § 49, 7. 

ni 

In the following give reasons for your answers: 

1. Does a straight line have a definite length? § 9. 

2. Is the sum of all the angles on one side of a straight line 
180°? §34. 

3. Is a triangle a polygon? § 13. 

4 . Is it true that an equilateral triangle is isosceles? § 14. 

6. Are angles that have the same vertex and a common side 
always adjacent? § 25. 

6. Is a triangle having one acute angle always called an acute 
triangle? § 30. 

7 . Can either side of an angle be taken as the initial side? §23. 

8. Is it true that a straight line is a straight angle? § 27, 

9. Is any angle greater than a right angle called an obtuse angle? 
§29. 

10, Are the bisectors of two supplementary adjacent angles per- 
pendicular? Why? §§ 38, 26. 

IV 

In Ex. 1-7 j make the constructions^ leamng all arcs: 

1. Bisect a line segment. § ^ ^ ^ 

2. Copy an angle. § 24. 

3. Construct the perpendicular bisector of a line segment. § 36. 

4 . Construct a triangle having three given segments as sides. § 17. 

5 . Construct the bisector of a given angle. § 33. 

6. Construct a triangle given two sides and the included angle. 

§52, ^ ■ 
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7. Constraet a triangle given two angles and the included side. 
§53. 

8. What is the complement of 34° 20'? 'Of 2 :°? §38. 

9. What is the supplement of 20° 14'? Of x°? § 38. 

Seeif you can complete ihe -proof of the following: 

10. Given: Adj. A 1 and 2. 

Z1 = 50°, Z2 = 130°. \ 

To prove: zlBC is a straight line. §51,6. j ^ 

11. Given: AB ~ A^B', points C, D, and E divide AB into four 
equal parts and points C', D', and divide 

into four equal parts. ^ ^ -..-f - 

To prove: CD = WB\ § 50, 5. C' JS' B ' 


12. Given: AOL OB, Z1 = Z2. 
To prove: CO ± OD, § 50, 2. 



13. Given: AB and CD straight lines 
intersecting at 0, EO bisecting ZAOC and 
FO bisecting Z BOD. 

To prove: a straight line. §§46,27. 

14. (Use figure for Ex. 13.) 

Given: AB and CD straight lines intersecting at 0, forming vertical 
angles AOC and BOD; EO bisects Z AOC and is produced to F. 

To prove ; OF bisects Z BOD, § 46, 

15. Two straight lines intersect at a point 0, forming four angles. 
Ifone of the angles is 50°, how large is each of the others? §§ 46, 34, 

C 


16. Given: BD bisects Z ABC, Z 1 == Z2. 
To prove: Z3=Z4. §50,3. 


A 
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^17* Given: AD ^ BE, AE = RD, Z 1 = 
To prove: Z BAD -^ Z EBA. §§ 40, 55. 


^18. In the same figure : 

Given: DC ^ CE, Z1 
To prove: Z3 === Z4. §57. 


*19, Given: ABC is a straight line. 
BE, BD, and BE are drawn so that 
Z1 == Z2 and Z3 = Z4. 

To prove: BE ± BE, §§26,38. 


PRACTICAL APPLICATIONS 
(Optional) 

Applications of geometry. Throughout the text you will find the 
f radical applications of geometry marked optional. This is not because 
they are not important. Work as many of them as time will permit, 

1 . In order to find the distance from A to B across a lake, at camp, 
some boy scouts first measured off a straight 

line AO and extended it to D so that 

AO == OD. Second, they measured the dis- 

tance BO and extended BO to C so that 

BO = OC, Then they measured the distance ^ 

from C to D. Prove that AB equals the 

measured distance CD, 

2. The distance AB across a stream may be ^ 
found as follows: Measure AC at right angles to 
AB, Locate a point M halfway between A and 

C, Measure CD at right angles to AC, to a ^ 

point D in line with B and M, Prove that AB 

equals CD, D 
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3. It is said that Thales (about 600 b.c.), 
determined the distance ilP of a ship from 
shore by means of. the congruence of triangles. 

He measured Z1 and Z2, Explain ■ how he 

was then able to mark off a distance on the \ 

shore equal to AP and thus find the distance X /" 

AP. , > . .. 

4. One of Napoleon’s young lieutenants is said to have earned pro- 
motion by quickly determining the distance across a river as follows: 
He stood at A and looked at H on 

the opposite side of the river, lower- C 

ing his head until his hat brim fell 
in the line of sight. Then, without ^ 
raising or lowering his head, he ^ 

turned about, and observed the point 

B' at which the line of sight struck the ground. He quickly paced 
the distance from A to B' and told Napoleon the result. 

Note. — In the diagram, C represents the position of the eyes. Prove 
that AB = AB'. 

5. Thales (see Ex. 3) is said to ^ 

have made an instrument for deter- ^ 

mining the distance BC of a ship from 

shore. It consisted of two rods AD / ^ 

and AEy hinged together at A. Rod b 

AE was held vertically over point B, 
while rod AD was pointed toward C. 

Then, without changing LDAE^ the 

instrument was revolved about AE, ^ 

and point C' noted on the ground at ^ ^ 

which the arm AD was directed. RC' 

was then measured. Prove that BC = /' 

BC^. / 

6. x4n instrument used as late as / ^ 

the sixteenth century for finding the / 

distance from A to an inaccessible 
point R was called a cross^taff. It 

consisted of a vertical staff AC to which was attached a horizontal 
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cross bar BE that could be moved up or down on the staff. Sighting 
from C to By DE was lowered or raised until €, Ey and B were in a 
straight line. Then the instrument was revolved about CA and the 
point B' at which the line of sight CD met the ground was marked. 
The distance AB' was then measured. Prove that AB =? AB\ 

7. Every one is familiar with the fact that if an object is placed 
before a plane mirror, its image appears to 
be as far behind the mirror as the object 
is in front. M is an edge view of a mirror. 

Light from an object at A strikes the mirror 
at O.and is reflected to the eye at E, The 
mind projects the line EC through the mirror 
to A^y forming the image at A\ It is known 
from science that AMCE— AACB and that AA\ Prove 

that AB == A'B, 



PRACTICE TESTS ON UNIT ONE 

These are practice tests. See if you can do all the exercises correctly 
without referring to the text. If you miss any question look up the 
reference and be sure you understand it before taking other tests. 


TEST ONE 

Numerical Exercises 

For the following exercises y see § 34 and § 38. 

1. IVhat is the complement of 23° 457 

2. What is the supplement of 70°? 

3. How many degrees in a straight angle? 

4. The diameter of a circle is 18 in. How long is the radius? § 10. 
6. How many degrees in the smaller angle between the hands of 

a clock at 4 o^clock? 

6* Two straight lines intersect and form four angles. If one of the 
angles is 17°, how large is each of the others? §51,5. 

7* What is the sum of all the angles about a point? 

8. An angle contains x degrees. Hoy many degrees in its com- 
plement? 
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TEST TWO 
Matching Exercises 

In one column brief descriptions of the terms in the other column are 
given. Match them correctly. 


I. Vertex. § 12. 

II. Right triangle. § 30. 

III. Complementary angles. §38. 

IV. Postulate. § IS. 

V. Adjacent angles. § 25. 

VI. Supplementary angles. § 38. 

VIL Equiangular. §30. 

VIII. Corresponding parts. § 58. 

IX. Theorem. §41. 

X. Obtuse angle. § 29. 

XL Broken line. § 9. 

XIL Angle. §23. 

XIII. Canned line, §9. 

XIV. Line segment. § 9. 

m- 

XV. Straight angle. § 27. 


1. Connected parts of straight 

lines. 

2. Two angles which have a 

common vertex and a 
common side between 
them. 

3. An angle of 180°. 

4. The point where two sides of 

a polygon meet. 

5. A proposition to be proved. 

6. A definite part of a straight 

line. 

7. Tw^o angles whose sum is 

180°. 

8. A line no part of which is 

straight. 

9. A triangle having one right 

angle. 

10. The opening between two 

lines which meet, 

11. Two angles whose sum is 

90°. 

12. An angle more than 90° 

and less than 180°. 

13. Having ail angles equal. 

14. An assumption made with- 

out proof in geometry. 

15. Parts similarly placed. ' 


J 
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TEST THREE 
Supplying Reasons 

Supply defmitiom, axioms, postulates, or theorems as reasons for the 
folloiDing statemsnts, 

1. An arc is less than a circle. § 50, 6. 

2. If a: = y, then x + = V« +1/* § 50, 2. 

3. The sum of two sides of a triangle is greater than the third side. 
§49,4. 

4. If a + I 6 = c + i dj then 6 a + 5 5 = 6 c + d. § 50, 4. 

6. If angles A and D are right angles, they can be made to coin- 
cide. § 49, 9. 

6. If Z A = ZB and Z A is 70°, the supplement of Z S is 1 10®. 

§51,4.' , 

7. If AR = MN and MN = XY, then AR = XY. § 50, 1. 

8. In triangle ARC, if AR = AC, the triangle is isosceles. §14. 

9. Two straight lines AR and CD 
intersect at 0. If angle DOB = 60®, 
angle COA is 60® also. § 51, 5. 

10. Angle DOC is greater than angle 
DOB. § 50, 6. 

TEST FOUR 

Completing Statements 

Complete the following statements, 

1. An acute triangle is a triangle having acute angles. § 30. 

2. Adjacent angles are angles having a common and a 

side them. § 25. 

3. The size of an angle does — depend on the of its sides,. 

but on the amount of of one of the sides. § 23. 

4. The equal sides of an isosceles triangle are sometimes called the 

. §14. ■ 
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5. A straight angle is an angle whose sides extend . 

from the Yertex and form a , §27. 

G. Two lines which meet and form angles are per- 

pendicular. §26. ' 

• 7 ^ is an instrument used to measure angles. § 34. 

8. An triangle has one obtuse angle. § 30. 

9- If, two triangles are congruent, an,gles are,, equal and 

corresponding sides are . § 58. ^ 

iO. are used to transfer segments in geometrjn § 15. 


TEST FIVE 


Multiple Choice Statements 


From the expressions printed in italics select that one which best comr 
pletes the statement 


' 1. If the sum of two angles is 180®, the angles are each 90"^ ^ adjacent^ 

mj^plementary, § 38. 

2. The vertex of a triangle is the intersection of two sides, an acute 
angle, § 12. 

3, A polygon has three or more, more than three, more than four 
sides. § 12. 

4, If two triangles have the angles of one equal respectively to 
the angles of the other, the triangles may not he congruent, are con- 
gruent, are equiangular, §§ 30, 55, 57, 

5. Two complementary angles are each are adjacent, have 
their sum 90^, § 38. 

6* The sum of all the angles about a point is 180"^, two right 
angles, § 34. ' 

7. The bisectors of a pair of vertical angles are equal, lie in a straight 
line, bisect the other pair of vertical angles. Page 59, Ex. 13. 

8. A geometric statement assumed to be true without proof is 
called a proposition, problem, postulate, § 18. 

9. An acute triangle is a triangle having only one acute angle, 
only two acute angles, three acute angles, § 30. 

10. The sum of any two skies of a triangle is greater than, equal to, 
less than the third side. § 49, 4, 


Eminent Names in the History of Geometry 







UNIT TWO 

FORMAL DEMONSTRATION; ANALYSIS; CONSTRUC- 
TIONS; INDIRECT PROOF 

In the first unit you have seen what is meant by a 
geometric proof and have acquired a knowledge of defi- 
nitions, axioms, postulates, and theorems which you can 
use in giving such proofs. In this unit you will learn 
more about such proofs and how you can discover them. 

62. A proposition is a statement of a geometric truth. 
A theorem is a proposition to be proved. 

The proof is the argument which shows that the propo- 
sition is true. 

63. Formal demonstration. When you prove theo- 
rems in geometry, you must follow a very definite form. 
Such a proof is called a demonstration. The steps in 
writing a demonstration follow: 

1. Write the theorem. 

2. Draw and letter a figure to represent the geometric 
ideas given in the theorem. 

3. Separate the theorem into its two parts, what is given 
and what is to he proved, using the letters from your figure 
to express the relations. 

4. Any additional lines it is necessary to draw in your 
figure to aid in the proof should he dotted lines. 

5. Number your statements and opposite each write a 
reason. 

67 
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Phoposition 1. Theorem 


64. B. If two sides and the included angle of one triangle 
are equal, respectively, to two sides and the included angle of 
another, the triangles are congruent. (s.a.s. = s.a.s.) 


C C 



Given: A ABC and A'B'C' with AB = A'B', AC = 
A’C, AA = ZA'. 

To prove: AA'B'C' ^ AABC. 


Plan : Use the method of superposition. 
Proof : 


STATEMENTS 

1. Place AA'5'C' (Ml A.A JSC 

so that A^B' coincides 
with its equal AB^ A' 
falling on A, with C' and 
C on the same side of A B, 

2. A 'C' will take the direc- 

tion of AC. 

3. C' will fall on C. 

4. jB'C' will coincide with BC, 

5. AA'P'C' ^ AABC. 


BEASONS 

1. A geometric figure may he moved 

without changing its size or 
shape. 

GivenlAB —A'JS'. 

2. Gwen ZA = ZA'. 

Z.GwmAB^A/e. 

4. Through two points one and only 
one straight line can he drawn. 
5 a If two figures can he made to 
coincide^ they are congruent. 


This proof and that given on p^e 69 are for the theo- 
rems we assumed in §§ 56 and 67. 
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Peoposition 2. Thboeem' 


Plan: Superposition. 
Proof: 


STATEMENTS 

L Place on AAHC 

so that coincides 

with its equal ABj point 
A' falling on point A, 
with C' and C on the 
same side of A B. 

2. A ^C' will take the direction 
'...'■■'■'AG. 

3. B'O' will take the direc- 

tion BC. 

4. C' will fall on C. 

5. AA'B'C' ^ AABG. 


EEASONS 

1. A geometric figure may he moved 
without changing its size or 
skipe. Given AB = A^B\ 


2. Given LA = LA\ 

3. Given LB = LB\ 

4. Two straight lines cannot inter’^ 

sect in more than one point 

5. If two figures can he mode to coin-- 

ddCj they are congruent 


65. B. // two angles and the included side of one triangle 
are equal, respectively, to two angles and the included dde of 
another, the triangles are congruent. (a.s.a. = a.s.a.) 


Given: A ABC and A'B'C with AB = A’B', A A 
LA', IB = AB'. 

'roprovQ: AA'B'C ^ AABC. 



70 STRMGHT LINE FIGURES 

66. How to study geometry. The following rules 
will help you to study your geometry. 

1. Have a regular time and regular place to study, free 
from distractions. 

2. Have at hand pencil, paper, ruler, and compasses. 

3. Read the theorem over several times until you are 
familiar with it, making certain that you know the exact 
definition of each term used. 

4. Draw your figure carefully, and not too small. Make 
all constru£tion lines required with your straightedge and 
compasses. 

5. Make the figure general; that is, if you are drawing 
“ a triangle," do not draw a right triangle nor ’an isosceles 
triangle. 

6. Write the hypothesis {given) and the conclusion 
(to prove) in terms of the figure. 

7. State your plan of proof . 

8. See if you can write out the proof without looking 
at the formal proof in the book. Remember to give a reason 
for each statement. Number the statements and reasons 
alike. (Reasons must never be given by number. They 
must be written out as in §§ 64 and 65.) 

9. If- you cannot write the proof without aid, use the 
suggestions given in the plan. If you still cannot, read the 
proof given. See if you can supply the reasons without 
looking up the section numbers. 

Eefer to these rules frequently and try to develop 
power to prove theorems without aid. 

J 67. Parts of a theorem. Eves^ theorem consists of 
two parts: that which is given, and that which is to be 
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proved. The facts given are called the h3^thesis, and I 
that which you are to prove is called the conclusion. [ 

A theorem can always be written with two clauses : the | 

hypothesis beginning with “ if^” and the conclusion be- [ 

ginning with “ then.” For example, the theorem Verti- | 

cal angles are equal can be written: If two straight lines ] 

intersect, then the vertical angles formed are equal. The 
clause, If two straight lines intersect, is the hypothesis and 
contains that which is given in the theorem. The clause, 
then the vertical angles formed are equal, is the conclusion 
and contains that which is to be proved. 

In the following exercises write out the theorems, 
putting one line under the hypothesis and two lines under 
the conclusion. Then draw and letter a figure and j 

express in terms of the figure what is given and what is j 

to be proved. Do not attempt to write the proofs. I 

EXERCISES 

1. If two adjacent angles are supplementary, then the exterior 
sides form a straight line. 

2* If a triangle is equiangular, then it is equilateral. 

3. If two adjacent angles are complementary, then their bisectors 
form an angle of 45"^. 

4. If two adjacent angles are supplementary, then their bisectors 
are perpendicular. 

3. If a triangle is isosceles, then the angles opposite the equal sides 
are equal. 

6. If a point is on the perpendicular bisector of a line segment, 
then it is equidistant from the ends of the segment. 

7. If a line bisects one of two vertical angles, then it bisects the 

other, ' 

In Ex, 8-10, first write in the if — th^n form: 

8. Two adjacent angles whose bisectors form an angle of 45®|are „ 

complementary. 
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9, Lines joining tlie extremities of two line segments which bisect 
each other form two pairs of congruent triangles. 

10* The angles of an equilateral triangle are equal. 

*11. Assuming the truth of the other statements, tell which of the 
following conclusions are valid. 

Ruth will not go if it rains. 

1. It rained. Conclusion: Ruth did not go. 

2. It did not rain. Conclusion: Ruth went. 

3. Ruth went. Conclusion: It did not rain. 

4. Ruth did not go. Conclusion: It rained. 

* 

68. Aiudliary lines. To prove that two segments or 
that two angles are equal, it is sometimes necessary to 
draw auxiliary lines in order to form congruent triangles. 

This we shall call 

Tool ni. If the line segments or angles are not parts of 
congruent triangles, try to make them so by drawing auxiliary 
lines. In drawing such lines, always be sure not to im- 
pose too many conditions on them. You cannot say, 
“ Draw a straight line through three points,” for it will be 
impossible to do so unless the points lie in a straight line. 
Nor can you say, “ Draw a line through C, bisecting 
angle C and perpendicular to AB." 

No more than two conditions can he imposed on a line. 


If A ABC is isosceles, and you wish to prove Z A = ZB, can 



you draw an auxiliary line to form congruent ^ 

triangles? The two triangles must have either ^ 

a.s.a. = a.s.a. or s.a.s. = s.a.s. Would a line / 1 \ 
from C ± AB do? Why? What about a line / j \ 
from C bisecting Z C? Complete the proof of / I \ 
the theorem: D ^ 

If a triangle is isosceles, the angles o&posite the equal sides are 
equal. 
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Pboposition 3. Theorem 



Plan: Suppose CD bisects Z C, then prove AADC = ABDC. 
Proof : 


STATEMENTS 

REASONS 

1. Suppose CD bisects ZC. 

1. An anghyias[ahisector. 

2. AC = BC. 

2, Given, 

3. Z1 = Z2. 

; 3, A bisector divides an angle into 


two equal parts. 

4. CD = CD. 

4. The same line. 

5. AADC m ABDC. 

5. s.a.s. ~ s.a.s. 

6. ZA = ZB. 

6. Corresponding parts of congruent 


figures are equal. 


70. A corollaiy is a theorem which is easily proved. 

71. CoROLiAKY. An equilateral triangle is equiangu- 
lar. 

HiNT.~If AC -EC = A^inthe figure in§69, whyis /.A - ZB- ZCt 
(Apply § 69 twice.) Write out a formal proof. 

■■ . 7 ■ 
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72. An altitade of a triangle is a line from any vertex 
perpendicular to the opposite side, prolonged if neces- 
sary. Every triangle has three altitudes. 

73. A median of a triangle is a line drawn from any 
vertex to the mid-point of the opposite side. Every 
triangle has three medians. 


EXERCISES 

In Ex. 1-4} AEDFB is a straight line. 

1. If AC == BC and AE BE, prove ' that 
CE = CF. 

2. In the same figure, if AC = BC^ AE = BF, 
and ED = DF, prove that CD ± AB. 

3. In the same figure: 

Given: AC = BC. 


To prove: A CFF isosceles. 

4. In the same figure: 

Given: CE ^-€F, AE = BF. 

To prove: A ABC isosceles. 

6. In the figure, AC = BC and AC is produced 
D, m that AC = CD. Prove that Z.A+ AD 
AABD. 


6. The ‘bisector of the vertex angle of an isosceles triangle is also 
the perpendicular bisector of the base. 

It. If the bisector of the angle at a vertex of a triangle is perpen- 
dicular to the opposite side, it bisects that side. 

8. In any isosceles trlEngle the bisector of the vertex angle, the 
median to the base, the altitude to the base, and the perpendicular 
of the base all. ..ecocide, 

that th^'m^iiM^idraw^ to th^ equal sides of an isosceles 
equal. ,, ’'If, ' ■ 



STRAIGHT LINE FIGURES 


10. Prove that any two medians of an equilateral triangle are equal. 

11. Prove that the bisectors of the base angles of an isosceles triangle 
form with the base an isosceles triangle. , 

74. The meaning of converse. If you interchange 
one of the facts given in the hypothesis of a theorem vidth 
one of those given in the conclusion, the resulting theorem 
is a converse of the original one. Thus we have the 
theorem, “ If the bisector of an angle of a triangle is 
'perpendicular to the opposite side, then the triangle is 
isosceles.” A converse is “ If a triangle is isosceles, then 
the bisector of the vertex angle is perpendicular to the opposite 
side.” 

The statements in terms of a figure are: 

a. Theokem 

Given: AABC 

C D bisects ZAC B A 

CD 1 AB ' A 

To prove: AC = BC / \ 

h. CoNVBBSE Theorem / \ 

Given: AABC / \ 

CD bisects ZAC'S A \b 

AC = BC 

To prove: CD ± AB. 

Both the theorem and its converse can be .proved true 
by proving that A ADC s ABDC. 

Another , converse of' a can be formed by interchanging 
another part of the hypothesis with the conclu^n. 

c. Given: AABC 

CJ> A A# ■ 

AC = BC , 

To prove : CD bisects Z AC#. 
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While this converse is also true you cannot prove it at 
the present time. Why not? Notice that in the 
hypotheses of a, 5, and c, A ABC is a common element. 

EXERCISES 

1. Give the converse of each of the following statements. Tell 
whether the converse is true or is not true. 

a. If a figure is a triangle, it has three sides. 

h. If a triangle is equilateral, it is isosceles. 

c. If it rains, the ground is wet. 

d If two angles are right angles, they are equal. 

e. If a man lives in San Francisco, he lives in California. 

2. Write a converse for each of the theorems in Ex. 1-4, § 67. 

3. Write a converse for Proposition 3. Give the theorem and its 
converse in terms of the figure. Can you prove the converse as you 
did the theorem by letting CD be the bisector of angle ACB^ Do 
triangles ADC and RDC have s.a.s. = s.a.s. or a.s.a. ^ a 

In Ex. 4 5 give two converses and tell if they are true. 

4. Given: All seniors have home room 214. Jean is a senior. 
Conclusion: Jean has home room 214. 

6. Given: Frank and John are brothers. Madeline is Frank’s 
cousin. 

Conclusion: Madeline is John’s cousin. 


6. In terms of the figures give the converse or converses of Ex. 1-5 
on pages 51-52. Tell which of them you can prove true. 

7. Are the following conclusions true? 

I. Given: Everyone in my class plays a musical instrument. 
Mary is in my class. 

Conclusion : Mary plays a musical instrument. 

II. Given: Everyone in my class plays a musical instrument, 
Mary plays a musical instrument. 

Conclusion : Mary is in my class. 

Ill, Given: Mary is in my class. Mary plays a musical in- 
strument. 

Conclusion: Everyone in my^class plays a musical instru- 


ment. 
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*“ ^ots Joh. wiE put d«i« 0 » the .«• He did put chak. 

""wr^arnexTprove the converse of the theorem m 

^:-:TrLZon canno* prove the converse as you 

did Prop. 3. ,e / gi/v ^ Z.CBA, DB bisects 

In the figure at the right, if ^ . 

Z5 - /i. W If /5 - tie, why does / \ 

/7 = Z8? ^ 4P = BD Z7 = A/^^A 

^f=^ltJX^AEC^ABDC;i my 

IS AC = BC‘! (See Ex. 11 page 54.) 

Abraham Lincoln, whfie 

to a reporter telling P^®P,< -^rhat^do I do when I 

• • related that he -ked ~ ^ and prove?” 

demonstrate more tha ^ ^ demonstrate 

He searched the dictionanes and found^^^^^ 

n.eaBt “ proof beyond to a blind 

that meant nothing more to him than 

■■ So,” he said in the house, and stayed 

Springfield, went home ^ ^„^tion in the si% books 

S'it aiS? »‘“'rrdr“ ‘ 
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Peoposition 4. Theohem 


76. If two angles of a triangle are equal, the sides oppo- 
site these angles are equal. 

C 



Given: AABC, ZA = ZB. 
To prove: AC = BC. 


Plan: 

1. Let -A F? bisect Z A and jBD bisect ZB. 

2. Prove AABE S AABD, and AAEC S ABDC. 

Proof: 


STATEMENTS 

^ REASONS 

1. Let AE and BD bisect 

1 . An angle has one and only one 

A A and Bj respec- 

bisector. 

tively. 


2. In A ABE and ABD, 

2 . Given. 

ZB AD = ZEBA. 


3. Z1 = Z2. 

3 . If equals are divided by equals 


the quotients are equal. 

11 

4 . The same line. 

5. AABE s AABD. 

5 . a.s.a. — a.s.a. 

6. Z5 = Z6,AE = BD. 

6 . Corresponding parts of con* 


gruent figures are equal. 

7. Z7 = Z8. 

7,<^Equal angles have equal supple* 


ments. 
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EXERCISES 

1. At points 'A and B on line ly AU and 2 
are drawn each equal to 130°. T\Tiat kind of 
triangle is ABCl 

2. In A ABB when CA is extended through 

A and CB is extended through B, equal angles 
are formed with AB. Prove that A ABC is 
isosceles. 

3. In A ABC, Z BAC = Z CBA. Side CA is 
produced to D and side CB to E so that AD = BE. 
WhyisCD== CE7 

4. In Ex. 3 prove that DB E A. 

6. Given Z A == Z R, Z 1 = Z 2. Prove that 
DC = EC. 

6. Give two converses for the statements in 
Ex. 5. Prove one of them. 


7. If the base of an isosceles triangle is trisected, and each point 
of trisection is joined to the vertex, prove that the triangle so formed 
is isosceles. 

8. From any point in the bisector of an angle a line is drawn 
making equal angles with the sides of the angle. Prove that the 
triangle thus formed is isosceles, 

. 9. In Ex. 3, prove that AAOB is isosceles. 

*10. In the figure for Ex, 3, Z BAC = Z.CBA, AE bisects Z DAB 
and DB bisects Z ABE; AE ^nd BD meet at 0. Prove that ADOE 
is isosceles. 


77. Corollary. If a triangle is equiangular^ it is also 
equilateral. 


REASONS 

8 , If equals are divided by equals 

the quotients are equal. 

9. a.s.a. = a.s.a. 

10, Corresponding parts of congruent 
figures are equal. 


9. AAEC^ABDC, 
10 . AC - BC. 


STATEMEOTS 

= Z4, 
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78. More tools for proving segments and angles equal. 
Sections 69 and 76 give us two new ways to prove seg- 
ments and angles equal. 

Tool IV. To prove two segments equal, prove them sides 
opposite equal angles in a triangle. 

Tool V. To prove two angles equal, prove them base 
angles of an isosceles triangle. 


Two Moke Congkuence Theorems 

79. Two triangles having their sides respectively equal. 
Construct two triangles with sides 3 in., 2| in., and 
2 in. Call one triangle ABC and the other one A'B'C. 
Superpose AA'B'C' on AABC. Do you tlunk that two 
triangles are congruent if their sides are resi>ectively 
equal? 

If you imagine AA'B'C placed on AABC, can you 
make A'B' coincide with AS? Why? What angles 
must be equal to make A'C take the direction of AC‘t 
Are you told that the angles are equal? 

Since superposition wall not do, work the following ex- 
ercises and see if you can discover a method of proving 
the triangles congruent. 

G 

Ex. 1. In the kite shown in the figure, AC = AC^ ^ 
and CB = CB. Prove that LACB— ABC' A. 

Ex. 2. If AC = A'C', BC = B'C', 

AB = A'B' how can you place A ABC 
and A'B'C' so as to get the figure in / 

1 '^ ■ ■ ■■, a'' 'A- 

Ex. 3. What auxiliary line must be drawn? 

Ex. 4. After proving AC = AC' as^in Ex. 1, how can you prove 
AABC^AABC'l (:^rst figure.) 
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SI' 


Pbofosition 5. Theobem 



with AB^ A' falling on A and C and C' on opposite sides of AB, 
Show" that Zl = Z2, Z3 = Z 4, and hence ZC ~ ZC'. 


Proof: 


STATEMENTS i 

HEASONS 

1. Place AA'B'C' next to 

L Post, 7. 

• A ABC so that A'B' 

Given AB = A'B'. 

coincides with its equal 


ABf A^ falling on A, and 


C and C' on opposite 


sides of AB. Draw CC. 


2. In AACC" Z1 = Z2. 

2. Given AC - (§ 69), 

3. In ABCC" Z3 = Z4. 

3. Given EC - R^e'-(§ 69). 

4. Z1 + Z3 = Z2 + Z4. 

4. Ax. 2. 

5. ZC = ZC'. 

5. Ax. 7. 

6. AABC&AABC'. 


7. AABC^ AA'B'C' ^ 

■ 7. Ax, 7. 


Note, — Reasons must be stated in foil. 
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Discussion: What difference is 
there in the proof, if A'C' is made 
to coincide with AC? Why is Zl = 
Z2? Why is Z3 == Z4? Then 
why is ZABC = ZA^B^C'l Write 
out the proof, using this figure. 


EXERCISES 

1. If you nail three strips of wood together so as to form a triangle, 
using only one nail at each joint, is the frame 
rigid, or can it be changed into different 
shapes by exerting pressure upon it? \\ 

In the same way, if you nail four strips of 
wood together, as shown in the drawing, can 
this frame so made be changed into different 
shapes, by exerting pressure upon it? . || " 

Show that the fact that a triangular frame |j M 

is rigid]^ fixe4jwhen its three sides are of 
fixed laigth fAws from Prop. 5.. , 


% , Ik the kite shown, if A APB and AQB are 
isosceles, can ym prove that APBQ ^ APAQ7 ' 

3- In Ex. 2, prove that PQ bisects Z APB. 


'A In the figure, :* AC = AC', ZBCA = 
Z AC^B = 90°. Prove that Z3 == Z4 and hence 
that BC = BC% Why then is AARC^ A ARC'? 


5. Given: Equilateral AARC. M, iV, and P 
are mid-points of the sides. \ . 

To prove:, AMiVP is equilaterajh ; 
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S« Given: AU = AD,.- ■ 
:BC-=BD. 

: : To prove: AB bisects ZD AC, 


7, ■ Prove that the median to the base of an isosceles triangle bisects' 
the vertex angle. . ■ 

’ If the opposite sides of a quadrilateral (polygon having four 
sides) are equal, the opposite angles are equal. 

*9. Prove that two right triangles are congruent if the hypotenuse 
(side opposite the right angle) and side of one are equal respectively 
to the hypotenuse and side of the other. 

Hint. — Place the triangles as in the figure for Ex, 4. 

*2.<X If the opposite sides of a quadrilateral (see Exercise 8) A BCD 
are equal, the line segment connecting A and C is bisected by BD, 

*11. Each of three students worked a problem at the blackboard. 
On taking their seats each discovered an error in a problem and each 
raised his hand to correct the error. Assuming that no one discovered 
an error in his own problem, what is the greatest possible number of 
problems correct? 

81. In a right triangle the side opposite the right angle 
is called the hypotenuse; the other sides are called the 
legs. 

82. Congruent right triangles. ABC and A^B^C^ are 
right triangles with hypotenuse equal to hypotenuse 
A^B'; and leg AC equal to ^ 

leg A^C\ If you place the 

triangles as in the figure for ,, Nc 

Ex. 4, page 82, do you think J „ i X j, 

you can prove them con- 
gruent? Try before reaciing the proof on the next page. 
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Proposition 6. Theorem 


: "', 83. Two right triangles are congruent if the kypotemm 
and a side of one are equals respectively, to the hypotenme 
and a side of the other, {hyp, side ^ hyp, side,) 


Given: Right A ABC and A^B'C' with A C and C 
right angleS; = A'C^AB = A'B\ 

To prove: AA'B'C' ^ AABC, 


1. Place the triangles as in § 80 and draw CC\ 

2. Since AACC^ is isosceles, Z1 = Z2 (§69) 
ABCC' is isosceles (§§ 39 and 76) . 


STATEMENTS EEASONS 

1. Place AA'B^C' next to AABC so 1 . Post. 7, 

^that A^B^ coincides with its equal Given AB = Z'B' 
AB, A^ on A , Let C and C' fall on 
opposite sides of AB, Draw CC^, 

2. AC' = iiC. 2. Given AC =^AV'. 

3. Z1 = Z2, 3. §69. 

4. Z3 = Z4. 4. §39. 

5. BC - BC'. 5. § 76. 

6. /. AZjBC ^ AABC\ r 6. s.s.s. == s.s.s, 

7. AABC ^ AA'B'C^ 7. Ax. 7. 








EXERCISES 


/ 1* ad = BO and Js DE and BF to AC 
are equal. Prove that AF ^ CE. 

2. With the data given in Ex. 1, prove 
DC = AB, 

] 3. Two triangles it DC, and A^B^C^ have AB = A'B\. A A. ==' AA\' 
and altitude ■ it D = altitude JL'DC Prove that C Ci 

AABC^AA'B^C\' 

4. Tn AJ-DC, CM is a median, BE A CM 
at E, AD X CM produced at D, and BE = AD. 

Prove that E.M = MD. D" 

5. If the altitudes to two sides of a triangle are equal, the triangle 

is isosceles. C 

6. The three altitudes of an equilateral triangle /\ 

a^jxciuaL ' d/ jB 

: 7.'"'"Given AE ± BC, and BD X AC; AD = BE. 

Ih’ove that A A DC is isosceles. 


8. If AC = DD, and A A and D are right 
angleil, prove that AD = BC. 


9. If the perpendiculars drawn from the points of trisectioH of a side 
of a triangle to the other two sides are equal, the triangle is isosceles. 

10. If from a point within an angle perpendiculars drawn do the 
sides of the angle are equal, the point lies on the bisector of the angle. 

11. A line through any point within an angle, perpendicular to the 
bisector of the angle, makes equal angles with the 
sides. 

*12. Given; BE = CE. 

ADEisa. straight line. 

Zl= Z2. 

To prove: Z3= 

*13. If AD = BC, AB= CD, Zl= Z2, and 
iC is a straight line, prove that DE = BF . 

*14. In the same figure if AS = CD, AE = CF , 

Z3= Z4,thenZl = '/2. 
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84. The proof of an original exercise can be discovert 
by analysis. You have seen that, in order to prove 
that two segments or two angles are equal, we trj' to 
show that they are corresponding parts of congruent 
triangles, or that they are sides or angles in an isosceles 
triangle. It sometimes happens that they cannot imme- 
<^tely be proved equal. A process for discovering with 
what step to begin a proof is called an analysis. 

The steps of an analysis may be expressed symbolically 
as follows: If A is to be proved, reason thus: A will be 
true if B can be proved true; B will be true if C can 
be proved true; C follows if D can be proved true; but 
D is given true; hence begin by proving that C is true. 

Read carefully the analysis of the following exercise. 

Given: AC = BC, 0 is any point such that AO = BO. 

To prove: COD 1 A B. 

Analysis: 1. CD will be X AR if /.CD A = ZBDC. 

2. /CD A will be equal to /BDC if c 

AADO s ABDO. /\ 

3. AADO will be congruent to ABDO / \ 
if Z1 = Z2. 

4. Z 1 will be equal to Z2 if Z3 = Z4 
(§40). 

, 5. Z3 will be equal to Z4 if AAOC s ABOC. 

'■‘> 6. But AAOC s ABOC. (s.s.s. = s.s.s.) 

Now reverse the steps and, beginning with 6, prove 
AAOC ^ ABOC, thus making Z3 = Z4. Then show 
that Z1 = Z2 and hence AADO ^ ABDO. 

85. Tool VI. If sufficient, data are not given to prove 
two triangles directly congruent, prove the congruence of 

. another pair which will give the needed data. 
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ABPQ. 


EXERCISES 

1. Given: AP = FB, AQ = QB. 

To prove: AE = RB, 

Suggestions. — TM.nk: 1. I can prove AE ~ 

EB if I can prove AARP ^ ABRF. 

2. I can pro%^e AARP ^ ABRP If I can prove 
Z3 = Z4. 

3. I can prove Z 3 = Z 4 if I can prove AAPQ ^ ABPQJ^ 

Reverse the steps and write the proof by first proving AAPQ \ 
iTrite out an analysis of the following: 

2. Given: AC = BC, AD = DB, 0 is any point ^ 

on CD. 

To prove: AO — BO. 

Suggestions. — 1. Will AO equal BO if AADO ^ 

ABD01 

2. Will AADO be congruent to ABDO if Z1 = Z2? How can you 
prove„Zl = Z2? 

3. Given: AD - BC, AB = BC, AM = JfC, ^ ^ 

EF and AC straight lines. 

To prove: EM = MF. 

Suggestions. — Think; “1. EM will equal MF 'B 

if I can prove AAMF ^ ACME. 

2. These A will be congruent if I can prove Z 1 = Z 2. 

3. Z 1 will equal Z2 if what triangles are congruent?” 

4. Given: AC = BC, AB = BB. 

To prove: /ADCE isosceles. 

5. In the same figure: 

.. ... Given:.. AC «= BC, /!..== Z.2,. 

To prove: AB == BD. 

Given: 


e. 


Z2»,AB 

To prove: Z 
In the same 


STEAIGHT LINE FIGURES 


8 . In the same figure : 

Given: AC = BC, A E bisects Z.A and RU bisects Z B. 

To prove: AD = BE. s 

9. Given; AM = MB, CM = MD-, AB, CD, 

and are straiglit lines. — 

To prove: EM = MF, 

*10. Given: AE = JLD, AB = AC; BD and]CE are straigM lines. 

To prove: Zl = Z2. ^ 

*11. In the same figure: ■ 

Given: AB == A^C, BF = FCy and BD and ■ 

€E are straight lines, 

To prove: AE — AD. B € 

V *12. Given: AD = BC, BD = AC. 

To prove: AD DC is isosceles. 

*13. In Ex. 12 interchange AD = BC 
with “ ADDC is isosceles ” and prove the 
■‘converse thus formed. 

Theobems About Perpendiculars and Perpendicular 
Bisectors 

86. The next theorem is: If two points are each equi-- 
distant from the ends of a segment, they determine the per- 
pendicular bisector of the segment 

Given: Segment AB; points P and Q with PA = PB 
and Qzi = QB, PQ intersects AD at J?. 

To prove: AJ? = RB, and PR ± A B. 

Analysis: Think: “ 1, AR will be f 

equal to RB, and Zl = Z2 if I can 
prove A ARP ^ ABRP. yZ 

2. I can prove AARP & ABRP, 
if I can prove Z3 == Z4. 

3. I can prove Z3 = Z4 if I,.can 
prove AAPQ ^ ABPQJ^ 
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I 

I 

I 


I 


I 
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87. If two points are each 
segment, they determine the 

segfnenL 

.. 

equidistant from the ends ofM' 
perpendicular bisector of the 

\ 

( 

Given: Segment AB; P a 
QB; PQ intersects A B in J2. 
To prove: AR = RB^PQ 

1 

■i 

nd Q with PA — PB, QA = 

LAB. 


2 . 

3. 

4. 


Plant 

1. Prove AAQP S ABQP. s.s.s. = s.s.s. 

■ftTiy does Z3 = Z4? §58. 

Prove AARP ^ ABRP. s.a.s. = s.a.s. 

If Z1 = Z2, is Pi? ± ^5? 

Why? 

Write the proof in full. . 

Discussion: Could the figure at the right 
be used in the proof? Why is AAQP S 
APQP? Then what ' angles are equal. 

Give the proof. 

88. Tool Vn. Prove two angles are right angles 
showing that they are equal supplementary adjacent anghs. 

Tool V TTT. Prove that a line is the perpendicular bisector 
of a segment hy proving that two 

JtO’M th& €fids of ihs scQifYicnt* 
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6* Write a theorem about the diagonals of the kite 
at the right, then prove it. 


Nearly every new proposition : will ■ give yon an addi 
tional tool that you can use in solving original exercises.. 
Make a list of them, as you study geometry. 

EXERCISES 

1. Given: In the figure AC— BC, and AD=^ BD. ^ 

To prove: CD produced is the perpendicular 

bisector of AB. 

2. Complete the theorem proved in Ex. 1: If , ' > , , 

two isosceles triangles are constructed on the same 

base, the line joining their vertices ... 

3. Given: AD = DC = CD = DA. 

To prove : AC ± bis. of DD. /V ^ 

DDXbis.ofAC. 

4. Complete the theorem for Ex. 3: If the sides — _Vg 

of a quadrilateral are eqital, each diagonal is the ,, , 


GnoMETEic Designs in Wood Carving 
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EXERCISES 

L Draw a segment AB. Mark a point that is the same distoce 
from A and B. In a similar mark four other pomts, some above 
and some below AB. On what line do they Ue? 


89. a. Any point on the p 
nicnt is equidistant from the ei 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

L 

ei'pendicular bisector of. aseg^ 
ids of the segment 

P 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

2 . \ „ 

A M ^ 

Given: P, any point on PM the perpendicular bisector 

ofAB. 

To prove: PA = PB. 


Plan.: Prove AAPM = ABPM. 

Proof: Write the proof. 

h. (Conversely). Any point equidistant from the ends of 

a segment is on the perpendicular Usedor of the segment. 

Given: A Band point P, PA - PB. 

To prove: P is on the ± bis. of A B. 

Plan: p 

Think: “ I can prove P is on the perpen- 
dicular bisector of AB by drawing PM to 
the mid-point of AB and using the theorem, 

If two points are each equidistant from the 
ends of a segment ...” 

Proof: Write in full. 



92 


STRAIGHT ..LINE FIGURES 


■ 2. ArobberEid some treasure by the side of, a road .and equidistant 
from two trees. Show how to find it. 

3,. How many isosceles triangles can you draw having the. sa.me 
base? Where wiil the vertices lie? Dra%v a sketch, showing positions 
of the vertices, four above and four below AB. 

.,: 4. .Find a point on side AC (or AC extended) of AABC\ equidistant 
from A and B, Find such a point also on side BC. 

5. The perpendicular bisector of side AR of A ABC intersects AC 
in R, and BC produced in E, Prove that EB = EA and that BD = 
DA. 


MISCELLAKEOtJS EXERCISES 

1. Are all the bisectors of the angles of an equilateral triangle 

equal? Prove it. c 

X)/\e 

2. If AC = BCf and R, R, and F are the mid- / \ 

points of the sides, prove FD = FE. ^ ^ 


3. Why is a roof sufficiently braced by a board 
nailed across each pair of rafters? 


4. Why is a span of a bridge in which 
the supporting frame is made as shown in 
the drawing, sufficiently supported? 




6. The drawing show's a part of a bridge, called an inverted king- 
post truss. AB and CD are steel bars 
resting on a plate M, The plate M is 
supported by wire cables EA and ED. 

Wliy will this structure support a heavy 
weight? 

6 . A ARC and A'RU' have AC = A'C', AR - A'R', and median 
CM == median C^M\ Prove that AABC^AA'BV. 

Hixt. — First prove A AMC and A'M^C^ congruent. 
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7 . How would you construct a line through a given point mthin 
a given acute angle, so as to form an isosceles triangle with the sides of 
the angle? 

— First bisect the given angle. What relation would the re- 
quired line have to the bisector? 

90. An exterior angle of a 
polygon is an angle formed by 
one side produced and the ad- 
jacent side. A triangle thus has 
six exterior angles which are 
equal in pairs. 


A BAC and ACB are spoken of as the interior angles op- 
posite the exterior angles at B. Do you think Z EEC is 
greater than (>) either ZBAC 
or ZAUB? 

In A ABC, if M is the mid- 
point of BC and AM = MD, 
why is AAAfC = ABDilf? ,4 
Why is Z 1 = ZC? 

If AB is produced to B, an exterior angle BBC is formed. 
WhyisZBBOZl (Ax. 6)? 

Thenis ZBBOZC (Ax. 7 )? 
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Proof : 



iv"* STATEMENTS. . 

? 1. Let AlfD bisect CS; make 

REASONS 

1. Post. 8. 


' AM == MD. 

' Draw BD. 

1 2. AM = MD, CM = MB. 

2. Constrmtion. 

CO 

N 

II 

N 

CO 

3. § 46. 

4. AACM ^ ABDM. \ 

4. $.a.s. = s.a.s. 


5. /I = /O'. 

■5. §5S. 


1 6. But AEBC > ZL 

6. Ax. 6. 

1 

1 7. :.ZEBC> ZC. 

7. Ax. 7. 


In the same way, by drawing a line from C through the mid- 
point of JLS, prove that A ABF > A A. Then, since A ABF 
~ A EEC, AEBC > ^ A, Write the proof in ML 


91. B. An exterior angle of a triangle is greater than either, 
opposite interior angle. 


Given : A A BCj with exterior angle EEC. 

To prove: Z EBC > AA and Z EBC > AC. 


J Plan: Prove AACM ^ ABDM and then compare AEBC 

with Z 1 and Z C. 
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EXERCISES 

1. In the figure name an exterior angle of 
AIRC; oi.ADBC; of A A DR. 

2. Compare.ZDARand ZAUR: ZDRR 
and ZRDA. 

3. .Name an exterior angle of AABD; 
of ADBC. 

4. Compare Z 2 and Z A ; Z 3 and Z C. 


Constructions 

In Unit I you made several geometric constructions. 
We shall now prove that these constructions are correct. 

Construction I 

92. To construct the perpendicular bisector of a segynenL 

Given: Segment AR. 

Required: Construct ± bis. of AR. 

Construction : 1. With A as a center and 
with any radius more than half AR, draw \ 

an arc. y7 yx 

2. With R as a center and with the / / \ \ ^ 

same radius, draw an arc intersecting this ‘m 'Yy 

arc in P and Q. !/ 

3 . Draw^ PQ intersecting A R in M. 

4. PQ is the required line. 

Proof: 


KEASONS 

1. Equal cirdea have equal radii, 

2. If two poirds are equidufant fl 

the ends of a segment they 
termim the perpendicular 
sector of ike segment 


I 4 i 
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Of course this construction includes the construction studied 
m § 21: To bisect a line segment 
In a similar way prove the correctness of the constructions 
below. . 

Construction II ' 

93. To construct an angle equal to a given angle, 

, In § 24 a construction is given for copying an angle equal 
to a given angle. To prove that Zi.'' = lA, draw PQ and 
P'Q' and prove that APAQ^ and hence that 

ZZ' = A A, (See figure in § 24.) 

: Construction III : 

94. To construct a perpendicular to a line at a given point on 
the line. 

Given: Line I ; point P on Z. 

Required: Construct a X to Z at P. /r\ 

■ : . ' '' ' ' 

Construction: 1. With P as center / \ 

and any radius draw an arc inter- ^ / V 

secting Z at Q and P. qF' , ' p , , , 

2. With Q and R as centers and 

any radius more than half QP draw arcs intersecting at S, 

3. Draw/SP. 

4. SP is the required perpendicular. 

Write the proof . 

Hint. — U se §87. 

■ ....Construction 

. 96, To construct a perpe'tidicular to a given line from a given 
outside pomi. 

Given: Line AB and outside point P. 

Required: To construct a perpendicular from P to ZP. 
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Constractioa: 1., With P as center and any radius sufficiently 
greats draw an arc cutting J.B at X and F. 

2. With X and F as centeis and any 
radius more than half XF draw arcs 
intersecting at Q. 

3. Draw PQ, 

4. Then PQ is the required perpen- ^ 

dicular. 

Proof : Use' § 87. 

Write the proof in full. 

COHSTEXJCTION V 

96. To mnstruct the Msectar of an angle 
Prove that the construction given for bisecting an angle 

(§ 33) is correct. 

Suggestion. — Draw QS and RS and then prove APQS ^ APRS, 

The following theorem is based on Proposition 9 and Con- 
structions III and IV: 

97. B. One and only one perpendicular can be drawn to a 
given line through a given point (Prop. 10.) 

Proof: Let PQ be X I and PR he an 3 ^ other line through P. 
Then in Fig. I, Z1 > Z2 (§91). But Z1 = OO"" {PQ ± 1). 
Therefore PR is not perpendicular to L (§ 26. ) 



RQ F 

Fig. 1 ■ ■ Fig. 2 


In Fig. 2, Z1 > Z2 (Ax. 6). But Z1 = 90^ (§26.) 

Hence Pi? is not perpendicular to t (§ 26. ) 

^ There follows from thege a fifth congruence theorem. The 

proof is by superposition. Read it carefully. 
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98. B. Two right triangles are cangrueniif the hypotenme and 
adjacent angle of one are equal, respectively, to the hypotenuse 
and adjacent angle of the other. (Prop. 11.) 

Given: AABC and A'B'C; B b' 

A C and C right angles; AB = / / 

A'B'-, LA = LA'. / / 

Toprove: AA'B'C'S AABC. / / 

Plan: Superposition. ^ ^ 


99. By the distance from a point to a line we mean the ciis- 
tance measured on the perpendicular from the point to the line. 


It is not possible to find in all geometry more difficult 
and more intricate questions or more simple and lucid 
explanations than those given by Archimedes. Some 
ascribe this to his natural genius; while others think that 
incredible effort and toil produced these, to all appearance, 
easy and unlaboured results. No amount of investigation 
of yours woidd succeed in attaining the proof, and yet, 
once seen, you immediately believe you would have dis- 
covered it; by so smooth and so rapid a path he leads you 
to the conclusion required. — Plutarch 

Life <Si Marcellus (Dryden) 


1 

STATEMENTS 

BEASONS 

1. Place AA'B'C on AABC so that 

1 1. Post 7. 

ZA^ coincides with its equal ZA, 


A'C^ falling along AC and A'B' 


along AB. 


2. B' will fall on B. 

2. A^B' = AB, given. 

3. B'C' will fall along BC. 

3. §97, 

4. C' will fall on C. 

4. Post 2. 

5. AA'B'C' ^ AABC. 

5. §54. 
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100. Q. A.ny point in the bisector of an angle is equl 
distant from the sides of the angle. 


AP the bisector of LA 


Given: LA,Pw^’\ 
PQ ± AQ, PR 1 AR. 
To prove : PQ = PR 


Plan: Prove AAPR = AAPQ. 

Proof: Write in full. 

b. (Conversely.) Any point equidistant from the sides of an 
angle is on the bisector of the angle. 

Given : LA, and point P with PR JL AR 
and PQ A AQ, PR = PQ- 

To prove: Plies on the bisector of Z A. rO. 

Plan: Draw A P and prove the triangles ^ 

congruent. 


EXERCISES 

1. Draw a large acute triangle and construct its three altitudes. 

2. Draw a line AB on your paper and ^ 

from a point P placed as at the right construct ^ 

a perpendicular to AB. 

3. Draw a large obtuse trian^e and construct its three altitudes. 
Do the altitudes from the vertices of the acute angles meet the opposite 
side, or the opposite side proAacedt Do the altitudes seem to be con- 
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4. Draw a right triangle. Construct the altitude from the vertex 
of one of the acute angles. Where does it fall? 

5. Draw an angle and construct an angle equal to it. 

6. Draw an angle and construct lines dividing it into four equal 
parts. 

7. Draw a large triangle and constract the perpendicular bisectors 
of its sides. 

8. Construct the medians of a triangle. Do they seem to be con- 
current? 

9. If a carpenter wishes to mark a line that 
will cut two converging boards at equal angles, 
he places two steel squares against the boards, 
as shown in the dramng, and adjusts them so that 
AC = BC, Prove that the line AR then makes 
equal angles with the edges of the two boards. 

10. A carpenter can bisect an angle BAC with 
his steel square by marking off AC and AR of 
equal length on the sides of the angle, and 
then placing his square so that MC = MB^ 
as shown in the drawing. Then he marks 
the point df at the heel of the square, and 
draws AM. Prove that AM bisects Z BAC. 

11. The accuracy of the right angle of 
a triangle can be tested by drawing a per- 
pendicular to a line AR, using position I as 
in the figure, then turning the triangle over 
to position II to see if the perpendicular 
coincides with the edge of the triangle in its new position. ll^Tiy 
should they? 

Indirect Proof 

101. In the direct proofs which we have used thus far, 
we have put together known truths, (the hypothesis, 
definitions, axioms, previously ^proved theorems, etc.) 
and have thus, step step, developed a proof. 








1. Of two contradictory propositions, one must be true 

and the other must be false. There is no middle ground, no 
third possibility. In logic this is called the law of ex- 
cluded middle. • 1 

2. When he said: “ Let us suppose that you are right 

he was assuming, temporarily, the truth of a statement he 
felt to be false. , 
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The indirect method of proof is a kind of proof that 
we frequently use in everyday reasoning. See how it is 

used in the following example: 


Charles and Jack were playing ping-pong. Charles claimed 
that a ball that he served hit the further edge of the table top. 
The boys agreed that the ball passed over the center of the net 
and did not touch it. Charles used the indirect method of 
proof in showing that his contention was correct: 

Charles: The ball either hit the table top, or else it did not. 
Jack: Those are the only possibilities. 

Charles: You claim that it did not. Let us suppose that 
you are right and that the ball did not touch the table on your 
Mde. Then it would have gone straight xmtil it hit the wall 

or floor. 

Jack: I must admit that. 

Charles: But it did not go straight. It was sharply de- 
flected to the left. Hence it must have been deflected by 
something. You agree that there was nothing but the table 

top to deflect it. 

Jack: You win! It’s your point. 


102. Charles used thi-ee important features of the 
method of indirect proof. 

y^Tien he said: “ The ball either hit the table top or it 
did not ” he used the principle: 



103. Indirect proof in geometry. Two lines perpen 
dicular to the same line do not intersect. 

Given: I ± tj' ± t. t 

To prove : I does not intersect V, 1 

Plan: Indirect method. 

Proof: 
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' Finally he showed that Jack was wrong by the principle : 

3. If the conclusion of a correct line of reasofiing" is shown 
to he false ^ then the hypothesis from which the conclusion 
follows must be false. 

Thus, from the hjrpothesis that the ball did not touch 
the table we have the conclusion: then it must have gone 
straight. But this conclusion is known to be false. 
Hence the hypothesis must be false. 


Euclid (330-275 b.c.) was the first author of a text- 
book on geometry, which was a part of a book called 
The Elements. He used the indirect proof in proving 
his sixth proposition, which was, “ If two angles of a 
triangle are equal, the sides opposite are equal.” 


1 

t 






STATEMENTS . 

REASONS 

1. Either 1 does not intersect T or 1 | 

1 . § 102 ( 1 ). 

intersects i. 


2. Assume that 1 intersects Z' at P. 

2 . § 97 . 

Then from P there are two per- 


pendiculars to t. But this is im- 


possible. ' 


3. Hence the hypothesis 1 intersects V ” ^ 

3 . § 102 ( 3 ). 

is false. ^ 


4. Therefore 1 does not intersect V. 

4 . § 102 ( 1 ). 
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EXERCISES 

Prove the following hy the indirect method. 

1. If two Engles of e triEngle Ere UH' 
equal the sides opposite are unequal. 

Given: A ABC; A B. 

To prove: AC BC. 

Hi>T- — Either AC = BC , or AC BC. 



Show that the assumption 

Hint. — Either Af - or ^ ^ /r 

= BC’ leads to a contradiction of the given fact, Z 


2. If two sides of a triangle are unequal, the angles opposite are 

unequal, 

3. A triangle cannot have two right angles. 

HIXT. - It either has two^ right angles or it has not. Show why the 

first- possibility contradicts § 97, 

4 A. base angle of an isosceles triangle cannot be a right angle. 

5. If one angle of a triangle is 100°, the other angles must e^h 
be less than 80°. (Draw the exterior angle at the vertex of the 100 
angle and use §91.) 

6. If V is the mid-point of AB and PM 
i=- not X AB, prove PA is not equal to PB. 

(Draw PA and PB and suppose they are 
equal. Then show by congruent triangles 
that your hypothesis is contradicted.) 

f. .Given: AB = AC\ 

BP isnot equal to PC. 

To prove i AP does not bisect A A . 

8. If a triangle has one obtuse angle, 
the other angle>s are acute. (Assume that 
it has two obtuse angles and use § 91.) 


M 







9. If a triangle is not isosceles, the bisector of an angle is not 

perpendicular to the opposite side. . w 

10. If the median to the-baae of a triangle does not meet the base 
at right angles, the other two aides are not equal. 
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... - one mangle are equal, respectively, to two 

sides of another tnangle, prove that, if their included angles are not 
^ ^ their third sides are not equal. 

12. ProYe the theorem in § 76 by the indirect method. 

SUGGESTIOK-S. -- Either CA = CB or Cxi CB Tf P4 ^ rn ‘.i. 
wh f 1“^ ^ take CX on CB^CA ’ Then 

zi^?and xllc 

*13. See if you can figure this out: Three students, A, B, and C sat 

^ a mg. Two Y^ere sophomores and one was a freshman. The follow 
mg conversation took place: 

A. (Makes a remark that B does not hear.) 

B. (Speaking to C) mat did A say? ” 

C. A said that he was a freshman.^^ 

Assuming that the sophomores always teU the truth and that the 
freshman never does, which of the three was a freshman? 

104. ParaUel (|j) lines are lines that lie in the same 
plane and do not meet however far produced. 

are not 

parallel. Thus, the line between tbo fvnnt .v 



KEASONS 

1 . § 105 . 

2, Given, CD XAB, 

EF ±ab: / 


STATEMENTS 

1. CD and EF either meet or are j|. 

2. Suppose they meet at point P. 

Then from P there are two per- 
pendi eulars t o *4 P. 

3. But this is impossible. ■ 

4. CD il EF. 


108. The next theorem is the converse of the one above. 

pBOPOSmON 13 COHVEBSE 

Given: CD ± AB Given: CD ± AB 

EF ±AB CD il EF 

To prove: CD jl EF. To prove: EF ± AB 

In proving this converel use the indirect method. 
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107. Two li 
same line are pa 

p 

nes in the same plane perpendicular 
rallel. 

[ 

D 

' 

B 

1 

Given: CD 
To prove : C 


F 

± AB; EF ± AB. 

D !| EF. 

Plan: Use the indirect method. 

Proof: 
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109. If a line is perpendicular to one of two parallel line. 

w perpendicular iothe other also. 


Given 


prove 


Indirect method of proof. 


STATEMENTS 


REASONS 

1. Onlif two pomUli 
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supposing that the theorem is not true and then proving that 
the supposition leads to a contradiction of a known truth. For 
this reason this method of proof has been called by the Latin 
term, reductio ad absurdum, meaning reduction to an absurdity. 

110. Smmnary of the work of Unit Two. In Unit Two 
you have learned: 

I. You can prove two triangles are congruent by 
proving that: 

1. They have two sides and the included angle of 
one equal, respectively, to two sides and the 
included angle of the other. 

2. They have two angles and the included side of 
one equal, respectively, to two angles and the 
included side of the other. 

3. They have the sides of one equal, respectively, to 
the sides of the other. 

4. They are right triangles having the hypotenuse 
and a side of me equal to the hypotenuse and a 
side of the other. 

5. They are right triangles having the hypoten 
and an adjacent angle of one equal to the hy 
potenuse and an adjacent angle of the other . 

II. You can prove any two segments are equal 

proving that: 

1. They are corresponding sides of congruent 
figures. 

2. They are sides opposite 
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You can prove any two angles are equal by prov- 

ingthat: 

1. They are corresponding angles of congruent 
figures. 

2. They are complements or supplements of equal 
angles. 

3. They are hose angles in an isosceles triangle. 

4. They are vertical angles. 

5. They are equal to a straight angle, or a right 
angle. 


You can prove any two lines are parallel by prov^ 
ing that: 

1. They are perpendicular to the same line. 


To prove that the methods used in Unit One for 

making the following constructions are correct: 

1. To construct the perpendicular bisector of a 
segment. 

2. To construct an angle equal to a given angle. 

3. To construct a perpendicular to a line at a given 
point of the line. 

4. To construct a perpendicular to a given line 
from a given outside point. 

5. To construct the bisector of an angle. 


VI. The meaning of converse theorems. § 74, 


VII. The use of geometric analysis. §84. 

VIII. Indirect proc^ and how to use it. §§101-102, 
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REYIEW OF THE' SECOND UNIT 

Se-e if you can answer the qmstims in the following exercises. If you 
are in dmiU look up the section to which reference is made. Then study 
that section before taking the tests. The references given are those most 
dih^ly related to the exercise. 

Write the five theorems which may be used to prove triaagles 
coiigruent. §§ 64, 65, 80, 83, 98. 

2. Which of the theorems that jmu have had can be used to prove 
two angles equal? List them and then consult the foUomiig sections, 
to see if ^mu have them all; §§ 64, 65, 69, 80, 83, 98. 

3. What theorem can l^e used to prove angles unequal? § 91. ^ 

4. See if you can list seven theorems to prove that two line seg- 
ments are equal, |§ 64, 65, 76, 80, 83, 89, 98. 

Of what does a, demonstration consist? §63.' 

6. See how many of the study aids given in § 66 3"oii can write out. 
Read the section over again and correct your list. 
yi. What is meant by a geometric proof? § 63. 

What is the side opposite the right angle in a right triangle 
called? What are the other sides called? § 81- 
* I 9. Wliat are the legs of an isosceles triangle? § 14. 

10. Draw a triangle and construct one of its medians. How many 
has it? §73. 

11, Draw an obtuse triangle and construct its three altitudes, 

§95.: ■ ■ _ ■ 

^ 12. How many conditions can impose on an auxiliary line 
tliat you construct? § 68. 

13. State four pairs of conditions such that mij one of the pairs 
may be imposed on an aiixiliar}^ line. 

14. Write out the methods that may be used to prove segments 
and angles equal Consult §110, II, III, to see if you have them 

all 

15. Write out the theorems about perpendiculars. §§ S7, 97, 107, 

ip. 

16. Tell hqy^ an analysis of an exercise is made. How do you 
obtain a proof Itom an analysis? § 84. 

"*^17. vhkat are t\e three ge::iera! steps in an indirect proof? § 102. 

18. How does an indirect proof differ from a direct proof? § 101. 
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Gn what two principles does an indirect proof, depend? § .,102. 
/'20, . Write the two postulates about parallel lines. §§ 105 , 106 . 

21. Firsts write each theorem indicated,, in the form usmg “ if 
and then.” Second^ indicate the hypothesis and conclusion. Thirds 
write the converse or converses of the theorem. 

a. The theorem m Ex. 11, page 112. 

b. The theorem in. Ex. 12, page 112. 

c. The theorem in Ex. 13, page 112. 
d A statement whose converse is true. 
e. A statement whose converse is false. 

Complete the following : 

22. An exterior angle of a triangle § 91. 

23. One and only one perpendicular § 97. 

24. An equiangular triangle is also § 77. 

25. If two angles of a triangle are equal § 76. 

26. A corollar}’' is a theorem § 70. 

27. Can you draw one straight line through any three points? § 68. 

28. From any given point P can 3 mu draw a line bisecting a given 
angle C? AVhy? §68. 

29. Can you construct from any given point P the perpendicular 
bisector of a given segment AB? Why? § 68. 


For Ex, 30-32, Hce § 107. 



30. What geometric principle is used in drawing parallel lines by 
means of a T-square? 


31. What principle does a carpenter use when he marks off parallel 
lines on a board by moving one blade of his square along an edge and 
marking along the other? 

32. Explain how parallel lines may^ be drawn' with a drawing 
triangle. Why are the lires drawn parallel? 
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CONSTRUCTIONS. 

Iv Construct an isosceles triangle 'whose vertex angle is ' 90 ^. What 
.seems to be the sum of its angles? . 

2. . , Construct an angle of 45° Ly first constructing a perpendicular 
to a line and then bisecting the right angle. 

3. Construct an .angle of 135° by subtracting an angle .of 45° from, 
ISO®. .Use the method of § 24 to copy your angle. 

4. . Construct the sum of an obtuse angle and a straight angle. 

5. Construct a triangle ha\ung a side of 2 In. and adjacent angles 
of 45°. 

6. .Draw a right triangle and construct its three altitudes. With 
what lines do two of them coincide? 

7. Construct the perpendicular bisectors of the sides of .an obtuse 
triangle. 

3. Draw a triangle and co.nstruct t.iie- bisecto.rs of Its angles. 


GENERAL EXERCISES 

h If the equal sides AC and BC of an isosceles triangle are pro- 
duced through the vertex C to points D and JJ, respectively, so that 
CD “ CA’, prove that DB = A'A. 

2. If AABC is equilateral, and AP = BR == 

CQy prove that APQR is equilaterai. Write an 
analysis fi.rst. 

3. In the same figure, if APQR is equilateral, 
and ZPBA— ZRQB= ZQPC, prove that 
AABC is equilateral. 

4. Two right triangles are congruent if the legs of one are, re- 
spectively, equal to the legs of the other. 

5. Prove that if three altitudes of a triangle are equal, the tri- 
angle is equilateral. 

6. Prove that the bisectors of the exterior angles at the base 
of an isosceles triangle form with the base an isosceles triangle. 

7. The bisector of what angle of an isosceles triangle bisects the 
opposite side? Prove your answer. 

8. Given two equilateral triangles on opposite sides of the same 
base. Prove that the line connecting their opposite vertices is the 
perpendicular bisector of the common base. 
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5. A median of a triangle is produced its own lengtli throng 
the side of the triangle, and the extremity is connected to one of the 
other vertices of the triangle. Prove that a pair of the triangles formed 
are , congruent. 

10. If two medians of a triangle are equal and intersect so as to 
form with the third side an isosceles triangle, then the given triangle’ 
is isosceles. 

11. If the diagonals of a quadiilaterai bisect each other, the opposite 
sides are equal, 

12. In two congruent triangles, prove that corresponding medians 
are equal. 

13. A triangle is isosceles if perpendiculars drawn to the adjacent 
sides from any point in the altitude are equal. 

14. The perpendicular bisectors of sides AB and BC of A ARC meet 
in 0. Show that OA == OB = OC. 

PRACTICE TESTS 

These are practice tests. See if you can do all the exercises correctly 
without referring to the text. If you miss any question look up the 
reference and be sure you understand it before taking other tests. 

TESTS ON UNIT TWO 
TEST ONE 
Numerical Exercises 

1. One angle of an equilateral triangle is 60®. How many degrees 
in each of the other angles? § 71. 

2. ABC is an isosceles triangle vdth AB = AC. If Z R is 50®, 
how many degrees in the supplement of Z C? § 69. 

3. Three towns, A, R, and C, are so situated that C lies on the 
perpendicular bisector of the segment joining A and R. If C is 
8 miles from A, how far is it from R? § S9. 

4. An angle of a triangle is 36®, How large is the exterior angle 
at this vertex? § 91. 

6. In A ARC, AR == 12 in., Z R = 55®, and A6^ == 12 in. How 
large is Z C? § 69. 
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S. In AABC, AB = 12 in., AC = 6 in., ZA = 35^ RU = 8. In. 
In ADEF, FE = 12 in., DE = ,8 in., and I)F = 6 in. How large is 
ZF? §80. 

7« The angles of a triangle are 40®, 60% and SO®. How many 

degrees in the largest exterior angle? §91. Z, 

, 1 I ji , . 


8. 1 1> f . How large is Z 1? § 109. 


9. In A ABC, A A = 75® and ZC = 60®. The number of degrees 
in the exterior angle at B must be greater than what number? § 91. 

10. Triangle ABC has AR = 14 in., ZB= 45®, RO = 10 in., 
and ZC ^ 90®. Triangle DEF has ZD 90®, ZE = 45®, and EF' “ 

14 in. How long is I)F? § 98. ^ c 

11. AB = BC == CD = AD. If DO = 6 in., / 

how long is HR? § 87. \ / 

12. C is on the perpendicular bisector of line segment AR. If AC = 

15 in., how long is RC? § 89. 


TEST TWO 
Supplying Reasons 

Supply axioms f postulates, definitions, or theorems as reasons for the 
statements below. 

1. Triangles ABC and DEF are right triangles and AR and DE, 
the hypotenuses, are equal. If ■ AC = DF, the triangles are con- 
gruent. § 83. 

2. In A ARC, A A and R each are complementary to 50®. There- 
fore triangle ARC is isosceles. § 76. 

3. In A ABC, with RC — AC, AM and BN are medians. Then 
BM == AN. Ax. 5. 

4. If A ARC and ARiJ haye AC = AD and RC =» RH, they 

are congruent. §S0. , ■ „ ■ ■ 
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5. GiTen: If A == MB^ NA — NB. Conclusion: MN i AB, 
§87.; ;'V . . c. ' 

0. Ill the figure, Z 1 > Z 2. §91. 

7. In the same figure: Given: Z2 = ZB. \ 

Conclusion: AD = BD, § 76. ' — — — 

: a , Given: A ABU; AC = B€; AM ± BC, BD ± AC\ Con- 
elusion: A ABB ^ A ABB. §98. 

9. Given: PM ± bisector of AB; Q is any point on PJf. Con- 
clusion: QA = QB. § 89. 

10. Given: 7 || V; I At Conclusion: V A t § 109. 

11. Given: I A %l' A t Conclusion: l\\V, § 107. 

12. Given: Piif X 3fB. Conclusion: PP is not ± If P. §97. 


TEST THREE 


Multiple-Choice Statements 

From the expresdor^s printed in italics select that one which best com- 
pletes the statement 

1. An exterior angle of a triangle is an obtuse angle ^ supplementary 
to an opposite interior angle ^ greater than an opposite interior angle, 
§91. 

2. The perpendicular to a segment at its mid-point is a7i altitude, 
contains all points equidistant from the ends of the segment § 89. 

3. In an obtuse triangle, one, two, three altitudes always lie outside 
the triangle. 

4. In an isosceles triangle the angles opposite the equal sides are 
supplementary, complementary, equal, § 69. 

6. The triangle is much used in constructing buildings, bridges, 
etc., because it is easy to make, a rigid figure, § 80. 

6. The line from any vertex of a triangle to the mid-point of the 
opposite side is called the perpendicular bisector, median, altitude, § 73. 

7. If the bisector of an angle of a triangle is perpendicular to the 
opposite side, the triangle is isosceles, a right triangle, § 65, 

8. If the opposite sides of a quadrilateral are equal, a diagonal 
bisects two angles of the quadrilateral, divides the quadrilateral into two 
congriMTd triangles, is perpendicular to the other diagonal, § 80. 
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9, Tlie number of converses a given theorem can have is one, 
tmre than om^ as many as you please. § 74. 

10. If a theorem is true, a converse of it may^ must be true. | 74, 

11. A point not on the perpendicular bisector of a segment may 5c, 
is not equidistant from the ends of the segment. § 89. 

12. In an indirect proof a statement that contradicts the hypothesis 
h shown to ho false ^ime. §102. 

CUMULATIVE TESTS ON THE FIRST TWO UNITS 
TEST FOUR 
Numerical Exercises 

1. Triangle ABC has AB — 16 in., BC == 7 in., CA = 14 in., and 
Z € = 93^ If A DBF has DE = 7 in., Z F = 93^ and EF = 14 in., 
bow large is DF? § 64. 

2. If r: and y are compiementarjq and Z x — Z ?/ = 35®, how 
large are x and yl § 38. 

Four angles make up all the angular magnitude about a point. 
If the first is half the second, the third is 20® more than the second, and 
the fourth is 50° less than three times the third, how many degrees 
in each angle? § 34. 

4. Through how many degrees does the rninute hand of a clock 

revolve in one hour? § 34. ^ "" 

5. How many straight lines can be drawn through two points? 

PosL:B» , , 

8. How large is an angle wdiich equals its complement? § 38. 

7. How large is an angle which is 11 times its supplement? § 38. 

8. If one of the four angles about a point made by two intersect- 
ing lines is 114° 48', how large is each of the others? §§ 46, 38. 

9. How many degrees in the angle formed by the hands of a 

clock at 6 o'clock? § 34. / ^ 

10. A certain angle contains .a degrees. Give a formula for the 
number of degrees in its supplement, § 38. 

11. What kind of an angle is less than its supplement? § 29. 

12. Of two supplementary ^angles one is 6° less than twice as large 

as the other. How large is each? §38. ^ 
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TEST FIVE , 

Completing Stateinents 

Complete the following statements. 

1* ,A line drawn from a vertex of a triangle to the mid-point of. the 
opposite side is a of the triangle. § 73. 

2. To construct a perpendicular to a segment at its extremitv, 

I would first the segment. §.94. 

3. Two lines in the same plane can be proved parallel if Ihey are 

— to the same line. § 107, 

4. An angle of a triangle is an angle formed by one 

— of a triangle and another side — . §90. 

6. In studying a theorem in geometry I should attempt to write 
out the proof with the aid of the plan given, and without consulting 
the proof in the book. If I cannot do so, I should read over the 

— and try to supply the without looking them up. 

§ 66 . 

6. If two straight lines intersect, the — angles are equal 

§46. 

7. An — triangle is a triangle having two equal — . 

§14. 

8r If two adjacent angles are , their exterior sides lie in 

a straight line. § 51, 6. 

9, Two lines in the same plane must either be or they 

must intersect. § 105. 

10, If a line is perpendicular to one of two parallel lines, it is 
to the other. § 109. 

11, If one of the facts in the h>q)othesis of a theorem is inter- 

changed with one of the facts in the conclusion, the resulting theorem 
fg of fixe original. § 74. 

12, If the conclusion of a correct line of reasoning is shown to 

be false, then the hypothesis from which the conclusion follows must 
be- . §10k 
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TEST SIX 

True-False Statements 

If. a sMemeitt is ulways tf ueymarh it so. If it is mij replace each 
word in italics by a word which will make the statement. always true. 

, 1 . Tlie sum of two sides of a triangle is greater tlian the third 
side. Post. 4. 

2. Two triangles are congruent if two sides and the acute 
angle of one are equal, respectively, to two sides .and the acute 
angle of the other. '§ 64. 

3. A straight line is determined by two points. Post. 3. 

^'4. Any 'point not on the perpendicular bisector of a line segment 
is not equidistant from the extremities of the segment. § 89. ' , 

6. If two triangles have their sides, respectively, equal, their 
corresponding angles are equal. § 80. 

6. If two lines intersect and form right angles, they are per- 
pendicular to each other. § 26. 

7. An triangle is isosceles. §76. 

8. We prove two segments or angles equal by showing that 
they are corresponding parts of congruent triangles. § 58. 

9. In an isosceles triangle, the base angles are supplementary. 
§69. 

10. In an isosceles triangle the exterior angle formed by one of 
the equal sides and the base produced is equal to one of the opposite 
interior angles. §91. 

11. Lines perpendicular to the same line are equal. § 107. 

12. Three of the medians of an equilateral triangle are equal. § 79. 

13. A line drawn from a vertex of a triangle perpendicular to the 
opposite side is called a medi<m. § 72. 

14 A line, no part of which is straight, i&»called a broken line. § 9* 
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PARALLELS AND THE ANGLES FORMED BY THEM; 

PARALLELOGRAMS 

111. A transvei^al of lines. A straight line which in- 
tersects two or more straight lines is called a transversal of 
those lines. Thus EF is a transver- 
sal of A B and C D. Eight angles are 
formed and are classified as follows: ^ 

Z3, Z4, Z5, and Z6 are called in- 
terior angles, and Zl, Z2, Z7, and 
Z8 are called exterior angles. 

Two angles such as Zl and Z5, one interior and one 
exterior, on the same side of the transversal, are called 
corresponding angles. 

Two interior angles such as Z 3 and Z5, on opposite 
sides of the transversal, are called alternate interior angles. 

Two angles such as Z2 and Z8 are called alternate 
exterior angles. How many pairs of alternate exterior 
angles are there? N ame them; 

EXERCISES 

1. In the figure of § 111, what angles are equal? Why? 

2. What angles in the same figure are supplementary? 

3 . If Z 3 is 90° and AB I CD, how many degrees in each of the 
other angles? Explain. 

4. Make a large copy of each of the following capital letters: 
A, E, F, H, N, W, Z. (a) Indicate the transversal in each. (6) Indicate 
the idtemate interior angles.** (It vrill be necessary to produce some of 
the lin^.) (c) Indicate the corresponding'angles. 
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5. In I, what kind of angles are 1 and 4? 2 and 3? 

0. In II, what kind of angles are 6 and 7? 5 and 8? 

7. In III, what kind of angles are 11 and 15? 12 and 14? 9 and 
15? ■ 

• 8. Draw a figure like that in §111 making Z4= Z6 = 50°. 
How large is each of the other angles? What kind of lines do AR and 
CD seem to be? 

9. Repeat Ex. 8 making Z 3 = Z 5 = 70°. 

10. Draw AB || CD and cut by transversal EF. Wliieh of the pairs 
of angles, named as in § 111, seem to be equal? 


11. If a and h are cut by transversal ^ 

c, name the alternate interior angles; a 2/1 1 

the oorresik)nding angles. 

12* In the same figure, if c and d are / / 

cut by transversal a, name the alternate / / 

interior angles; the corresponding angles. 56/6 14/13 

*^13. In the figure of § 111, if AB is not iVs isTie 

parallel to CD, and if Z4 = 50°, can / / 

Z6=50°? Why? 

*14. Show by the indirect method that, if AR is parallel 
a triangle cannot be formed by AB, CD, and a transversal EF. 


112. Alternate interior angles. If line k is parallel to I, 
and transversal t intersects A; at A and I at B, do you think 
Z1 = Z2? IfARis bisected at M, and 

■ ■■■■ f: 

MC is drawn perpendicular to k, and in- , c A^ 

tersects I at D, why is CD ± Z? ' 

Why can you not say: Draw MC ^ yt\ 

± k mid V^2 Do you think the right jy 

A ACM and BDM are congruent? 
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Proposition 1. Theorem 


113. If two parallel lines are cut hy a transversal, the 
alternate interior angles are equal. 

A 

A 





Given: Parallels k and I intersected by transversal I in 
points A and B, 

To prove: Z1 == Z2. 


Plan: Bisect AB at M and draw MC ± k. Prove AACM 

^ABDM. 

Proof: 


STATEMENTS 

REASONS 

L From M, the mid-point of AB, draw 

L § 109. 

MC ± k, intersecting 1 in D. 


CD±l. 


2. ZAMC = ZBMD. 

2. §46. 

3. AM = MB. 

3. Constructed so. 

4. AACM S ABDM. 

4. §9S. 

5. Z1 = Z2. 

5. §58. 


114. CoROLLAET 1. If two parallel lines are cut hy a 
transversal, the corresponding angles are equal. 

Hints. — In the figure of § 113, why is Z 1 ~ Z2? Why is Z2 « Z 3? 
WTrite the proof in ML 

116. Corollary 2, If two parallel lines are cut by a 
transversal, the interior cmgles on the same side of the trans-^ 
versal are supplementary. % 
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116. B. COROLLAET 3. If tWO 
angles have their sides respectively 
parallel, they are either equal or 
supplementary. 

Hint. — • Produce the sides of the angles 
until they intersect, forming ^4. 

/2>= Z4 = Zl. Why? 

Z3 is supplementary to Z2, hence to Z 1. 

my? 

117. Initial and terminal sides of an angle. You 
know that the size of an angle is determined by how 
much one side must revolve to take the position of the 
other side. It is convenient to think of one side always 
revolving in a direction opposite to the hands of a clock, 
or counterclockwise, as indicated in the illustration. 
We may, then, call the original position of the side, the 
initial side of the angle, and the final position of the 
revolving line, the terminal side. 

In the figure for § 116, AB, the initial side of /I is 
parallel to A'B', the initial side of Z2 and AC, the ter- 
minal side of Zl is parallel to A'C', the terminal side of 
Z2. Here the angles are egitoZ. 

In angles 1 and 3: AB, the initial side of Z 1 is parallel 
to A'B', the terminal side of Z3 and AC, the terminal 
sides of Zl is parallel to A'D, the initial side of Z3. 
Here the angles are supplementary. 

EXERCISES 

1. Draw a triangle and mark with an arrow the counterclockwise 
direction of each angle. Name the initial and terminal sides of each. 

2. Draw a quadrilateral and mark with an arrow the counterclock- 
wise direction of each angle. Name the initial and terminal sides of 
each. 




I If a line is drawn thrqiigh any point in the bisector of an angle, 
lei to either side of the angiej an isosceles triangle is formed. 


3. In graphical work in algebra you have seen how positive and 
negative lines are defined. Can you explain how we can define 
positive and negative angles? 

4. If, in the figure of § 113, f and Z 1 = 40^, find the number of 
degrees in each of the other seven angles. 

6. Draw a diagram to represent the rails of two railroads which 
intersect at an angle of 70°, Ghm the v'alue of each angle. 

6. Given: AB Ij CD, AD jj BC, A A = 90°. 1*^ 

To prove: A B, C, and D are. 90°. ■ H i ^ 

7* In the figure of § 113, if ^ II f and Z 1 is half the adjacent angle 
at Aj how many degrees in each of the eight angles? 

f 8«Jlf a !i h and e H d, prove: 

"$) Zl= A2. - 

(5) Z3 = Z4. 

(c) ZH- /5= 180°. ^ 

9. Prove that if a line is drawn through a ' / 

point on one side of a right angle, parallel to the other side, it is 
perpendicular to the side through which it is drawn. 

rii^If DBC is an exterior angle of AZBC, and 
ACf prove that Z DBC equals Z Z. + Z C, 

11. In the same figure, prove ZA+ AB + ^ 

Z e - 180°. 

Hint. Z1 -f Z2 + Z3 « ? Z2 « ? Z3 =- ? 

12. If IT 11 AB, prove Z A + ZB + ZC - 
180°. 

13. If a transversal cuts two parallel lines, making ^ 
one of two consecutive interior angles equal to 

three times the other, how many degrees in each of the eight angles? 

14. A line parallel to the base of an isosceles triangle and intersect- 
ing the equal sides, forms another isosceles triangle. 
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Proposition, 2. Theorem ' 

118. If two lines are cut by a transversal so that a pair 
of alternate interior angles are equal, the lines are paralleL 


Given: k and I cut by transveral t in points A and B, 
so that Z 1 — Z2. 

To prove: fc j| Z. 


Plan: Bisect AB and draw MC ± k. Then prove that the 
triangles so formed are congruent, and that each is therefore a 
right triangle. 

Proof: Write the proof in fulL 

119. Corollary 1, If two lines are cut by a transversal 
so that a pair of corresponding angles are equal, the lines are 
paralleL 

120. Corollary 2. If two lines are cut by a trans- 
versal so that two interior angles on the same side of the 
transversal are supplementary, the lines are paralleL 

121. Corollary 3. Two lines parallel to a third line 

are parallel to each other. ^ 

Given: V i| I, V' i| L I / 

To prove: V \\VL yf' 

Plan: Draw transversal t Then Zl = Z’ 

Z2 and Zl = 3. (Why?) Hence Z^2 = Z3 
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CONSTRITCTIOX VI 

122. To construct a parallel to a given line through a given point. 

Given: Line I and point P. yt 

Required: Through P construct a. line - — ^ 
paraliel to 1. ■ i p*/ \ .. 

Constmction: 1. Through P draw any line 
cutting I at PL 

2. At P construct an angle equal to L PL Let V be a side 
of this angle. V is the required line. 

Proof: Use §119. 


EXERCISES 

1. Construct quadrilateral A PCP as follows* ^ 

IP = 2 ill., Z A = 45% AD =1 in., ZP = / ^ ^ 

135% PC = 2 in., and ZC==45L Show that / / 

AR II PC and AP II PC. 

Hixt. — To construct an angle of 45'', construct a right angle and bisect 
it. ■135'^ =§0®-|-45L 

2. Construct quadrilateral ABCD as follows: AP = 2 in., 

Z A = 45% AP ~ 1 in., PC jj AB, BC H AP: How. large are . 
angles P, C, and P? , a ' ^ ^ 

3. Draw any triangle A PC. Through A, ^ 

P, and C construct parallels to PC, AC, and \ x" a/ 

AP, respectively. If ZA. = 60% ZP= 50"^, 

and Z C =- 70% find zi A', P', and CL 

4. To determine a line I through P parallel 
to a given line AP a surveyor proceeds as 

follows: He measures of! a line from P to a ^ R 

point i\r in AP, and locates 0, the middle / 

point of this line. Then from ill, a second 

point in AP, he runs a line through 0, and ^ 

extends it to a point Q m that OQ = MO. 

Show that QP II AP. 
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a D B 

5. If a represents the top of an ironing board, 
and b the floor, and if AO = OB, CO = OD, prove 
that a is always |j b. j 


6. Given: AB\\ DE, BC '(i EF. 
To prove: ZB= ZE. 


J‘ ^it'^ated inside a larger one 4 Rr 

thatVs - Dr' -iO - CP. p„,e 


9. H lh« consecutive angles of n (|U.(Mater.l are supplementary 

its opposite sides are parallel. ^ 

10. If two parallel lines are intersected by a transversal what re- 
Pmveit corresponding angles? 

^ parallel lines are intersected by a transversal, 
the bisectors of the alternate interior angles are parallel. 

■ *12. In surveying, a method of extending a line AB beyond an ob- 
stacle IS as follows: A line BE is run 
perpendicular to AB, then EF is 
run perpendicular to BE, then FC is 
run perpendicular to EF and equal to 
BE, then CD is run perpendicular to 
FC. Prove that CD and AB lie in 
one straight line. 

*13. In Ex. 3, prove that the altitudes of A ARC are the perpen- 
dicular bisectors of the sides of AA'R'C'. 


I 
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Theorem 


123. The .SUM of the angles of a tfiangle is 

ttaigMmgle, 


Gwen: ^ 
To prove 


Plan: Form the exterior 
Use parallel line theorems. 


REASONS 


STATEMENTS 

1 Produce AB to E and draw BD |j AC. 

2. Z2 = ZC, Z3 = ZA. : 

3. Z1 + Z2+ Z3 = 1st. Z. 

4. Z A + Z jS + Z C = 1 st. Z . 

124. COBOLLARY. 1 A triangle Can 

angle or one obtuse angle. 

Suggestion. — Suppose it had two right angl 

then apply 1 123. 

126. Corollary 2. The acute am 
angle are compleinentury. 

1^. CoROLLAite 3. If two angles 
equal, respectively, to ti^o angles of c 
third angles are equal. 


or two obtuse angles: 
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127. CoKOLLARY 4. If two triangles have ■ a side, 
an adjacent angle, and the opposite angle of the one equal, 
respectwely, to the corresponding parts of the other, the 
triangles are congruent 


128 . Corollary 5 . An exterior angle of a triangle 
is equal to the sum of the two opposite interior angles. 


EXERCISES 


1“3. Prove the theorem in § 123 by the methods suggested by 
the following figures. In Fig. 1, XA jj BC; in Fig. 2, PQ l| AB, 
PR |[ AC; mFig.[3 , 1 |j in |! n. 


Fig. 1 


Fig. 2 


Fig. 3 


4. If the three angles of a triangle are equal, show that each 
contains 60*^. 

6. If one angle of a triangle is 38° 40', and the other two angles 
equal, find the size of each of the equal angles. 

6. If one angle of a triangle is 64° 25' and another is 45° 30' 30", 
the third angle. 

7. Prove that if the angle at the vertex of an isosceles triangle 
60°, each of the other angles is 60°. 

8. One of the angles at the base of an isosceles triangle is 45°. 
the size of each of the other angles. 

The vertex angle of an isosceles triangle is 70°. How large 
each base angle? 

10. How large is each acute angle in an isosceles right triangle? 
One of the angles at the base of an isosceles triangle is 37° 35'. 
each of the other angles. * , 7' 

three angles of a triangle the second is twice as large 
and the third is three times? as large as the first. How 
are there in 'each? (Form an equation.) 
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13. If one angle of a triangle is a right, angle, and one of the acute 
angles is four times the other, how many degrees 'are there in each? 

14. Construct an equilateral triangle and thus construct an angle 

ofdCf. 

15. Construct an angle of 


16. The angle at the vertex of an isosceles triangle is, three times 
as large as either of the other angles. Find by an equation the num- 
ber of degrees in each angle of the triangle. 

IT. The angle at- the vertex of an isosceles triangle is 20® more 
than the sum of the other two angles. .Find by an equation the 
number of degrees in each angle. 

18. Given two angles of a trian.gie, with compasses and straight 
edge construct the third angle. Base the con- 
struction on I 123. 

19. In this figure, Z a equals the sum of what 
two angles? Z h? Z c? From these equa- 
tions find the number of degrees in Za + 

Z b + Zc. 


*20. If one of the equal sides of an isosceles triangle be produced 
through the vertex its own length, the straight line ^ 

joining its extremity to the nearer extremity of the 
base is perpendicular to the base. 

SiTGGESTiox. — Show that jCDBA == one half of the 
sum of the angles of j^ABD. 

*21- The angle made by the bisectors of 
the base angles of an isosceles triangle is 
equal to an exterior angle at the base. 

(Prove ZADB ^ ZEBC\) ■ . ^ 

Suggestion. — Show that each angle is a supplement of ZABC. 

*22. Prove thatif ADbisects Z A of AARC, , , 
and BD bisects Z EBC, the exterior angle, then 

ZD = i ze. 

Suggestion. — Express the .sum .of ^ the angles 
.of AARD.in .terms, of Z,i), ZA 
Set this equal to Z A 4- ZB 



130 " : mSALLELS AND PARALLELOGRAMS 

Proposition 4. Theorem 


Then use § 126. 


129. B. If two angles have their sides^ respectively, per-^ 
pendicular, they are either equal or supplementary. 


Plan: Compare A 4 and 5, and A 6 and 7. 
Proof: 


STATEMENTS KEASONS 

1. Produce the sides of the angles until i. § 46. 

they meet: Z4 = /5. 

2. Z6 = Z7. 2. Post 9. 

3. /. Z1 = Z2. 3. § 126. 

4. Z2issupp, to Z3. 4. §38. 

5. /. Z 1 is supp. to Z 3. 5. § 40. 


Discussion: Restate the theorem (§ 129), telling when the 
angles are equal and when supplementary. Also prove the 
theorem using different figures. 


Given: A 1 and 2 with initial sides i and J, and termi- 
nal sides t and T, respectively: i ± I and t ± T, Also, 
Given: Z3 with initial side I' ± t and terminal side 
T' ±1 

Toprove: Z1 = Z2andZl + Z3 ~ 1st. Z. 




PRACTICAL APPLICATIONS 
(Optional) 

1. la order to determine the distance from A 
to the inaccessible point B, a line AC is measured 
off at right angles" to AB, and a point C found in 
tiffs line at which £BCA = A3=. Prove that 

* 2. The distance BL from his ship to a lighthouse L may be 
determined by a sailor as follows: 

WTien the ship is at any point A, he 
observes Ax, the angle which L makes 
with the course AB oi the ship. Then 
he observes when L makes an angle 
just twice as large with the course of 

the ship, i.e. when Ay= 2Zx. Front i r 

the ship’s log he knows how far the ship has traveled from A to B. 
Prove that this equals the distance from 5 to L. ^ 

3. It is a law of physics that when a ray of Ught strikes a plane 
mirror, it is reflected in such a direction 
that the striking ray and reflected ray make 
eciual angles with the mirror. Thus, if M 
is an edge view of the mirror and a ray .4 B 
is reflected in the direction BC, A1 = A2. 

If a ray of light strikes first one mirror and 
then another, such that the path of the ray forms 
a triangle with all of its angles equal, what is 
the angle between the mirrors? ^__ _V ^ ^ 

SUOGESTIONS. — How many degrees are there in 
each angle of the triangle? 

4. In running a straight line IB, surveyors ran into an obstacle 
Prove that they may pass the obstacle and continue the line 
in line with .4B as follows: Measure off an angle 
of 60° at B, and run the line BE suflaciently long . 
to clear the obstacle. At B construct an angte 
of 60° as in the diagram, and measure off EC - 
BE. Then at C turn oilman angle of 60°, and 


if A. men ai c cum ’ 

establish the line CD. CD is a prolongation of AB. 
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130. A polygon is a closed plane figure having three 
or more sides. The polygon is convex if each of its 
angles is less than a straight angle. Otherwise it is 
concave. The vertices are the intersections of the 
sides. Only convex polygons are studied in this course. 

A diagonal is a line joining two non-consecutive ver- 
tices of the polygon. 

131. A polygon of three sides is a triangle; of four 
sides a quadrilateral; of five sides a pentagon. The 
others in order are hexagon, heptagon, octagon, nonagon, 
decagon, etc. 

Ex. 1. Draw each of the eight figures named. 

Ex. 2. Draw a quadrilateral and a diagonal from vertex A: 

How many triangles are formed? How is the sum of the angles of the 
triangles related to the sum of the angles of the quadrilateral? What 
is the sum of the angles of a quadrilateral? 

132. The sum of the angles of a polygon. How many 
diagonals can you draw from one vertex in a ^ 
quadrilateral? How many in a pentagon? A 
hexagon? Anoctagoi^ 

Into how many triangles is the quadrilateral 
so divided? The pentagon? The hexagon? 

The octagon? 

If a polygon has 10 sides, it can be divided into tri- 

angles by diagonals from one vertex. 

If a polygon has n sides, it can be thus divided into n — 2 
triangles. 

Do the angles of these triangles make up all the angles of 
the polygon? What is the sum of the angles of a triangle? 

Then what is the sum of the angles of a quadrilateral? Of a 
pentagon? Of a hexagon? Of a polygon having n sides? 

See if you can prove the next theorem. 
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Proposition. 5. Theorem. 


133. The mrn of the angles of a polygon of n sides is 
(n —’ 2} straight angles. 

Tn n , 





GiTen: Polygon ABCDEF mth n sides. 

To prove: The sum of the A — (n — 2)st. A 


Plan: Divide the polygon into triangles by diagonals from 
any vertex. There will be a triangle for each side of the 
polygon except the two sides adjacent to the vertex selected. 

Proof: Write the proof in full. 

134. Corollary. The sum of the exterior angles of a 

polygon 7 nade by producing each of the sides in succession 
is two straight angles. \ 

Suggestion, —• If the polygon has n sides, there are TT \ 
n straight angles in the sum of the interior-and exterior / W 

angles, since there is one straight angle at each vertex. X Y 

\\Tiat is the sum of the interior angles? Then what is / 

tlse sum of the exterior angles? A. 

135. A regular polygon is a polygon 

whose sides are all equal and whose angles are all equal. 

EXERCISES 

1. What Is the sum of the angles of a quadrilateral? Of a penta- 
Of a hexagon? Of an octagon? Of a decagon? Of a poly-* 
gon with 12 sides? Of a polygon with 22 sid^? 

i. How many degrees hm meh angle of a regular pentagon? Of 
a regular hexagon? Of a regular octagon?^ Of a regular decagon? 
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3. Show that each angle of a regular polygon of n sides equals 

— 180“. 

n 

_ 4. The angles of a hexagon are x,l\x,llx,2 x, and 2 a: degrees 

How many degrees are there in each? 

^ 6. If two angles of a quadrilateral are supplementaiy, show that 

the other two angles must be supplementarv' also. 

6. How many degrees in each exterior angle of a regular hexagon? 
Of a regular octagon? Of a regular decagon? 

■ sides has a polygon the sum of whose angles is u 

right angles? ^ 

is ^ polygon each of whose angles 

Hint. How large is each exterior angle? 

9. How many sides has a regular polygon if each angle is 108°? 

. ®ides has a regular polygon each of whose angles 

IS If right angles? ' ^ 


11 . If a line which bisects an exterior angle of a triangle is parallel 
to the opposite side, the triangle is isosceles. 

12. The equal sides of an isosceles triangle are produced through 
the vertex and a hne is draTO intersecting these sides produced, and 
parallel to the base of the triangle. Prove that the triangle so formed 
IS isosceles. 

*13. Prove the theorem in § 133 by drawing lines from any point 0 
withm the polygon to all the vertices. 

Suggestion. — What angles must be .subtracted from the sum of the 
angles of the n triangles to obtain the sum of the angles of the polygon? 

PRACTICAL APPLICATIONS 

(Optional) 

1. In the adjoining figure the tiles 
of the floor are ail regular hexagons 
and equilateral triangles. Will two 
such hexagons and two such triangles 
completely cover the angle about a 
point? Explain. 
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2. In this liiioleum pattern^ -only - ^ — *^^ 37 ? 

regular octagons and squares' are used. ^ Pl . 

ProTe that-'^ two such octagons and a 

square completely cover the angle about ' 
a point. ■ 

3. Make drawings of. other t.iie floors * 

and liiioieum patternSj of parquet flooringj etc., which you have seen, 
and, show how regular polygons are employed in designing them.. . 

4. Show that a floor can be laid by ' " 

use of tiles in the form of regular hexa- [ y 

goiis alone. How many such tiles may 
be placed so to completely cover ■ 

5. Tiles of th,e forms of what 
other regular polygons m.ay Idc used. 

alone for laying floors? Explain, why. Why cannot a floor lx* laid 
entirely of tiles that are regular pentagons? Regular octagons? 

6. What advantage has the bee in always building the cells of its 
comb ill the form of a regular hexagon? Is there any waste space? 

7. How may a six-pointed 

.star be constructed from ,a y1 

regu.lar hexagon? How many \ 

degrees in each point of the /'"v A- X .' 

star? " ZA 

8 . How may a fix^e- y V ' 

pointed star be constructed 

from a regular pentagon? How many degrees in each point of the star? 

Notu. S tar polygons, such -as those in Ex. 7 and Ex. 8, are used 
extensively in modem ornament. Almost every piece of cut glass con- 
tains one or more of them. The five-pointed star in Ex. 8 is the one used 
in the American flag. The use of star polygons dates back to ancient 
times. The five-pointed star was used as a symbol of recognition by the 
members of the Greek school or secret society founded by Pythagoras. 

9. If a ray of light is reflected first by one f 

mirror and then by another, so that it leaves the 
second mirror along a line parallel to its path L 

before it straek the first Oine, what is the angle iz—^zzi 
between the mirrors? (See Ex, 3, .page 13L) 
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Special Quadrilaterals 




Pabalmlogram Rhombus Rectangle Square ^aT^ 

^ quadrilateral Whose 

opposite sides are parallel. 

Any side of a paraUelogram may be taken as its base. 

The ^titade of a paraUelogram is the segment peroen 
dicular to the base from any point in the opjosite |de 

137. A rhomb^ is a parallelogram having two ad- 

jacent sides equal. • two da 

In general, the angles of a rhombus are not right angles 
We shall prove that all the sides of a rhombus are equal. 

138. A rectangle is a parallelogram one of whose 

angles IS a right angle. ^ ''nose 

From the definition of a parallelogram and the relation 
between the interior angles on the same side of a transversal 
two psmllel lines, what esn you say about the other 

eqiS' ^ adjacent sides 

We shall prove that a square has all its sides equal. 

140. A frapezoid is a quadrilateral having two and 
only two of its sides paraUel. 

The parallel sides of a trapezoid are its bases. 

to on! ^ trapezoid is the segment perpendicular 

to one base from any p,oint in the other 
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Proposition 6. Theorem 


141. The opposite sides of a pamllelogram ore equal and 
the opposite angles aretcqual. 



i Given: OABCD. 

\ To prove: AB = DC, AD == BC, ZA = ZC, ZB 
I = ZD. 


Plan: Draw a diagonal and prove that the triangles are con- 
gruent. 

Proof : The proof is left for you to work out. 

14^. Corollary 1. A parallelogram is divided into 
two congruent triangles by either diagonal. 

143. Corollary 2. Segments of parallel lines cut 
off by parallel lines are equal. 

144. Distance between parallel lines. The distance 
between two parallel lines is the length of the perpen- 
dicular from any point in one of the lines to the other. 

146. Corollary 3. Two parallel lines are everywhere 
equidistant. 

146. Corollary 4. If the opposite angles of a quadri- 
lateral are equal, it is a parallelogram. 

Hint. — How can yon profe tliat a quadrilateral is a O (§ 130)? How 
do you prove lines are || (§§ llB-120)? 
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Proposition 7. Theorem 

147* The diagonals of a parallelogram bisect each other. 

c ■ 


Given: n A BCD j diagonals AC and BD intersecting 
at 0. 

To prove: AO = OC and BO - OD, 

Plan: Prove the triangles congruent. 

Proof: Left for you to give. 

Hint. — Why is Z1 = /2? Z3 = /4? 

148 . Corollary. If the diagonals of a quadrilateral 
bisect each other, the quadrilateral is a parallelogram. 

Suggestion. — Since the triangles formed are congruent, what angles 
are equal? Then why are the opposite sides parallel? 

Ex. 1. Each diagonal of a rhombus is the perpendicular bisector 
of the other. 

Ex. 2. Carpenters use a tool called a gauge for marking a line 
parallel to the edge of a board. The part A 
carries a marking point P. The part B may 
be adjusted on the part A at any required 
distance from point P by means of a thumb- 
screw. By placing the tool as shovm In the 
%ure, with the part B against the edge of a 

board, and moving the gauge, the point P marks a line on the board 
parallel to the edge. Why? 

Ex. 3. A line through the intersection of. the equal sides of an isosceles 
triangle, parallel to the base, bisects the exterior angle at that vertex. 








PARALLELS. . AND PARALLELOGRAAIS " , ::139 

Peoposition 8. Theokem 


Plan: Prove the A congruent, and thus show that the alter- 
nate interior angles are equal. 

Proof : 


STATEMENTS 

k 

REASONS 

1. Draw AC. AD = BC,AB = DC. 

1. Given, 

2. AC = AC. 

2. Same line. 

3. AADC^AABC. 

3. s.s.s. s.s.s. 

4. Z1 = Z2, Z3 = Z4. 

■ 4. 1 58. 

5. AD II BC, AB li DC. 

5. § 118. 

6. A BCD is a parallelogram. | 

6. §136. 


Ex. 1. The figure shows an instrument called a parallel ruler, used 
for drawing parallel lines. It consists of two rulers, AB and CD, 
which are connected by two cross- ^ P 

pieces, AC and BD, The four parts 
work on pivots at A, B, C, and D, so 
that by revolving AC and BD the 
rulers may be brought closer together 
or placed farther apart. AR = DC and AC = BD, Prove that for 
ail positions, AR || CD. Exl)lain how the instrument may be used 
for drawing parallel lines. 


149. If the.oppomte sides of a quadrilateral are equal, 
the quadrilateral is a parallelogram. 


Given: Quadrilateral A BCD, AB = DCj AD ^ BC, 
To prove: ABCDisslO, 
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150. If t wo sides of a quadrilateral are equal and parallel, 
the quadrilateral is a parallelogram. 


Given: Quadrilateral ABCD, AD 
To prove: ARC'D is a O. 


BC, AD |j BC. 


Plan: Lsing eongruent A show that the alternate interior 
angles are equal. 

Proof: 


STATEMENTS 


2 . 

3. 


Draw AC. AD = BC, and AD j| BC. 
Hence Z 1 = Z 2. 

AC = AC. 

ADC S AABC. 

= Z4. 

AR II CD. 

.*. A BC D is a parallelogram. 


REASONS 

1. Given. 

2. §113. 

3. The same line, 

4. s.a.s, = s.a,s, 

5. §58. 

6. §118. 

7. §136. 


EXERCISES 

1. The consecutive angles of a parallelogram are supplementary. 

2. All the sides of a rhombus are equal. 

3. All the sides of a square are equal, 
of a rectangle is 90®. 
of a square is 90®, 

igonals of a rectangle are perpendicular to each other, 
equilateral. 
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; .f, " ARCD is a parallelogram and BE a'nd DF 
,tre perpendicukr to AC. FmYeBE = DF. 

8. A line. drawn througli the point of intersec- 
fion, 0,/ of the diagonals of a parallelogram^ and 
temiiiiated by two op,posite sides,' is -bisected b}’' 0. 

9, The line joining .the mid-points of two op,posite sides of a 
parallelogram is parallel and equal to the other -sides. 

10. If A BCD is a parallelogram, and and F the middle points, 
'of DC and AR, respectweljj then BEDF is also a pa.ra.llelogram. 

'■ 11* If the angle at the vertex of an isosceles triangle is equal to 
one half of a base angle, the bisector of a base angle divides the tri- 
angle into two isosceles triangles. (Let the vertex angle equal x.) 

12. If either diagonal of a parallelogram bisects one of the angles, 
the parallelogram is equilateral. 

*13. If from any point in the base of an isosceles triangle parallels to 
tl'ie sides are drawn, the parallelogram thus formed has the same 
perimeter for all positions of the point. 

PRACTICAL APPLICATIONS 
(Optional) 

1. If two forces are exerted in different directions upon the same 
object at A, they have the same effect 
as a single force called their resultant. 

If the directions and magnitudes of 
the two forces are represented by the 
line segment>s AR and AD, the direc- 
tion and magnitude of the resultant 
will be represented by the line segment AC, diagonal of the parallel- 
ogram ABCD. 

A- force of 100 Ib. and another of 200 Ib. are exerted upon an object 
at an angle of 45® with each other. Representing 100 ib. by a line 
segment 2 in. long, draw the forces to scale and find the resultant. 
(Measure diagonal with ruler and compute resultant in pounds.) 

In the same way, compute the resultant force if /.BAD = 60®. 

2. Two -forces are exerted upon an object at right angles with 
each other. One force is 4CX) lb. and the other 600 Ib. Construct 
and compute their resultant as in Ex. 1. 

3. The parallel ruler is used by sailors in determining the courses 



Tampa 


West 

of Mexico, the parallel ruler is placed so that one ruler connects thesp 
two points on a navigator’s map. Explain how the other ruler mriy 
then be placed so as to read the required direction on the mariner’s coin-- 
pass which is printed on the map. * 

4. An adjustable bracket is 
fastened to the wall at A, and 

carries a shelf B, Explain why * 

the shelf B remains horizontal 

in all positions when the shelf is ^ r 

raised and lowered, B 

161 . Segments intercepted by parallels. Alark r ; 

a segment AB = If in. on the edge of your paper, ^ wl 

and place it on a piece of ruled paper (with the 
parallel lines equally spaced), so that the first 
line passes through A and the fifth line tlirough 

B. Into how many equal parts is AjB divided? mH-: 

In the next figure, if a, b, 

and c are parallel, and are in- ^ m/ 

tersected by transversals d and ^ ;v/ /\q 

€, and if PS and QT are drawm s 

parallel to d, can you prove ^ \ 

ZSPQ = Z TQR, and ZPQS - ZQRT? If PQ = QR^ why 
are the triangles congruent? Why is.IfW = NO? Prove that 

If three or more parallels intercut equal segments on one 
transversal, they intercept equal segments on every transversal. 




BKASONS 


Then in l. Given. 


3. Z1 = Z2,andZ3,= Z4,' , / 3. §114. 

4. APQS ^ AQRT, 4 . a,s.a, ^ 

5 . P8 = QT, 5 . § 58 . 

li... NP and OQ are HI. ■ 6. § 136. 

7. PS - ikr.V,QT - m 7. § 141. 

8. /. MN - iVO. 8. .lx 1. 

*Ex. 1. Prove the theorem (§ 152) in two other ways: (1) draw- 
iag lines through M and N parallel to e; (2) by drawing a line through 
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Proposition 10. Theorem '" " ■ 


Plan: 1. Draw ||s and prove the A formed are congruent. 
2. Then prove N P and OQ are £17. 

Proof: 


STATEMENTS 


152, If three or more paralleU intercept equal segments 

on one transversal, they intercept ■ equal segments on , epery 

transversal. , , 

d c 
M/ \P 


a ^ 

■/l\ 



S/ sXQ 

7 

/2\ 

,o/__ 

■p/ Ai? 


Given: Parallels a, b, c, cut transversals d and e in 
the points M, N., 0, and P, Q, R, respectively^ so that 
PQ = QR. 

To prove: If A = NO. 





144 PARALLELS and PARALLEL0GR.4MS 

153. CoEOLLAEY 1. If a line bisects one side of a tri- 
angle, and,, is parallel to a second side, 
it bisects the third side also. 

Hint.,; If i is || BC, can you apply §152? 

164. CoEOLLAEY 2. If a line con- 
nects the mid-points of two sides of a 
triangle, it is parallel to the third side. 

Suggestion. — Use the indirect method. 

EXERCISES 

_1. If lines are drawn connecting the mid-points of the sides of a 
triangle, they divide the given triangle into four 
congruent triangles. a 

Hint. — Why is .MNPB a D? Why is MNCPt 
Then use § 142. '' ^ 

2. In Ex. 1, if BC = 12 in., how long is 
If the perimeter ol A ABC is 34 in., what is the perimeter of AM P.V? 

3. In the trapezoid ABCD, M, P, Q, and N 
id-points, respectively, of AD, AC, 

BC. UTiy is J/PjlDC? Why is 

Why is PA’ [ j A R? 

:. 3, if .¥P jl DC, and AB \\ DC, why 
5 ? 

MP 11 AB and PN || AB, why is MPN a straight line? 


that a line through the mid-point of one side of a trapezoid, 
bases, bisects the other side also. 

Prove that the line connecting the mid-points of the non-parallel 
trapezoid is parallel to the bases. 

Suggestion. — Use the indirect method. Assume that it is not parallel 
and draw a line through the mid-point of one side parallel to 
by Ex. 6, that this line coincides with the first line. 

that aline through the mid-point of one side of a trapezoid, ■ 
to the bases, biseets the diagonals of the trapezoid. 
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im. A Urn segmefit connecting the mid-points of two sides 
a triangle is parallel to the third side and equal to kalj of it 

C 



Given: AABCj MN bisects AC and BC, 
To prove : MN = AB axidMN jj AB. 


Plan: Let P bisect AB. Draw AIP , NP. Ihen MI\TA 
and MNBP are parallelograms (§ 154) and ilfiV = AP PB. 

Write the proof in full, 

166. The median of a trapezoid is a line connecting 
the mid-points of the non-parallel sides. 

An isosceles trapezoid is a trapezoid whose non- 
parallel sides are equal. 

167. COEOLLARY 1. The median of a trapezoid is 
parallel to the bases and equal to half their sum. 

Suggestion. — Draw diagonal AC, Let P, j q 

aod N be the mid-points of AD, AC, and BC, re- j \ 

spectively. Draw MPjPiY. Then MP |1 DC' (§ 154) mI --Jiv 

and hence to Why? Also PN I AB, Why [y \ 

then is MPN a straight line? (§ 106.) Complete ^ 
the proof by using § 155. 


EXERCISES 

1. In trapezoid ABCD, if AS = 24 in., and CD = 18 in., how long 


is the median ikf A? ^ 


I 




A" 

A 
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14 iii.j fine] 


12m., ZA = Zi? = 


90 ^ 


2. In trapezoid ABCD, MN is the median and 
intersects A€ at P and BD at Q. If CD = 18 in., 
and AB = 24 in., how long is MP? QN? PQf 

3. Using the same figure, if = 16 in., and 
CD = 8 in., find MP, QN^ and PQ. 

4. In the same figure, if MN == 11 in., and .AB 
CD, MQ, QN, and PQ. 

§• Indsosceles trapezoid ABCD, ZD = 

CB/ DR and CS are perpendicular to AB, 
and ZZ=ZD==45^ If ZD = 20 in., ^ 
and DR == 5 in., how long is DC? 

6. In the isosceles trapezoid ABCD, if ZD = 

45 , and DR = 3 in., how long is the median? 

7. In AZDC, CM is a median and Z AC B = 

Prove that Ciif = | ZD. 

Hint. — Draw MN [j CZ. 

8. Using the fact that in a right triangle the 

median is equal to half the hypotenuse prove that * if 

ZD = 30^ CZ = I ZD. ' 

9. A perpendicular drawn to the base of an isosceles triangle 
from the mid-point of one of the equal sides cuts off on the base a 
segrfient equal to one-quarter of the base. 

10. If ZDCD is a parallelogram, M, N, P, and Q the middle points 
oi AB, BC, CD, and ZD, respectively, 
and ZP and CQ intersect at E, and AN 
and Cilf intersect at P, prove that ZPCD 
is a parallelogram. 

11 . Prove tlmt the segment connect- 
ing the mid-points of the diagonals 
of a trapezoid is parallel to the bases and equal to half their difference. 

*12. The perpendicular bisectors of two sides of ^ 

AZDC intersect at 0, while the altitudes to the 
corresponding sides intersect at H. Prove that 
OZ' = I ZD and OC' == I CD. 

Suggestion. — Bisect AH at M and- CD at N. Prove AMHN ■ 
AA'Oe. 
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158 . The 30°-60° right triangle. If one acute angle of a 

right triangle is 30°, the other acute angle, by § 125 is 60°. 
This triangle is important in the solving of exercises. 

169. B. Theorem. In a right triangle the median to the h it 
potenuse is equal to half the hypotenuse. (Prop. 12. ) 

Given: AABC; ZC = 90°; AM = BM. y > 

To prove: CM = \ AB. My-—h 

Plan: Draw MN [f AC. MA ± BC. There- 
fore ABCM is isosceles. Why? a —c 

160. B. Corollary 1. In a S0° -60° right triangle, the 

hypotmuse is double the sick apposite the 30° angle. 

' SroGESTioN. - Draw the median CM. Prove A.t<7-¥ equilateral. 

161. B. Corollary 2. If the hypotenuse of a right tri- 
angU is double one of the sides, then the acute angle opposite 
that side is 30°, while the other one is 60°. 


Suggestion. ■ 


- AC - CM = MB = AM. 


EXERCISES 

In AABC, ZC = 90°, AM = M B. 

'l. Find AM if AC = 20 in. and Z 5 = 30°.^ 

2. Find AB if AC = 12.5 in. and Z A = 60° 

3 . Find A Rif C.¥ = Sin. 

4. Find CM if AB = 30 in. 

In parallelogram A BCD, CE X AB. 

6. Find CE if AD = 12 in. and Z A 

= 30°. 

6. Find CE if AD = 16 in. and ZB ^ 

= 150 °. 

7. Find BB if CB = IB ip- and Z A = 45°. 


8. Find BE 


if AD = 15 in. and Z A ==.60° 
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CONSTHUCTION VII 

leg^.'^o divide a given line segment into any number of emml 
parts, " 

■ Given: Segment al -O' 

Required: To divide 
AB into three equal parts. 

Construction: 1. Draw 
..dX making conven- 
ient angle V'ith X.B. 

2. With any eonvenient radius take AC = CD = BE 
DrawDD. 

_ 3. Draw through D and C |ls to BE. Then AB is divided 
into three equal parts. 

Proof : (Draw a line through A i! CC'. ) 



STATJJ-MENT 

1. AC' = C'D' = D'B. 


I SEASON 

i 1. §1.52. 




_ EXERCISES 

segment into three equal parts: into five 

equ^ parts; unto eight equal part.?. 

A Hne segment AB may be 
/divided into any required number of 
/ equal parts, say five, as follows: draw 
AC, making a convenient angle BAG, 
and draw BD [j AC. IWark off five 
equal distances from A on AC and five 
distances of the same length from B 

on BD. Connect the points of division as shown in the figure. 
Prove that AB is divided into five equal parts. 

3. Using ruled paper divide a segment 4i 
in. long into seven equal parts. 

4. A board is to be ripped into three 
strips of equal width. A caipenter places this 
12-inch ruler as shown in the drawing, and 
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marks points on tlie board at the 4-mch and S-incli marks. He then 
rips the board by sawing through these points parallel to the length 
oi rlie board. Prove that the strips, are' of equal width. 

§, The diagonals of a square bisect the angles of the .square. . . 

6. If the diagonals of a parallelogram are 'equal, the parallelograrn.' 
ic a rectangle. 


'‘i) ABCD h a square. On the diagonal BD,. 

BM is taken equal to BC\ and ILV is drami 
perpendicular to BD, Prove that DM = J/A" 

NC. 

8. In the parallelogram ABCD^ if E, F, Cr, 
and 11 are so taken on the sides AR, BC, CD, and 
DA, respectively, that AF = A// = CF = €G, prove tliat FFGH is a 
para]le]ogra,m. 

.(s) In the parallelogram. ABCD, if 
fK)ints E, F, G, and H are so taken on 
• the sides AB, BC, CD, and DA, re- 
spectively, that AF = BF = CG = DM, 
prove that EFGH is a parallelogram. 

’^10. If perpendiculars AA\ BE', CCA, and DD' 
are drawn- to the line A'C' from the four vertices 
of O ABCD, the sum of the perpendiculars AA' 
and CC' equals the sum of the perpendiculars 
BB^ and DDk 


O'JF 
(Bee § 157.) 


StTGGESTiox. — What is the relation of AAL+ 

CC* to 00'? What is the relation of p DW to. 00'? 

ABCD is any parallelogram, and 3/ and N are the Tnid-jx^ints 
of AF and CD, respectively. Prove that . , 

AA" and CM trisect (cut into three ■ equal --yf.C.. 

parts) DB, 


Suggestion. — It may foe shown thai.FF 
=« EF by § 153 if it is first proved that EN I]: 

FC* It may foe proved that Efl |1 FC if it is first proved that AMCM is a 
paralelogram. Hence begin by proving that AMCN is a parallelogram.* ■■ 



169. A triangle with unequal sides. 
> BC, on CA we can take CD = 
CB. What kind of triangle is ACZ)jS? 

hat angles, then, are equal? Z 1 is 
an exterior angle of what triangle? 
What inequality results? How does ^ B 
compare in size with Z3? With ZA ? 


PARALLELS AND PARALLELOGRAMS 
Inequalities 

163. Axioms relating to inequalities. Two inequali- 
ties, such as 5 < 7 (read 5 is less than 7) and 4 < 9 are 

: ineqmlities in the same order; while the two inequalities 
5 < / and 9 > 4 are in the opposite order. 

164. Axiom 8. If equals are added to or subtracted from 
unequals, or if unequals are multiplied or divided by the 
same posihve number, the results are unequal in the .same 
order. 

Since 7 > .5, then 7 -f 2 > .5 -p 2; 7 — 4 > 5 — 4; etc. 

165. Axiom 9. If unequals are subtracted from equals, 
the results are unequal in the opposite order. 

Thus, since 10 = 10, and 3 < 8, then 10 - 3 > 10 ~ 8. 

166. Axiom 10. If unequals are added to unequals in the 
same order, the results are unequal in the same order. 

Thus, since 11 > 3 and 9 > 2, then H-j- 9 > 3 -}- 2. 

167. Axiom 11, If the first of three quantities is greater 
than the second, and the second is greater than the third, then, 
the fir St is greater than the tMrd. 

168. In § 91 we proved the inequality: 

Theorem. An exterior angle of a triangle is greater 
than either opposite interior angle. 
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Proposition 13, Theorem 


170. B. If two mdes of a triangle are -unequal^ the angles 
opposite these sides are unequal and the angle opposite thei 
greater side is the greater, 

C 


Gi¥eii : A A BC with A C ' > BC. 
To prove: ZB > ZA, 


Plan: Take CD = CD and show that ZB > Z2j Z2 
Z1 > ZAj and hence that ZB > ZA, 

Proof : 


Zl, 


STATEMENTS 

1. On CA take CD = CB. Draw DB. 

Z1 = Z2. 

2. AB > A2. 

3. Hence ZB > Zl. 

4. Z1 > Z A. 

5. Since ZB > Zl > ZA, then 

ZB > ZA. 


Ax. 0 
Ax. 7 

§ 

Ax. 


171. B. Unequal angles in a 
verse of the theorem in § 170 by the 
Given: ZB > ZA. 

To prove: AC > BC. 

Begin: Either AC > BC or AC is not 
> BC, there are two possibilities: either 
BC. Consider each of these possibilities in turn and 
each leads to an absurdity. ■' 
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Proposition 14. Theorem 


172. B. If two angles of a triangle are unequal^ the sides, 
opposite these angles are unequal and the side opposite the 
greater angle is the greater. 


C 



Given: AABC^ AB > A A, 
To prove: AC > BC, 


Plan: Use the indirect method of proof. 

Proof: Write in full. 

Discussion: A direct proof can be given by constructing 
AXBA = ZA so that X lies on AC, Then AX = BX and 
BX + XC > BC, Hence AX + AT > BC, or AC > BG, 

173. B. Corollary 1. The perpeyidicular is the shortest 
segment that can he drawn from a given point to a given 
line, 

174. B. Corollary 2. (Converse of Coroliar}^ 1.) 
The shortest segment that can be drawn from a given point 
to a given line is the perpendicular from the point to the line. 

Suggestion. — Use the indirect method of proof, applying § 170. 

176. In § 99 the distance from a point to a line has 
been defined as the perpendicular distance from the point 
to the line. Section 174 shows t^iat this distance is the 
shortest possible distance from the point to the line. 
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EXERCISES 

1. The hjTJotenuse is greater than either leg of a right triangle. 

2. Which is the greatest side of an obtuse triangle? 

3 If in A. 4 SC, AC > BC and the bisectors of angles .4 and 

S meet in D, prove AD > 5D. , , 

4. If an isosceles triangle is obtuse, the base IS the longest side. 

6. Side AB of quadrilateral ABCD is greater than BC. Prove 
th&t AACB > ACAB. 

6. ADC is an isosceles right triangle with right angle at B. Eicten 

S.4 its own length through A to D. ProveZBCD> - 

7. In rectangle ABCD, AB > AD. Prove that diagonal AC 

does not bisect ^ A and C. 

SCGGBSTION. — Use the indirect method of proof. 

8. If three sides of a triangle are unequal, all of the angles are 

“’T Prove that the sum of two sides of a triangle is greater than the 

10. PrOTe that any side of a triangle is greater than the difference 

between the other two sides. _ 

11. State in which cases it is possible to draw triangles with sides 
of the following lengths: 


a. 4 in., 5 in., 6 in. 

b. 2 in., 4 in., 6 in. 


c. 6 in., 12 in., 20 in. 

d. in., 7-1 in., 13 in. 


12. The sum of the four sides of any quadrilateral is greater than 

the .sum of the diagonals. _ . , , xi,. 

13. The sum of the distances of any point within a triangle to the 

three-vertices is greater than half the sum of the sides 

14 The sum of the distances of any point wuthin any pojg 

from all of the vortices is greater than one-half of the penmeter. 

16. In a certain triangle an exterior angle is ttvuce 
interior angle, and the two opp^rite intenor ^ ’ 

many degrees are there in each of the angles of the tnangle. 
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II vertices of one parallelogram lie upon the foui 
other, the diagonals of both parallel-, 
ograms intersect at the same point. n 

Suggestion. — Draw the diagonals t,^X„ 

AC and BD, intersecting at 0. Draw / 

OA , 0B% OC'y OJ)\ and prove a4'0C' / \ 

and B OD' straight lines, and hence j 

diagonals. A' 

176. Varying the size of an angle. Drawn circle 
Its center the vertex C of A ABC, and for its radius 
Let the circle intersect CA in D. With this figure y 
able to discover what happens to a side of a trian, 
angle opposite that side changes in 
size. 

Take a point between D and B, such / 

as point B', and draw B'C and B'A. ( 

What parts of A ABC and A B'C are 
equal? How does LACB compare .1 
with AACB'’l What about sides AB 
and AB'l 

Repeat the experiment, taking point B' between B 
pomt in which AC cuts the circle. 

If, while sides AC and BC remain unchanged in size 
increases, what happens to side .45? What happens 1 
/ C decreases? 

If two triangles, ABC and 
A' B'C', have AC = A'C', BC = 

B'C', and AC > AC’, do you 
think you can show that AB> 

^'5'? Place A.4'5'C' on A.4SC 

as in the figure, and let CM ^ 

bisect AB'CB. What triangles are congruent? 

AM + MB' is greater than what segment? 

If you cannot prove that AB > AB', look at the 

the next section, « 
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177 . B. If iwo sides of one triangle are equal, respectively, 
to two rides of another triangle, but the included angle of the 
firri is greater than the included angle of the second, then 
'the third side of the first is greater than the third ride of 

the second. 

C 



Given: A ABC and A'B'C, AC = A'C, BC = B'C, 
IC> AC. 

To prove: AB > A' B'. 


Plan; Place AA'B'C' on A.4BC so that ^coincides 

AC Bisect ZB^CB and prove AB CM = ABCM. 

stL Uf TSb' > AB'. and MB' - MB. AS > AB'. 

Proof: 


STATEMENTS 

Place A A' B'C on A ABC so that 
A'C coincides with its equal AC. 
Since AC > AC, B’C sAll Aall 

inside Z. C - 

Let CM bisect Z B^G B. Drav" B M. 
Now prove AB'CAI ^ AMCB, 

AM + MB^>ABC 


' EBASONS 

1,. Given. . 


2. Post. 10. 

3. s.a.s. = -s.a.s 

4. Whij? 
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178. B. If two sides of one trimigle arc cquiiL respecUrhj, 
to iwo sides of another triangle, hut the third side of the firsi 
greater than the third side of the second, then the angle 
opposite the third side of the first is greater than the GTifjle 
opposite the third side of the second. 


Given: AABCandA'B'C 
AB > A'B\ 

To'prove: ZC> ZC\ 


Suggestion. — See if you can prove this by the indirect method. 
There are two possibilities: Either ZC > ZC', or ZC is not > ZC\ If 
ZC is not > ZC\ either ZC — ZC or ZC < ZC'. If ZC = ZC\ 
AABC ^ AA'B'C' (Why?) and AB would equal A'B'. 

What is contradicted by the last statement? 

Then show that ZC cannot be < ZC' (§ 177). Write the proof in full. 


EXERCISES 

1. Angle A of quadrilateral A BCD is less than 60^ Can diagonal 
BD be less than AB and also less than AD? 

2. Prove that a diagonal of a rectangle is greater than either side 
of the rectangle. 

3. AM is a median of A ARC. ZAMB is acute. Prove that 
AC > AM. 

4. Side AB of equilateral triangle ABC is produced through B 
to D. Prove that Z ACD > Z ADC. ^ 
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of what two line segments?) 


5, Each leg of an isosceles triangle is greater than half the base. 


6. ABC and BEF are 

, F 

ri"Ut triangles with right A 
ax A and B. li AO AF, 

/ 

1 \ 

and BC = EF, prove AB > | ^ 

TA 

lA 

be. — -2 — - 

^ D ; 


eftrirmaking Ib^Hb aod draw B'C. Also produce to B'. 
making BE' = BE and draw E'F. Now show that B B > E E. 

7. ABCD is a rhombus and Z A is an acute angle. Prove that 

40 > BD. ' 

‘ 8. If, in A ABC, median AM makes Z A.¥B an acute angle, prove 

that AC A B and Z B ZC. ^ i . . 3 n 

9. ABC and BEF are right triangles with nght angles at A ana U. 

If BC - EF and AB > BE, prove AO AF. 

'O' 

Hint. See Ex. 6. 

10. In A ABC, AB > AC and BB 
BE > CB. 


EC, Prove 


11 If two sides of a triangle are unequal, the median to the third 
side the larger angle with the shorter of the unequal sides. 

ScGGESTioxs. — Draw a triangle ABC with AC’ > CB; let CB be the 
median Prove that / BCB > A AC B. Produce C B to B, making f B - 
BbT draw AB. Compare A BCB with ZB, and AACB with AE. 

12. If two sides of a triangle are unequal, the median to the third 
side forms an acute angle and an obtuse angle with that side. 

13. Using the figure drawn for Es. 10, ^ ^ 

prove that CB < § (AB + AC + CB). 

14. Give a direct proof that any point 
not on the perpendicular bisector of a line 
segment is not equidistant from the ends of 
the segment. 

<«nor,psTioN — It CB is the perpendicular _ 

biSL AB,^r -y point »t on CD 1.. f b. on 

■ ■ mtersect f^B at B. Draw BR Prove BB < t A. 
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179. Stunmary of the Work of Unit Three. In Unit 
Three you have learned: 

I. Two parallel lines intersected by a transversal 
form: 

1. Equal corresponding and equal alternate in- 
terior angles. 

2. Interior angles on the same side of the trans- 
versal that are supplementary. 

II. Two lines are parallel if, when intersected by 
a transversal, they form: 

1. Equal corresponding or equal alternate interior 
angles. 

2. Interior angles on the same side of the transver- 
sal that are supplementary. 

III. That in any polygon: 

1. The sum of the interior angles is in —2) 180 
degrees; and hence 

2. Each interior angle of a regular polygon is 

^ ^ ^ 180 degrees. 

3. The sum of the exterior angles is 360°. 

IV. That in any parallelogram: 

1. The opposite sides are equal. 

2. The opposite angles arc equal. 

3. The diagonals bisect each other. 

V. That any quadrilateral is a parallelogram if : 

1. The opposite angles are equal. 

2. The diagonals bisect each other. 

3. The opposite sides arfi equal. 

4. Two sides are equal and parallel. 
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VI. special parallelograms ‘ 

1 . The diagonals of a rectangle are equal. 

2 . The diagonals of a rhombus or square are per- 
pendicular to each other. 

y][j_ About inequalities. These axioms and theoiems 

are given in §§ 163-178. 

VIII. Constructions. 

1 . To construct a parallel to a given line through 
a given point. 

2 . To divide a given segment into any number oj 
equal parts. 

IX. New methods of proving original exercises. 

1 . You can prove any hvo segments are equal by 
proving that: 

a. They are opposite sides of a parallelogram, 
h. They are segments intercepted on a trans- 
versal by a series of parallels which inter- 
cept equal segments on another transversal. 

2 . You can prove any two angles are equal by 
proving that: 

a. They are alternate interior or corresponding 

angles of parallel lines. 

b. They are angles whose sides are, respec- 
tively, parallel or perpendicular. 

3 . You can prove any two lines are parallel by 
proving that: 

a. They are parallel to the same line, 
h. When intersected by a transversal they form 
equal alternate interior , or equal corre- 
sponding angles. * 


PARALLELS ' AND PARALLELOGRAMS 


c. When intersected by a transversal^ the tk- 
terior angles on the same side of the 'trans- 
versal are supplementary, 

d. The lines are opposite sides of a parallelo- 
gram. 

4 . You can prove any quadrilateral is a parallelo- 
gram by proving that: 

a. Its opposite sides are parallel. 

b. Its opposite sides are equal. 

c. A pair of opposite sides are equal and 
parallel. 

d. A pair of consecutive angles are supple- 
meniary. 

e. The diagonals bisect each other. ’ 

/. The opposite angles are equal. 

5. You can prove two segments are unequal by 
proving that: 

a. They are opposite unequal angles in a 
triangle. 

b. In two triangles having two sides of one 
equals respectively^ to hvo sides of the olher^ 
they are the sides opposite the included 
unequal angles. 

6 . You can prove that hvo angles are unequal by 
proving that: 

a. They are angles opposite unequal sides in a 
triangle. 

b. They are angles which are opposite unequal 
sides in two triangles having two sides of 
one equal, respectively, to two sides of the 

f other ^ 
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REVIEW OP UMT THREE 

See if you can miswer the questions in the following exercises* If you 
are in doubt look up tkesecimi to which reference is made* ■ . The references 
giwi a.r€ those most closely related to the exercise. Then study that sec-- 
Hon kfore taking the tests. 

1. Define parallel lines; exterior angles; 'interior angles; ,, corre- 
sponding angles; alternate interior angles. §§104, 111. 

1 Define polygon (concave and co.nvex); vertex; diagonal; 
pentagon; hexagon; octagon; regular polygon. §§130, 131. 

3. Define parallelogram; rhombus;, rectangle; square. §§136- 
139. 

4. Define trapezoid; median of a t.rapezoid; isosceles trapezoid. 
§§M0, 156. 

B* Draw two lines cut by a transversal. Number and name the. 
angles formed. §111. 

6. What is meant by the distance between two points? Post* 4. 

7. What is meant by the distance between two parallel lines? 
§144. ' 

8. How many diagonals can be drawn from one vertex in a quad- 
rilateral? In a pentagon? In a hexagon? In an octagon? § 132. 

9. Into how many triangles is each of the figures in Ex. 8 divided? 
„§\132. 

10. What is the sum of the angles of 'a triangle? Of a parallelogram? 
Of a polygon with 10 sides? § 133. 

11. What is the sum. of the exterior angles . of a triangle? Of a 
quadrilateral? Of a polygon with 12 sides? §134. 

12. Give the two fwstulates about parallel lines. §§ 105, 106. 

13. Give the four axioms about inequalities. §§ 164-167. 

14. Give four ways that two lines intersected by a transversal 
can be proved parallel. §§ 107, 118-120. 

15. Give four ways that' a quadrilateral can be proved to be a 
parallelogram, §§ 146, 148-150. 

16. Give four methods (learned in this unit) of showing that angles 
are equal §§ 113, 114, 116, 129. 
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Complete the following: 

If. The sum of the angles of a polygon of n sides is § 13 ? 

18. The sum of the exterior angles of a polygon is § 1t34. 

19. The diagonals of a parallelogram ........ . §147. 

20 . If the opposite sides of a quadrilateral are equal .... § 149 ^ 

MJMERICAL EXERCISES 

1 . If X = f y, and a: = 78^ is 1 1| f? Why? 

2 . If ^ - a: == 50® and x = 65®, is I H T? Miy? 

3. What must y equal to make the lines 
parallel? 

4 . One acute angle of a right triangle is 36®. Find the other. 

6 . One acute angle of a right triangle is | the other acute angle. 

How many degrees in each? 

6 . One acute angle of a right triangle is three times the other. 
How many degrees in each? 

7. One angle of a parallelogram is two-thirds as large as one 
of the others. How many degrees in each angle? 

8 . One angle of a pentagon is twice as large as a second angle, 
and half as large as a third angle. It contains 36® more than a fourth 
angle. If the fifth angle is 45®, how many degrees in each angle of the 
pentagon? 

9 . An exterior angle of a regular polygon is 9®, How many sides 
has the polygon? 

10 . The vertex angle of an isosceles triangle is three times as large 
as a base angle. How many degrees in each angle? 

11 . The vertex angle of an isosceles triangle is one-third of a base 
angle. How many degrees in each angle? 

12 . How many sides has a regular polygon, each interior angle 
of which is 172°? 

Suggestion. — Find the number of degrees in each exterior angle and 
apply § 134. 

13. The sum of two angles of a triaiTgle is 105® and their difference 
is 25°. How many degrees in each angle of the triangle? 
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, 14.' The bases of a trapezoid are 17 in. and 9 in. .Find the length of 
.the median. 

15. The median of a trapezoid is 6i. in. The lower base , is 8 ,in. 
Find the .length of the npper base. 

16. In parallelogram A PCD, ZA = 30° and AD = 32 in. Find./ 
the length of the altitude from D to AD. 


GENERAL EXERCISES 

1. Ill A A PC, AP > AC and Z A = 60°. T^diich is the greate.st 
angie of the triangle? 

2. AD bisects the base an'gle of isosceles A A PC with vertex at C, 
and intersects leg CP in D, Prove AD > PD. 

3. Prove that the diagonal is greater 

than a side of a square. / ^ 

4. The line segments connecting the 

middle points of the adjacent sides of any 
quadrilateral form a parallelogram. 

Suggestion. — Draw diagonal AC. Use § 154. 

6. The line segments connecting the middle points of the opposite 
sides of any quadrilateral bisect each other. 

Suggestion. — Use Ex. 4. 

6. The line segments connecting the middle points of the adjacent 
sides of a rectangle that is not a square form a rhombus. 

7. The quadrilateral whicdi is formed by joining the middle points 
of the segments into which the diagonals of a given rectangle are divided 
by their point of intersection is also a rectangle. 

8. The line segments connecting the middle points of the adjacent 
sides of a rhombus form a rectangle. . (See § 148, E.x.. 1.) 

9. The sum of the diagonals of any quadrilateral is greater than 
the sum of a pair of opposite sides.. 

10. Any side of a triangle is less than half the perimeter. 

11. If two angles of a triangle are unequal, the bisector of the 

other angle is not perpendicular' to the opposite side. (Use indirect 
proof.) ■.. 


im: 
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12. Ill quadriiateral ABCD^ AB is the longest side an.d CD the 
shortest. ■ Pro Ye ZC> Z A and ZD > ZB. 

/**13. In any triangle the sum of two sides C 

is greater tliaii the sum of two line seg- . 

ments drawn from a point witliin the 
triangle to the extremities of the third 
side. , 

Suggestion. — Produce AD to meet BC at E. Prove AC + CB > 
AE + EB. , Similarly, prove AE -f EB > AD + DB. Then apply A.t. 11. 

’*'14. The sum of the line segments drawn from any point within 
a triangle to the three vertices is less than the sum of the three sides. 

.4 


(Use Ex. 13.) 

’*‘15. A median of a triangle is less than half the 
sum of the two adjacent sides. 


Suggestion. ~ 
AM. LAMB^ 
+ CD with AD. 


"Produce AM to D so that MD = 
ADMC. Why? Then compare AC 




PRACTICAL APPLICATIONS 
(Optional) 

1. A surveyor extends a straight line AB beyond an obstacle as 
follows: At B he turns off any con- 
venient angle x, and runs a line to 
C. At C he turns off an angle equal 
to 2 X, as in the drawing, and runs a 
line to Dj making CD = BC. At D 
he turns off an angle equal to r, giving the line DE. Prove that AD 
and DE are in one straight line. 

2. When a billiard ball strikes a ! ^ 

side of the table, the path along which 

it rebounds makes an angle with the 
side of the table equal to that made by 
the path along which it strikes. 

A ball at A is to be driven against 
the side MN so that when it rebounds 
ifc will strike a given ball ^it B. Show that the following geometric 




M'^ 


ID 


-AT 
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construction will' locate the point C at 'wliieli the bail must strike the 
side illA oLthe table: Draw AD ± MN and produce it to E so that 
J)E = AD, and draw EB intersecting MN at C. (Prove Z 1 = Z 2. i 
' 3. Prove that the path ACB is the shortest path by which the 
billiard ball in Ex. 2 could travel from A to B and strike the side MX 
of the table. 


- Let the ball strike MN at any other point F, and draw AP, 
Prove AC + €B < AP -f PB. 


Suggestion. ' 

PBt and PE, 

4. Light which strikes a mirror is re- 
flected at an angle with the mirror equal to 
tlie angle at which it strikes it. 

Two mirrors, M and Jf', are placed at an 
angle. Light from a point A trav^els to t-he 
point D along the path ABCD. Prove that 
A BCD is the shortest path that light can' 
travel from A to D and be reflected from 
both inirrors. 

Suggestion. — Let APQD be any other 
path. Prove ABCD < APQD. Observe that ABCD ^ 

5, The optical square is an instrument used in field work such as 
forestry, for laying off right angles. It consists of a box with tri- 
angular top and bottom, and only two side walls, tvhich are set at an 
angle of 45® with each other. In tliese walls are cut openings, or 


windows, If and IF'. Below the windows, mirrors, ilf and 3P, are 
fastened against the walls. The obsen^er, whose eye is at E (see 
diagram), looks into the box through the open side, and holds it so that 
an object A can be seen through the window IF. At the same time 
the image of an object B is seen in mirror and in line wutii *4. The 
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prmciple is that light from-R strikes mirror M% is reflected to, mirror 
Jf ^ then reflected to the eye at E, . By the law of the reflection of light , 
Za =: Z b and Zc = Z d Show that Z ACB is a right angle. 

6. An instrument for bisecting an angle consists of .three bars 
AD, RD, CDj pivoted together 
at R, (7, and D. The pivot D 
works in a groove of the bar CD 
so that, b}^ lengthening or shorten- 
ing CD, it is possible to revolve 
'BC about the pivot B and reduce 
or enlarge Z ABC. BC and BD 
are equal. Prove that when Z ABC is adjusted to coincide with any 
given angle, Z BDC is equal to one half of that angle. ’ 

PRACTICE TESTS 

These are practice tests. See if you can do all the exercises correctly 
without referring to the text. If you miss any question look up the 
reference and be sure you understand it before taking other tests. 

TESTS ON UNIT THREE 
TEST ONE 
Numerical Exercises 

1. If angle 2 is 135° and the lines are parallel, how manv degrees 
inZl? §114. 

2. ■ In A ABC, ZC 90°, Z A = 30°, and side 

AR=25m. Eind side RC. § 160. . . , ■" 

3. If one acute angle of a right triangle is five times the other, 
how many degrees in each? § 125. 

4. Angie 1 is 45 degrees and angle 2 is 95 
degrees. How^ many degrees in angle 3? § 128. 

6. One angle of a quadrilateral whose opposite sides are parallel 
is four times its consecutive angle. Find he number of degrees in each 
angle. § 115. 
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6. If tile vertex angle of an isosceles triangle is 30 degrees j how large 

each base angle? § 123. 

7. All interior angle of a regular polygon is 150 degrees. How iiiariy 
sides has the polygon? §133. 

8. In AABCj if AB is bisected at df. and MN.is drawn parallel 
to ACj find the length of JIN if AC is 10 inches. §§' lo3j, 155. . . 

9. An exterior angle of a regular polygon is 60®. How niaiiy sides 
lias the polygon? § 134. 

10. The quadrilateral A BCD has its sides P' 

bisected at .1/, X, P, and Q, If AC is 16 in. and / 

BD k 26 iii.j find the perimeter of MNPQ, y 

§ 155. 

, 11. In Ex. 10, if LOAD is 50® and LEAD A. M B 
is 70®, how many degrees in Z BMN? § 114. 

12. The side of a rhombus is 16 in. and one of its angles is 30®. 
.Find its altitude. § 160. 

TEST TWO 

.Trae-dPalse Statements 

. If a statemerd Is always true^ mark it so. If ?iot, replace each tvord in 
Itdies by a ward which will make it a true statement. 

1. If the diagonals of a quadrilateral bisect each other, the quad- 
rilateral is a r/ioni6as*. §148. 

2. One angle formed by the bisectors of iwo angles of an equilateral 
triangle is double the third angle of the equilateral triangle. § 123. 

3. If the sum of the interior angles is twice the sum of the exterior 
angles of a regular polygon, the poRgon has eight sides. §§ 133, 134. 

4. If a straight line intersects one of two parallel lines, it intersects 
the other also, §106. 

6. The opposite angles of a parallelogram are supplementary. § 14 1. 

6. A line which is perpendicular, to one of two perpend ieukr 
lines is perpendicular to the other. § 109. 

7. If two angles have their sid^ pardlel each to each, they are 
either equal or supplementary, , ; §11.6.' ’ 

8. If a quadrilateral is square, its.. diagonals intersect at right 
angles. § 14S, Ex. 1. 
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9. H the opposite sides of a quadrilateral are equal, the fi'^iire o 
rectangle. §149. ' 1 = a 

10. If a regular polygon has n sides, each- ulterior angle has 
(»- 2) degrees. §133. 

11. The bisectors of two consecutive angles of a parallelogram meet 

at right angles. §§ 115, 123. ^ 

12. ^ In an equiangular triangle, the line joining the mid-points of 

two sides IS equal to one-sixth of the perimeter. § 155. 


TEST THREE 


Multiple-Choice Statements 


From the expressions printed in iloKcs select that one ichich he.<it com- 
pietes the statemeiiL 

1. A hexagon has diagonals. § 130 . 


2. If two angles have their sides, respectively, perpendicular, 
they have their vertices at the sane point, are equal or supplementary 
arecomplenmitary, §129. 

_ 3. The sum of the exterior angles of a polygon having 12 .side.? 

IS one straight angle, the same as the sum of the exterior angles of a hexa- 
gon, twelve right angles. §134. 

A A trapezoid is a special kind of quadrilateral, parallelogram 
pentagon. § 140. ’ 

5. The eonseeuti-ve angles of a parallelogram are supplementani 
obtuse, equal angles. §115. . “ j, 

■ a 30°--60'' right triangle the side opposite the 30° angle 

IS half the other side, half the median, half the hypotenuse. § 160. 

^ 7. If one side of a triangle is twice a second side, the triangle is 

Isosceles, the angle opposite the smaller side is less than the angle opposite 
the greater side, the angle opposite the greater side is twice as large as the 
other angle. §170. 

. ^ hexagon, equilateral triangle, rhombus is a regular polygon. 

9. A rectangle has the same relation tp a .square as a parallelogram 
Has to a rhorrmuSy polygon. ^mdrilateraL §§ 137-139, 
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' 10. If the median of . a triangle is- equal to half the side to which it 

c!rawi.i, the triangle is a rigkt triangle^ a right Irimigle, an 

Imcdes iriangk. §123. 

11. If two sides of one triangle are equal, respectiYel3% to two sides 
of nnotlier triangle, but the included angle of the first is twice the in- 
diided angle of the second, then the third side of the first is itvice, 
gnaier than, less thxm the third side of the second. § 177. 

12. If two angles have the initial side of each parallel to the ter- 
minal side of the other, the angles are comecMwe angles, eqtmiySuppk- 
mentary, §§116,117. 

CUMULATIVE TESTS OH THE FIRST THREE UNITS 
TEST FOUR 
Ntimerical Exercises 

1. Two angles are supplementary. One is 4*^ less than three ti.mes 
t,he other. , How large is each? § 38. 

2. In trapezoid ABCD, if AB = 36 in., 
and CD = 20 in., and AB jj CD, how long, is 
the median M A? § lo7, 

3. In AABC, ZC = 90°, A A - 60°, AB 
= 12 in. How large is AC? § 160. 

4. In the figure, PC ± AC, PB ± AB, 
and Z .r = Ay. How long is PC? § 98, 

6. In the same figure, PC = PB, PC X AC, PB X AB, Ax — 
2oL How many degrees in Z '?/? '.§.83. . p ~ ^ 

6. In Ex. 5, how long is AB? § .58, ^ . 

T. A BCD is a parallelogram. If Zl ~ / 

110°, how many degrees in Z2? §§113, A A 

' ■ ■ ■ . . / 

8. One exterior angle of a regular polj^gon is 10°. Hoiv many sides 
has the potygon? § 134. 

The vertex angle of an isosceles triangle is 120°. How large is 
each base angle? § 123. 

10, AB is parallel to DC and M and 
N are mid-points of the ^ther two sides. 

If AC is 18 in., how long is PC? §§ 153, 
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_U. Two interior angles of a triangle are 50° and 60°, respectiwK- 

auhthw JSeS“5 tS^ “ »' «>■« inl»ior 

TEST FIVE 
True-False Statements 

_ If a stc^ment is always trve, mark it so. If not, replace each word 
%n italics by a word which will make it a true statement. 

intaglf Tgr'' ““.r opposite 

tn +!’ f quadrilateral are equal, respectively 

to the four sides of another, the quadrilaterals are congnlent 

.3. If a theorem is true, its converse is aiwoi/s true. § 74. 

4 . The hypothesis of a theorem is the part that is given; the con- 
clusion IS the part to be proved. § 67. 

5. If, in A.4RC, ZA = 40°and ZC= 80 °, the exterior angle at R 

must be equal to 120°. §§ 123, 128. ® ^ 

6. If a median of a triangle is perpendicular to the side to which 
it IS drawn, the triangle is equilateral. § 64. 

triaIgks.'“§T4? divides it into two congruent 

8. If two sides of a triangle are unequal, the angles opposite are 
unequal,, the greater angle being opposite the greater side. § 170 

« fafpSUel"” hS " ttey 

11 . If one acute angle of a right triangle is double the other the 

hypotenuse is double the smaller side. § 160. ’ 

12. Of two contradictory propositions^ if one is true, th» other is 

usually M&e. §102,1. „ ^ ocner is 
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TEST SIX 
Drawing Conclusions 

(jwe a coficlusion tkai mn be dravm from the hypothesis ^siakd. 

III triangle ABC', AC == BC. §69. ■ 

' 2. ^Z a +,/??== 180=^; Za =Zc. §40. 

3. In A ABC and DBF, AB = DF, - Z A = ZD, IC ^ IF. 

§i2i. 

4. AB and DC are, parallel sides of trapezoid A BCD.,' MN is, the 
.median. § 157. 

6. In AABC, AB > AC, § 170. 

6. .In Ax4BC, AB = 6 in., ZA = 55% and Z,B = 60®. In 
ADFF, Z D = 60% Z F = 55®, and DF = 6 in. § 65. 

7* ,Plf is perpe,ndicuiar to AB and M .is the mid-point 'o,f A B. 
§89a. 

8. IiiAABC, ZA = ZB. §76. 

9. M is the mid-point of hypotenuse AB of right triangle ABC 
and CM is a med,ian. §159. 

10. PA = PBtxndQA = QB. § S7. 

11. Line ^ passes through point P parallel to line L Line t inter- 
sects k at P. §§ 105, 106, 

12. Z BBC is an exterior angle of A ABC. §128, 

TESTSEITEN 

Constructions 

Make the construdions required, lemimg all constructmi lines. 

1. Through a given point on a side of a given triangle construct a 
line parallel to one of the other sides of the triangle. 

2. Divide a line 3| in. long into five equal parts, 

3. Construct an angle of 75®. ■ , ■ 

4. Construct an isosceles triangle given 'one of the legs and a vertex 
angle. 

5. Construct an isosceles triangle given the base and one of the 

equal angles. , , 




UNIT FOUR 

CIRCLES 



Chords, Central Angles, and Arcs; Tangents; 

CONSTRtrCTIONS 

180. Circles. .1 circle (symbol O) Is a closed curve 
oil points of which are equally distant from a pomt wit ... 

caUed the center. 

A Une segment from the center to the 

circle is called a radius. 

The diameter is a line segment through 
the center terminated by the circle. 

A diameter is equal to two radii. • + „,.o rm -i 

A chord is a Une segment whose end points aie on . 

""'"in addition to postulates 5 and 6, which refer to the 
circle, we shall need the following: 

181 Postulate 13. A vM A xvithin, on, or oatnide a circk 
aiorifng as Us distance from the center is less than, equal to, o, 
greater than, the radius. 

182. Postulate 14. a. A diameter of a circle biseck the 
circle and the surface inclosed by U, and con- , , 
Tersely 

b. If a line bisects a circle, it is a diameter. 

183. Postulate 15. Tico lines , perpaidicalar to 
intersecting lines must intersect. 
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Proposition 1. Theorem 


184. Through any three given points not in a straight line 
one circle^ and only one, can he drajwn. 




i 

Given: A, B, C, not in a straight line. 

To prove : One O and only one 0 can be dra™ through 
A, B, and C. 


Plan: Draw the perpendicular bisectors of the chords. 
Prove that they intersect in one and only one point. 

Proof: 


STATEMENTS 

1. Draw AB, BC. Construct the per- 

pendicular bisectors of AB and 
jBC, and suppose that they inter- 
sect at 0. 

2. A circle can be drawn with 0 as 

center and OA as radius. 

3. OA ^OB ^ OC. 

4. The circle will pass through points 

B and C. 

5. There can be but one circle through 

A, B, and C. 


. REASONS 

1. Post 15. 

2. Post. 5. 

3. §89a. 

■i. Post. 13. 

6. Post. 2. 



CIRCLES 



188 COEOLIABY 1. A Straight line or a cirde cannot 
i„lmed a cirde in more than tiro pomts. 

CONSTKUCTIOX VIII 

186. To eomtruct a circle through three given points not 

in a straight line. s io< 

Construction and proof : fcee ^ Ib4. 


exercises 

1 From the measurements of a piece of broken 

1, i iuiu tu , . . sfiTiie Size. 


whtl a new wheel is to be cast of the^jme swe, ^ ^ 

TS a circle b. tramng — a com. I^ts 
4 Draw two circles that have no poini 
in common; one point in common. 


5, If AS and''^V^<li..n...r. ot the .ame circle, p™™ that 
2 .C = BD. , Prove that the 


Central xVngles and Their iVrcs 

187. A central angle is an angle 
by two radii as I BOA. You see that 

Se vertex is at the center 

Any part of a circle is caErf an MC. 

An ak equal to hah a circle is called a 

semicircle. I" ’a minor 

the arc less than a sOTUcnrcle, called a m 

meant. A major arc (ACB) is peater than 

A quadrant is a quarter of a circle. 
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188, Arcs of equal central angles. Draw two equal 
eircles,, 0 and O'. Construct 





\ 


central angle AOB equal to ^ ^ 

central angle A'O^B\ It can 
be proved by superposition that 

A^B^ = AB, Conversely, if, in 

the equal circles 0 and O', A '5' ~ AB, it can be proved 
that Z.4'0'5' * ZAOB. 

We shall assume: 

189. Postulate 16. In the same circle or in equal circles 

(а) equal central angles have equal arcs; and conversely 

(б) equal arcs have equal central angles. 


EXERCISES 

1. Draw a circle and illustrate a central angle; a minor arc; a major 
arc. 

2. Construct a central angle of 90®; of 45°. 

3. Divide a circle into four equal parts. 

Suggestion. — Draw two perpendicular diameters. Are the central 
angles equal? Why, then, are the arcs equal? 

4. Explain how to divide a circle into eight equal arcs. 

6. Is tlie arc of a 45® central angle half the arc of a 90® central angle? 
Is it twice the arc of a 22-2® central angle? Prove it. 

190. ” Equal arcs and chords. Equal circles 0 and O' have 
chords AB and 4. 'S' equal. By 
drawing 0*4, OS, O' A'', and O' S', 
see if you can show by congruent I o<[ ] 

triangles and equal central angles \ 

that .4S = *4^'. ^ ^ 

Similarly, given that AB = A'S', prove that AB = A'S'. 




Pbopositiox 2. Theobem 


191. itirthe smne circle^ or 
are equals their chords are equal 


Given: Equal © 0 aiii 

To prove: AB = A'B 


Plan: Use congruent triangles. 

Suggestion. -—Think: ^SSince I know the arcs are equal, I know 
LO - £0\ (§ 189.) Therefore the A are congruent (^s.a.s. = 

aiid,lB - 

Proof: Write the proof. 

192. Concentric circles are circles having the same 
center. 


EXERCISES 

1. The radius of a circle is 12 in. How^ long is a chord whose cen- 
tral angle is 60°? 

2. If Z 1 == / 2, prove that AC — BD, 

3. If Z AOC = Z BOD, prove that AB ^ CD, A. 

4. If AO ± OC and BO X OD and diameter FE ( | 

bisects BC\ prove AE — DE, 

6. In the figure, if Zl « Z 2fiprove that chord ZC 
is equal to chord BD, , ' ^ ^ 
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Proposition 3. Theorem 


193. In the same circle^ or in equal circles^ if two chords 
are eqlMlj their arcs are equal 


Given: Equal © 0 and O', mth AB 
To prove: AB = .4^'. 


Plan: Use congruent triangles. 
Proof: Write the proof. 


EXERCISES 

1 . Construct three concentric circles with radii i in., | in., and 1 in. 

2. Prove that if two chords bisect each other, they must be diameters. 

Hint. — Will the center of the circle lie on the perpendicular bisector 
of .4R? Of CD? 

3. Using Ex. 2, prove that if chords AB and CD bisect each other, 


4. Two chords, AB and CD, intersect at point E, If B is the center 
of the circle, the chords are diameters and AC ~ 

DB as in Ex. 3. Imagine that point E moves X - /\ 

away from the center toward the mid-point of arc / ;/ | 

AC, the angle of intersection of the lines remaining I " J 

the same. In several positions measure the inter- 
cepted arcs and see if their sum remains the same. ^ 
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6. li Z DOB = 2 /. A, AB is a. diameter and OD 
j radiii.'. then BD = BC. 

SnmESTioN. — Draw OC and prove ^iBOC = 
iWB. 

6 \ diameter to the mid-point of an arc 

hi-Jets the chord of the arc and is perpendicular 


rr. — Can you find two points each equidistant 
4 and B? 

A diameter perpendicular to a chord bisects 
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Proposition 4. Theorem 


195. A diaineter perpendicular to a chord bisects the chord 
and its arcs. 


Given: Circle 0, diameter CD ± AjB at ill. 


To prove: AM = MB, AD = DB, 

o/ 

! II 

Plan: Use congruent triangles. 


Proof: 


STATEMENTS 1 

, , REASONS 

1. Draw OA and OB. OM = OM. 

1. The same lim. 

2. OA = OB. 

2. Post%. 

3. AAMO^ABMO. 

Z. §83. 

4 . AM = MB. ZAOM = AMOB. 

4. §58. 

5. A CO A = ABOC. 

5. § 40. 



6. AD = DB&viAAC = CB. \ 

6. §m 


Ex. 1, The perpendicular bisector of a chord passes through the 
center of the circle and bisects the arcs of the chord. 


Suggestion. - 
of the chord He? 


Where do all points equidistant from the extremities 


Ex. 2. If a line drawn from the center of a circle is perpendicular to 
a chordy it bisects the chord and its arcs. 

Ex. 3. Bisect a given arc of a circle, when the center of the circle is 
inaeceMbie. 
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Proposition 5. Theoee>s 


196. A diameter which bisects a chord {not a diameter) is 
perpendicular to the chord. 


Given: Circle 0, with diameter CD intersecting 
IB at its mid-point M. 

To prove : CD ± A B. 


Analysis: Think: “If CD is perpendicular to AB at the mid- 
point -I/, it will be the perpendicular bisector of A B. To prove 
that CD is the perpendicular bisector of AB I must find two 
points on CD equidistant from A and B.” 

Proof: Write the proof. 

197. Corollary. The perpendicular bisector of a chord 
passes through the center of the circle. 

Ex. 1. A line drawn from the center of a circle to the mid-point of a 
chord is perpendicular to the chord and bisects the arcs of the chord. 

Ex. 2. A radius drawm to the mid-point of an are bisects the chord 
of the are and is perpendicular to it. 

Ex 3 The line joining the mid-point of a chord and the mid-pomt 
of its are is perpendicular to the chord and passes through the center 
of the circle. 

Ex. 4. If diameter CD himcis chord AS, the two triangles, CAB 
and DAB, are isosceles. 
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198. A circle is said to be circumscribed 
about a polygon when all the vertices of the 
polygon lie on the circle. The polygon is ! 
said to be inscribed in the circle. 


199. The line of centers of two circles is the hue passinsr 

through their centers. ° 

EXERCISES 

protractor, how can you divide a circle into five 

equal aics. How many degrees in each central angle? 

2. Prove that the polygon formed in Ex. 1 bv joining the coi> 

secutive points on the circle is equilateral. « roe ton- 

stJ.' alternate points in Ex. 1, form a five-pointed 

4. Divide a circle into eight equal arcs. By joining everv t1,i,vi 
point m order, form an eight-pointed star. ^ ^ 

6. Prove that the chord of a 60= central angle i.s equal to the radiu. 

-I®- Hat 0* 


7. If a diameter bisects each of two chords, the chords are parallel. 

• f' connecting the centers of two intersectin''’ 

circles IS the perpendicular bisector of their common chord. 

from the end.s of fh.- 

*9. Two concentric circles are intersected by a /b 
straight line in the successive points ABC and' D 
Ptoye that AB = CD. ’ > ’ 

*10. Two chords AC and AD form ZA, which 
IS bisected diameter AB. Prove BC = BD 

n2i= flf connecting the centers of two parallel chords 

pEs&es through the ceiiterof the circle. 
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Pkoposition 6. Theorem 


200. If two eifxies infersect, the line of centers, is the per* 
pekificular bise(ior of theiT common chord. 


i Given: Cireies 0 and O' intersecting in A and B. 

To prove: 00' is the perpendicular bisector of .4, S. / 

Plan: Points 0 and O' are each equidistant from A and 
If fivo points are each equidistant ... 

Proof: Write the proof. 


ALiAN Lace Design 


201. The distance from the center of a 

What is meant by this (§99)? Pro\^e by using 
ecirignient triangles that, if AB = . CD, ■■then 
OM = ON, where OM A AB and ON i. CD. 

Hint. — Draw OA and OC. Why do OM and 
bisect AB and .CD respe‘0tively?; , 

Then prove the 
CD. and if OM = 
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Proposition 


Theorem 


202. In the same circle, or 
distant from the center are eau 


Given: Circle 0, OM 
To prove: AB = CD. 


se congruent triangles, 


STATEMENTS ^ 

1 . Draw 05 and 0 Z>. OB = OZ) , p «asons 

2. OM ± AB, ON ± CD, OM = OV o rJ 

3. A03/B s AO.VC. f”"' 

4. MB = ND. . 

5. ButMB = MB,AZ) = |0O. , If., 

6. .-.45 = 00. f‘ ! 

I b. Ax. 1 and 4. 

EXERCISES 

circle S 19 i/T" f the radius , 

circle is 12 m., how far is chord AB from the center? 

2. An faosceles trapezoid is inscribed in a circle of radius S in 

a^ is a diameter. If the central apgle of one of the non-parallel 
IS 60 , how long IS the other base? pAianei 

segment connecting the mid-points of two chords 
the center of the drcle. Prove/, hat the chords are equa 
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Proposition 8. Theorem 


, 203. In the same circle, nr in equal cirdes, equal chords 
are equidistant from the center. 


Gwen: Circle 0 with AB 


To prove: OM = O.V 


Plan: Use congruent triangles, 
Proof: 


STAITEMENTS 

L Draw OB and OD. OB = Oi>. 

2. AB = CD. 

3. OM and ON bisect AB and CD. 

respectively. 

4. /. MB - ND. 

5. AOMB^AOND. 

Cl. OM - ON. 


REASONS 


L Poster, 

2. Given, 

3 . § 195 . 


EXERCISES 

' (^1.^ If two equal circles intersectj the common chord bisects the 
line of centers. 

2. In the figure for § 200j if 00* is produced in !x)th directions to 
meet the circles at P and Q^thm F and Q are each equidistant from 
A and B. ^ 



I'i-- - 1 

ift -a 
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3. The quadrilateral formed bv conneetmo' ^ , 

«d fc „, two edul i»teeotiog®ci,cjre,4t5' 

of two in”n>2g“n<JmUird“ 'rhS™ *’'* "™‘°” 

.ho oitofe. ftov? tt.t‘',£ SS;,e, I^TsoISr “ “““ »' 

Of these ares are e5distal“t fa,m SrceiriJ' 

the^mlirquTan^^^^^^^^ 

Hint. - Draw perpendiculars from the center to the chords. " ' ' 


equal chords intersect within a circle Prove th.i n 
radius drawn to the noint of intevc.>of i • rrove that the 

the chords. ^ intersection bisects the angle between 

Hint. - Draw perpendiculars from the center to the chords. 

Inequalities IN Ciecles 

204. Postulates about inequaHties in cirdes 

Postulate 17. I„ & mme circle, cr in e'cucd cirdec 

to. nnofual Ihe great^ kas the ^^eaUn- cental 





Proposition 9. Theorem, 


205. B. In the same circle^ m m eqwH circles^ ' if iwa 
minor arcs, are unequal, the greater arc has the gfeater chard. 


Given: Equal © 0 and O', chords AB and 

AB > .4^'. 

To prove: .45 > ^4 'S'. 


Analysis: If ilS > what can 5 'ou say about A 0 and 
O' (Post. 17)? Since OA = OB = 0'4' = O'S', what can 
you say about AB and A'S' (§ 177)? 

Proof : 


EEASONS 


STATEMENTS 

1. Draw OA, OB, 0'A\ O^B'. They 

are all equal. 

2. Since X b > .4^', ZO > ZO'. 

3. :,/. AB > ZL'B'. ■ 


The Sophists, or wise men” (about 450 b.c.) made a 
study of the circle, /which had been entirely neglected 
by Pythagoras and his early followers. They made many 
attempts to trisect arcs. 

The Sophists were the first teachers to receive pay for 
their work and Hippocrates of Chios (about 430 b.c.) was 
the first to accept pay for the teaching of mathematics* 
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Proposition 10. Theorem 


206. B. In the same circle^ or in equal circleSy if two chord, 
are unequal, the greater chord has the greater minornrc. 


Given: Equal circles 0 and 0^, A B > A^B‘ 
To prove: AB > A^B\ 


Analysis: Since AB > A'B', we can use § 178 and prove that 
ZO > ZO'. Then AB > 1^' by Post. 17. 


Proof 


STATEMENTS 

1. Draw OA, OB, O' A', 

are all equal. 

2. AB > A'B\ 

3. ZO > ZO'. 

4. AB > A'B'. 


reasons 


207. Distances of unequal chords from 
the center. Does the length of a chord 
depend on its distance from the center of 
the circle? If AB > CD, how can you 
place CD to better compare the distances 
OM and O.V? See if you can prove OM 
< ON by so placing chord CD, ^ 


W\ 


I? 

i 

i 



, 208. B. In the same circle, w in equal circles, ■ if two 
chords are imeqiial, the greater chord is nearer the center. 


Given: Circle 0, AB > CD. 
ON 1 CD, 

To prove: OM < ON, 


Plan: Take AD^ — CD and let X ON^ intersect AB at P. 
Then prove OM < OP (§ 173), and that OP < (Ax. 6). 
Proof: 


Ex. 1. An equilateral triangle and a square are inscribed in a 
circle. Prove that the sides of the triangle are nearer the center than 
the sides :of the square. 

Ex. 2. xircs AB, BC, and CD of a circle are equal. From If, the 
inid»point of arc AB, MN is drawn perpendicular to chord AS at 
and CP is perpendicular ton chord BD at F. Prove that CP > 
M N, if each arc is less than a quadrant. ** 


STATEMENTS 

.REASONS ' ■ 

1'. Take AD^ — CD and. draw ON^ X : 

1. WhyisAD^KABl 

AD', intersecting AB at P. OX' 
= OX. 

§§ 203 and 206. 

2. OM < OP. ! 

'2. §173. 

3. OP < ON'. 

3. Ar. 6. 

4. HeneeOM < OiV'. 

j 4. A'^. 11. / 

5. OM < ON. 

1 : 5. A.X. 7. , . ■ 
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Proposition 12. Theobem 


209. B. In the same circle, or in equal circles, if 
e^rd. are unequallq distant from the eenler, the L„: 

the center ts the greater. 





Given: Circle 0, chords AB and CD, OM ± AB and 
OAf JL CD, OM < ON. ±. a l. and 

To prove: AB > CD. 


Plan: Use the indirect method of proof. 

Proof: Write the proof. 

choJd ' 4 R ^ seen in §§ 205 to 209 that, as a 

choid AB moves toward the center of the circle so that the per- 

S 2'" ““ “ 

EXERCISES 

1. In the same circle or in equal circles, the greater of two unequal 

major arcs has the smaller chord. owo unequal 

^2. In the figure, if AB is a diameter and 

BC is less than a quadrant, prove that Z CO A 
!> Z BOC. 

rn is inscribed in a circle. 

If AB — 3 BC — 5 in., and C.i = 6 in., 

prove that ZR < RC < a, and that ^AOB< A BOC < Z CO A. 
4. A diameter of a circle is greater than any other chord 





CIRCLES 


xai 



Pro\'-e that the bases of an inscribed trapezoid are unequall3^ 

' from the center of the circle. _ 

'aB is a diameter and chord BC < chord BD. Prove that 

.4D< chord -IC. , , ir i 

In circle 0 , chord AB > chord BC and chord BC > chord CA. 

that Z -40C < 120=. . . 

If A, B, and C are points on a circle, and P is a ponit wmin tiie 

/ APR ^ / EPC and' AP = CP, then AB ^ BC, 


9. IP is a diameter and IC > BD. li 
Pl/l AC and OX ± BD, prove ZMN0< 
Z03LV. 

10. Prove that the shortest .chord through a 
piiiht P within |a circle !s the chord ziP 1 to 
thcdisunetcr through P. 

— Draw any other chord EF through P 
givater than AB by showing that it is nearer the cent 

It Prove the theorems in §208, 

figure.' 

Suggestion. — In § 208: if AD ~A D, vsh^ h d 
^ A Thfm what can you. .say about A 1 ana 


Wood Panbe 1 neaii> with Ivo^y anu Ebony 
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Secants AND Tangents 

211. A secant is a straight Kne intersecting a circle in 

. two points. , 

Thus, secant p intersects the circle p~ 
in points A and B. 

212. A tangent is a straight line 
touching a circle in one, and only one i- 
point. 

Thus, g is a tangent, and C is called the point of tangencv 
or point of contact. a ^ 

Ex. 1.^ Draw a circle with center 0 and radius OA. Throueh 4 
draw a line making an angle of about 30° with OA. In how marw 
points does p intersect the circle? 

Ex. 2. Let the line p in Ex. 1 revolve about the point A so as to 
make the angle between OA and p larger. How large do you think 
the angle is when p becomes tangent to the circle? 

Ex. 3. Secant p intersects a circle in points A and B. Let » revolve 
about 1 so that B approaches A along the cunre. men B coincides 
with A, p is said to be tangent to the circle at A. This is the definition 
of tangent used in higher mathematics. 

213. Looking ahead. In order to prove that line p i,s 
tangent to the circle at point A, what is it necessary to 
prove (§ 212)? How can you 
show that all points of p except 
A lie outside the circle 0? (Post. 

13.) By taking any point in p 
except A, such as point B, and 
drawing OB, see if you can show 

that a line p, which is perpendicular to radius OA at A is 
tangent to the'Cirele. » (See § 173.) ’ 




Peoposition- 13. Theobeh 


A Ime perpendicular to a radius at Us 
s iangeM to the circle. 


Given: Circle 0, with p ± radWi^" 
To prove : p is tangent to O 0. ' ■ * 


Plan: Show that any other line from 0 to^i” ^'greater than 
OA; and hence that every point of p except -.4 lies outside the 
circle. ' 

Proof: 


STATEMENTS 

1. Let B be any point on p except A, 

Draw OB, OA ± p. 

2. OB > OA, 

3. /. B lies outside circle 0. 

4. Since B; any point on p except A, 

lies outside circle 0, p is tangent to 
circle 0 at ii. 


BEASO.NS 


lx. 1. Perpendiculars to a diameter at its extremities are tangent 
to the circle. 

Ex. 2. If the vertices of a regular hexagon are on a circle, a con- 
centric circle can be drawn 40 which all sides of the hexagon are 
tangent. ' 
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Peoposition 14. Theorem 


215. The tange7it to a circle at a given point u perpendkiv- 
lar to the radius drawn to that point 


Given: Circle 0 with radius OJl, and line p tangent to I 
O 0 at A. I 

To prove: OA ± p. i 


Plan: Mentally: If I can show^ that OA is the shortest line 
from 0 to Pj then OA wall be the perpendicular.^^ Recall § 174. 

Proof ; 


STATEMENTS 

1. Take B any point on p except A and 

draw OB. B lies outside the O. 

2. 0-4 < OB. 

3. .*. since 04 < an}’' other line drawn 

irom 0 to p, it is ± p. 


216. Corollary L A line perpendicular to a tangent 
at the point of contact passes through the center of the circle, 

217. Corollary 2. A line from the center of a circle^ 
perpendicular to a tangent^ passes through the point of 
contacL 

Suggestion. — Draw X to p at A. Use § 216. 
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CONSmUCTION IX 

218. To.cemiruci a tangent to a circle through a given 
point on the cirde, . 

Given: Point P on circle 0. , p 

i ^ .---^*-4^ * 

ReqElred: To construct a tangent to X a 
GOatP. / Y 

Constmction: \ . . j 

1. Draw OP. 

2. Construct I T OP at F. 

3. I is the required tangent. 

Proof: Use § 214. 


219., Inscribed circles. A circle is said 
to be inscribed in a polygon w^hen all the 
sides of the polygon are tangent to the 
circle. The polygon is said to be circum- 
scribed about the circle. ' 


EXERCISES 

1. DraW' a circle and its diameter AB. At A and B construct 
tangents to the circle. Prove that the. tangents are parallel. 

2. Construct a tangent to a circle at the mid-point C of arc AB. 
Prove that the tangent is parallel to chord AB. 

S. Draw any chord of a circle and ' construct two tangents, each 
parallel to chord AB. ■ ■ " 

4. Draw a circle and two radii and OB, \/^ 

Construct tangents to the circle at A and P, in- ^ \ 

tersecting at P. How large is the angle at F if \ ' j j 
ZO=W? 90^? 120^? [V / y 

5, In the figure for Ex, 4 prove that PA = PB. 

SiTGOESTioN. — Draw PO. 


6. The diameter of a circle^bisects all chords which are parallel to 
the tangent at the extremity of the diameter^i 
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1 . Using the figure in § 220, if PA and PE are tangents to the 
circle at points A and R, respectively, prove that PO is the perpendicu- 
lar bisector of chord A R. 

2. In § 220 prove that chord AB makes equal angles with the 
tangents PA and PB. 

3. If Z BP A is 60° and AO is 12 in., how long is PO? 

4. If PA is 8 in. and PO is 16 in., how^ large is 

ZAOP? (7/ 

5. AR is tangent to the circle with center 0 at 
M. AC and BD are tangent at C a^d D, respec- 
tively. Prove that AB w AC+ BD. 


EXERCISES 


Proposition 15. Theorem 


220. Two tange^its to a circle from an. outside point are 
equal and make equal angles with the line joining that point 
to the center, 

A^ 


Given: Circle 0, with point P outside the circle, PA 
and PB tangents at A and R, respectively, and line PO 
connecting points P and 0. 

To prove: PA = PB^ and Z1 = Z2. 


Plan: Use congruent triangles. 
Proof: Left for you to write in full. 
Hint. — Why is OA ± PA? 


CIRCLES 
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6 Draw a circle 0 and any radius OP. On OP produced take 
O' With O' as center and O'P as radius draw a circle. At P 
^“truct line I perpendicular to 00' How is line 1 related to circles 
0 and O'? Prove it. 


7. If an isosceles triangle is circumscribed about a circle, the base 

is bisected at the point of contact. ^ ^ ^ ' 

8. A parallelogram. c,ircumscribed about a circle .is either a rhombus 

or a s.qiiare. 

9,. If a circle is in.seribed in an eejuilateral triangle, 
tlie three sides are bisected at the points of contact. ^j/ 

10. In a circumscribed quadrilateral, the sum of ' k f 

two opposite sides equals the sum of the other two 

opposii'C sides. 

*11. If a circle is inscribed in a right triangle, 
the 'sum of the legs equals the mm of the 

hypotenuse and the diameter of the circle. ^ v j'yi j, 

*12. The perimeter of any circumscribed tiapt- M 

zoid is equal to four times the line segment 
which joinsithe middle points of the two non-paraUel sides. 

Suggestion. — Sce§15i. 



221. Tangent circles. Two circles are said to be tan- 
gent if they are both tangent to the same line at the same 
point. If the Une of centers is intersected 
mon tangent, the circles are said to be tangent extem^y 
(Fig. I). They are tangent internally if the common tan- 
gent does not intersect the line of carters (rig. )• 
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Plan: At P construct a perpendicular to AP and extend it 
both ways. Why will it pass through 0? Through O' (§ 216)? 
Proof; For you to write out. 


223. Internal and external tangents. A straight line 
tangent to each of two circles is called a conunon tangent. 
The tangent is a common in- 
ternal tangent if it intersects 
the line segment joining their 
centers; if it does not, it is 
a common external tangent. 

The length of the common 
tangent is measured between the two points of contact. 
Thus, in the figure, p and p' are common external tangents 
and q and q' are common internal tangents. 

224. The perimeter of a polygon is the sum of the 
lengths of its sides. ' 




CIRCLES 
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EXERCISES 

1* Draw two circles 0 and O' with, radii r and r', respeetiirely, 
placed that 00' > .r + r'. Draw the comm.on iiitemal and external 
tancents. How maiw of each are there? 

2. Draw two circles as in Ex. 1 wntli 00' == r+ rh. How m,any 
eomnioii internal tangents are there? How many common external 
tangents? 

3. If two circles are tangent iiiternallyj what is the ,relatio.n )>'- 
tw^een the length of the segment' connecting their centers and .their 
.radii? 

4. In Ex. 3 how ■ many common inteniai tange.nts a.re possible? 
How many co,'m..mon., external tangents? 

5* If one circle lies within another circlej. and they are not tangent, 
is 00' < r r'? Do the circles have any common tangents? 

,6. Are the common internal tangents of two unequal circles equal? 
Prove it. (Use § 220.) 

7. Pi'ove tliat the common external tange.nts of two uiiequal circh^s 
are equal. 

Hi.nt. ' — Produce the tangents until they meet, then use § 220. 

8. Draw two circles having only three common tangents. 

9. In the figure of § 222, prove that tangents drawn to circif‘s 
0 and O' from any point A in AB are equal. 

10. Two circles are tangent externally at B E '€ 

A, and also have a common tangent touching 
them at B and respectively. ■ Prove that 
the common tangent at A bisects BC. 

11. In the figure of Ex. 10, prove that 

Z CAR is a right angle. 

*12. If two circles are tangent externally at A and have a coinhi< n 
tangent touching them at B and C, respectively, a circle with diaiiK*t<-r 
BC will pass tlirough A. 

*13. Write out a proof for the theorem in Ex. 9 when the two circles 
are tangent internally. 
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MISCELLAHEOirS EXERCISES 

., 1 . Tkree circles mtii radii 4 in., 5 in., and 6 in. are taiigerit ex- 
ternally, each one to the other two. Find the perimeter of the triangle 
formed by joining their centers. 

2 . If two circles are tangent to each other, the distance bf3 tween 
their centers equals the sum or difference of their radii. 

3. If two equal circles are tangent externally at *4, and a line is 
drawn through A intersecting the circles again at B and C, respec- 
tively, the chords AB and AC are equal. 

Suggestion. — Draw the line of centers and radii to B and C. 

4. A common internal tangent to two equal circles bisects the line 
of centers. 

6 . Construct a circle concentric to a given circle and tangent to a 
chord of^the given circle. 

6 . Given a line I and a point P on L Construct two circles tangent 
to I at P, and having given radii r and r'. 

7. Two chords perpendicular to a third chord at its extremities 

are equal. ^ 

8 . In circle 0, AP is a diameter and AC \\ OD. ^ 

Prove CD // /\^ 

9. Prove that the straight line connecting the X 0 1 

mid-points of the major and minor arcs of a chord / 

is perpendicular to and bisects the chord. 

225. Parallel lines and the arcs they intercept. If p | 
and p is tangent to the circle at A, do 

you think you can prove AB = AC? p 

What auxiliary line can you draw which 

will show that CA = ALS (§ 195)? If ^ ^ 

OA is drawn, will it be perpendicular to 
p and q (§§ 215 and 109)? 

If you can prove that a tangent and ^ T ~ 

a secant intercept equal arcs, see if you g — ~ — 75 — 

can prove that the arcs AC and^ BD ^ ^ 

made b 3 ’' parallel secants are equal. 
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Proposition 17. Theorem 





226. Two parallel lines intercept equal arcs on a arcle. 


C 4 SB 1. When one parallel is a tangent arul one a secant. 
Given: p tangent to O 0 at A, q intersecting O 0 at 

B and C, p ii 9-^ ^ 

To prove : AB = AC- 

draw diameter AD it will be ± 
j 215), and hence ± q (§ 109). But a diameter X 
aord . . (§ 195). 

Proof : ■ . ■ — — — — — 


REASONS 

STATEMENTS 

Draw diameter AD. AD X P- 

AD X q. 

AB = AC. ‘ ^ 

Case II. When both parallels are secan^. (Fig. lU 
SecGESTioN. - Suppose r drawn [l p aiid tangent to © 

1. Why is r il e? ^ 

2. Why is AE = 

3. Why is ci = ^ 

4. Then why is AC = BDl 
Case III. When both, parallels are 
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E.XERCISES 

L Using Fig. Ill, prove that a diameter bisects the circle. 

■ 2. Ill Fig. II, prove that == BE. 

3* In Fig. II, prove that X5B = BMJ. 

4. An inscribed trapezoid is isosceles. 

5. The diagonals of an inscribed trapezoid are equal. 

S. If two circles are concentric, chords of the larger which are^ 
tangent to the smaller are equal. 

7. If a tangent and a secant intercept equal arcs, they are parallel 

Hint. — Use the indirect method. In Fig. I, §226, if ^ not || p, 
through B supfiose a line drawn jj p. ■ 

8. If two secants which do not intersect within a circle intercept 
ec|ual arcs, they are parallel 

: Hint. — See Ex. 7 and use Fig. 11. 

9. The opposite sides of an inscribed equilateral hexagon are 
parallel 

Hint. — Use the result obtained in Ex. 8. 

10. In any circumscribed hexagon, the sum of 
one set of alternate sides equals the sum of the 
other set; that is, 

AB+ CD+ RC+DF+FA. 

^ IL In any circumscribed octagon, the sum of one set of alternate 
sides equals the sum of the other set. 

^12. If from an external point P two tangents are drawn to a circle 
with center 0, the points of contact being A and B, then Z BPA = 

2 1 OB A. 

*^13. The sides of a triangle circumscribed about a circle are 5 in., 

6 In., ^ and 8 in. Find the lengths of the segments into which the sides 
are divided at the points of contact with the circle. 

SnoQwnoN, — Form thi^ equations atfi solve for the three unknown 
ilimntitM, See Mmm qf Algebra, page 447. 
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II. 


III. 

IV. 


Constructions 

227. You have had the foUowing constructions so far 
in this course: 

I. To construct the perpendicular bisector of a 

segment (§92). _ 

To construct an angle equal to a given angle 

(§93). 

To construct a perpendicular to a Ime at a given 
point on the line (.§ 94). 

To construct a perpendicular to a given hne 

from a given outside point (§ 9.5). , 

To construct the bisector of an angle (§ 

To construct a parallel to a given line through a 

given point (§ 122). f i 

To divide a given line into any number ot equal 

parts (§ 162). . 

To construct a circle through three given pomts 

not in a straight line (§ 186). _ ^ 

To construct a tangent to a circle through a 
given point on the circle (§218). 

Review each of these constructions now. 


V. 

VI. 


VII. 

VIII. 

IX. 


228. Constructing triangles. You already know how 
to construct triangles in the following simple cases. 

Construction X. Construct a triangle when three mdes 
are given. (See § 17.) , , . 

Construction XI. Construct a triarigle when two sides 

and the included angle are given. (See § o-.) 

Construction XIL Construct a ^ 

angles and the included ride are given, (bee § o.i.) 

Review these constructions now,^ 
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CONSTRUCTING RIGHT TRIANGLES 

Construction XIII 

229. To construct right A ABC, given hypotenuse e and 
side 0 . 


J 

r 

d 

1 

s 

[ 



^ \ 

\ 

f ; J 

k r 

\ 



Plan: AA'B’C is a freehand drawing of the required con- 
struction. A study of it intlicates the method of makino- the 
construction. ' 

Construction: 

1. At any jjoint C on line I construct CX A 1. 

2. From C on CX take CA = 6. 

3. With A as a center and a radius c cut I in B. 

, 4, Draw AB, 

5. ABC is the required triangle. 

Proof: The proof i.s obvdous: AC was constructed A BC 

AiS c and AiC == 6 ,. ^ 

Discussion : The problem is impossible if c < 6 or if c = h. 
Construction XIV 

consinai rigU t^ABC, given hypolenuee c and 



B’ '^c- 
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Plan: £\A'B'C' represents our freehand drawing. It is 
e’v'ident that we can construct ZB, take c on one of its sides, 
and drop a ± from the extremity of c to the other side. 

Construction: 

1. At any point B on line i copy Z B. 

2. On one side of the angle take BA = c. 

3. From A draw AC JL k 

4. ABC is the required triangle. 

Proof: AC was constructed A BC. 15' e have used the given 
parts and hence ABC is the required triangle. 

Discussion: There is no solution unless ZB < 90°. 

231. From constructions X-XIV you see that, in 
general, a triangle can be constructed if three parts are 
given, provided at least one of the parts is a side. 

232. How to make a construction. 

1 . Draw the figure freehand and mark the given parts. ^ 

2. Try to discover a paH of the figure which you can begin 

to construct. , , ,i, .c 

3 Actually make the construction and complete the figure, 

using only an unmarked straightedge and compasses. 

4. Prove that your figure satisfies the given requirements. 

5. Discuss the limitations the solutions may have, and the 
possibility of more than one solution. 

233. Symbols. For convenience we shall designate the 

angles of a triangle by the capital 
letters A, B, and C; the sides op- 
posite these angles by the corre- 
sponding small letters a, b, and c, 
medians to the sides by m*, mi,, and + „ , ,,f 

m.; altitudes by h., h? and h; and the bisectors of the 

angles by k, h, and U- 


e/ 
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EXERCISES 

1. Construct A. 4R(7 if Z. 4 = 45=^ j _ 3 
Hist. — Bisect a right angle to get 45°. 

2. Construct A.4RC' if Z .4 = 22f° AB — \ 
Hint. — Construct an equilateral triangle to get 

3. Con-struct AZRC if ZC=90°, ZA = 
(Mow can you determine Z B?) 

4. Construct a right A.4RC' hating given a 

acute angle, 

6. Construct a A.4R6' having given a side, a 
iide, and another angle. 

6. Construct an iso,seeles triangle with bai 


7. Construct an isosceles triangle with ba‘ 
tude on the base (A) = 3 in. " 

8. Con.struct an isoscele.s triangle with ba, 


more difficult 

L To a given circle construct a 
to a given line. 

SncmE.STioN. — The figure is a sk. 
pleted construction. If p' is the givi 
q^ed tangent, B' the point of cont 
tvill O'B' be X to p'? How can B' be 

2. To a given circle construct a 
line, 

Hijw. Suppose the construction c 
If the given line is a secant. ^ the «,■ 
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S. To a given circle .construct., a ' tangent .mak- 
liig a given angle with a given line. 

Hint. — If any line r m.akes an angle equal to the 
giwin angle with the given, line pf .how should the tangent 
be coiist.racted? . 

4. Construct an equilateral triangle haYing a 
altitude. 


giren 

Suggestion. — is the freehand drawing. / \ 

How large is ZJL'D'B'? AB'2 Can you construct /■. \ '. 

y \, \ c' 

i* Construct an isosceles triangle having a ^ 

given vertex angle and a given altitude from that vertex. 

6. Construct a right triangle, having given c' 

one leg and the altitude to the hypotenuse. 

Suggestion. — If A'B'C' represents a freehand / f 

sketch of the completed construction, which of the — 

triangles can you construct? (See § 229.) 

Having constructed AACDy produce AC through C and construct 
CB i AC, meeting AZ) produced in B. Prove your construction correct. 

T. Construct a right triangle, having given 
an acute angle and the altitude to the hy- 

pc^tenuse. 

Hint. — Can you..co.nstruct AACD? j? 

a. Construct a triangle, having .given a side, 
the inedian to that side, and the altitude to, that .side. 


OPTIONAL CONSTRUCTION EXERCISES 

1. Construct a triangle, having given side 
5, Z B, and the altitude to side c, . 

Suggestion. — Having constructed AACD, J A 

how can you find JLBCBM you know ZBDC 
and ZB (§123)? ^ 

1 Construct a triangle, having given two sides and the altitude 
to one of the given sides. .. 
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3. Draw a tangent to a given circle at a given i 

point when the center is inaccessible. V i / 

Hist. — Take PA = PB. Will a line from P J. AB 

, be a diameter if produced? ' P 

■ 4. Construct a circle wliicli shall be tangent to, a given line at a «'iven 
point and pass through a given external "" 

..point. — s. 

Analysis. — If the required circle is tan- ( k, / 

gent to AB at M, .radius OM ± AB, If it \ ! /y 

passes through M and MN is a chord, and ^ 

hence 0 is on the perpendicular bisector of 

MA. Hence 0 is the intersection of the perpendicular to AB at ¥ and 
the perpendicular bisector of MN. 

:Wake the construction, and wTite the complete construction and 
prooi. 

6. Construct the bisector of a given angle A \l 

when the vertex is inaccessible. ' / [ \ 

Hi.vt. Let k and I be the given lines. / , A 

Through any point P o! I construct a line jj k. / /\ / \ 

If PA be taken equal to PB, show how BA /- / ‘ / \ „ 

produced to C will be the base of an isosceles / ^ f 

triangle whose legs are k and 1. Will the per- X 

penicidar bisector of BC pass through the vertex 1 

of this Isosceles triangle? 

0 “ 

Go.nstmct triangles, giveri: 

7 . 9 . 

10- -LAa.L 11. a,B,U *12. a, b,A 

234 . Summary of the Work of Unit Four. In Unit Four 
you have learned: 

Jr, segments are equal by proving 

mat, in the same or in equal circles: 

1. They are chords hating equal central angles, or 

eqmil arc^.* 
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■ 2, They are chords equidistant from the ^cenier 0 / the 
circle. 

II. Foil can prom two angles are equal by proving 
that, in the same or in equal circles: 

1 . They are central angles having equal arcs or chords. 
ILL You can prove two arcs are equal by proving that, 
in the same or in equal circles: 

1 . They are arcs having equal chords or ceniml angles. 
IV. You can prove two segments or two angles ate 
unequal by proving that, in the same or in equal 
circles: 

1, They are chords having v/n equal central angles or 
unequal arcs. 

2. They are central angles having unequal chords 
or arcs. 

V. You can prove two arcs are unequal by proving 
that, in the same or in equal circles: 

1 . They have unequal cen tral angles or unequal chords. 


REVIEW OF UHIT FOUR 

See if you can ansicer the questions in the following exercises. If 
you are in doubt look up the section to ivkieh.reference is made. Then 
study that section before taking the tests. The references given are those 


most closely related to the e.wrcise. 
1. Define the foliowiiig terms: 

a. niiiior arc, § 1S7. 

b. major arc. § 187. 

c. chord. § ISO. 

d. perimeter. § 224, 

e. semicircle. § 187* 

/. central angle. § 187. 

. . ■ ■ ■ 

g. epadrant. § 187.^ 


h. concentric circles. § 192. 

L cirenmseribed circle. § 198. 1 

j. inscTibed polygon. § 198. 

k. tangent. § 212. 1 

L secant. §211. 

m. common extt?mai and in- 
ternal tangeiilH. §223. » 

71. tlingent circles. §22J. | 
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3. 

4. 
6 . 

6 . 


Complete the following; 

2. A circle may be drawn through any points § 1 S 4 

Two circles may intersect in points at most. § 185 

A line may intersect a circle in points at most. § 185. 

If central angles in a circle are equal, they hawe equal - qrr! 

§§189,191. “ 

Lnequal chords in a circle have unequal — — and 

§§ 204, 206. 

7. If a diameter bisects a chord § 196. 

8. If a diameter is perpendicular to a chord .... § 195. 

9. Chords in a circle equidistant .... § 202. 

10. A line perpendicular to a radius at its outer extremity 
§ 214. ' 

A line perpendicular to a tangent at the point of contact 

"§ ^7^ ^ circle, perpendicular to a tangent 

Two tangents to a circle from an outside point § 220 

State the postulates apph-ing to a circle. §§ 18, 181,' 182, 1S9 

® triangle when you are given (1) two sides 
and the included angle; (2) two angles and the included side- (3) 
three sides. §228. ^ ^ 

16. Tell how to construct a right triangle when %-ou are given ri) 
SSf hypotenuse and an acute angle. 

^^17. Tell how to construct angles of 90° 135°, 112|°, dS", 60°, 30° 

GENERAL EXERCISES 

1. R is a point within A ARC, such that 
BD = BC. ProvftAC > AD. 

2. If a line is drawn bisecting an angle 
of any parallelogram, it cuts off an isosceias 
triangle from the parallelogram. 

3. If lines are drawn bisecting two consecutive angles of a parallelo- 


11 . 

§ 216 . 

12 . 

13. 

14. 
204 . 

16. 
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4 The triangle formed by joining the middle points of the sides of 
an isosceles triangle is isosceles, 

5. If the vertices of a quadrilateral lie on a circle, the perpencliciilar 

bisectors of all the sides intersect at one point. ' ■ 

6. If the bisectors of the angles of qnadri- 

lateral ABCD form a quadr.iiateral ^4'RC'D^, /' 

the opposite angles of the quadrilateral 

are supplementary. ^ 

7. Through a given point within a circle draw a chord wiiich 
shall be bisected at the point. 

8. If a transversal cuts two parallel lines, the bisectors of the four 
interior angles fonn a rectangle. 

9. The arcs intercepted between a diameter and a parallel choitl 
are equal. 

10. The quadrilateral formed by the bisectors of the angles of a 

parallelogram is a rectangle. ^ ^ 

11. The sides of O A BCD are ' A . 

produced in succession to points M, . / \ / , 

iV, 0, and P, so that DP = BN and / /" 

AM == CO. Prove that 3iA' OP is a \L 

parallelogram. 

12. In quadrilateral ABCD, if JLP == PC ^r— ^ 

and ZD = ZC, then DC || AB, / \ 

13. If the bisector of an exterior angle at j^Z — ^ — 

a vertex of a triangle is parallel to -the op- 

posit e side, the triangle is isosceles. c^y '2 ^ ' 

Given: CE bisects ZBCD, an exterior ' ' 

angle of triangle J.PC,.andCP \\ AB: ' 

To prove: Ail PC is isosceles. A .■ 

*14 If lines are drawn bisecting the angles, of a parallelogram, 
the diagonals of the rectangle formed by the bisectors are parallel 
to the sides of the parallelogram. 

*15. If the exterior angles at *.4 and P of A 4. PC are bisected by AD 
and PP, respectively, then Z ADE = 90*^ | / C. 
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*16. The perpendicular from a vertex of any 
triangle to tlie opposite side divides the angle 
at tlie vertex into two angles whose difference 
eciiials the difference between the other two 
angles of the triangle. fZT — Z2 = ZB — 
Z.L) ^ , ' 

*1?. The line-segments which join the middle 
prints of the adjacent sides- of an isosceles trapezoid 
form a rhombus or a square. 

*18. I! AABD, ABCE, and AACF are equi- 
lateral triangles drawn on the sides of A ABC, AE, 
BF, and CD are equal. 

SVGGESTIOX, — Prove ABCF ^ AACE, etc. 



PRACTICAL APPLICATIONS 


(Oftional) 

1 . The instniment called a center square is used for locating, the 

,€ - 



centers of eireular objects. It consists 
of a steel blade M, upon w^hich slides 
an attachment vith two prongs, AC 
and A D, The edge *4 B of the blade M 
bisects the angle between the prongs 
dC and AD. When the center of a 
circular object is to be found, the instrument is placed so that the 
pron^ AC and ill) are tangent to it. Prove that when this is done, 
.4 B passes over the center of the object. 

2. - The prongs xiC and AD oi the center square in Ex. 1 are equal 
Prove diat if the circular object is so large that when the instniment 
is applied to it the ends of the prongs, C and D, rest against the object, 
AC and .‘ID becoming secants, then AB passes 
over the center of the object. 

3. In this basi3 of a column, straight segments AC 
and BD are given, and it is required to connect them 
by a circular arc with a given radius r. Show hm 
to make a drawing on a large scale of tlfu whole base 
of a column like this one.' 


D 


B 




^ C 

i Ares AB and AC of two circles, respectively, which are tangent 
totactTtht at 4, fomr a expound The point of contact .4 

k the transition point from one circle to the other. 

Compound curves are used in the construction 
the winding track must be made to conform to the ph>=.ital features 
of the land. They also secure easertmit, pre- 
venting a train from lurching when it comes 
to a curve. The curve ABC o^a railr^d 
track is composed of twm ares, AB and BC. 

The center N of BC is on the radius MB of ^ ^ 

.45. Prove that ABC is a compound curve, or that .45 and BC are 

arcs of tangent circles. . ^ 

Suggestion. — Draw a line through B perpendicuiar to BM , 

6. .45 is a straight railroad track. The track of a switch ACDE 
is laid out as follows: Arc AC is con- 
strueted with center .¥. Then MC is /l 

produced to N, making CA = -VC, and 

CD drawm with center N. 

Prove that ACD is a compound curve, 

or that AC and CD are ares of tangent 

6. 'compound curves are used in many kinds of molding, a., w II 

as in other architectural designs. 

Explain the constniction of the 
curves in the adjoining drawings 
of moldings. 

.Make a large drawing of such 
moldings. Draw designs of other 
moldings in 


■'i'" 

M 
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7* In, , .arcMteeture it. is sometimes required 
to drm ' m ^ easement cornice tangent to the 
straight cornice at 5, and passing through a 
giFen point A, Explain the construction and 
ma.ke such a dravring. 

^The same construction is used in laring out 
.the easements of stair rails. 



PRACTICE TESTS 

^ ^0“ Can do all the exercises eorrectly 
reference and be sure j-ou understand it before taking other tests. 
TESTS OR UNIT FOUR 

TEST ONE 
Numerical Exercises 

In Ex. 1-2 PA and PB are tangent to circle 0: 

1. If TT = 10 in., how long is PR? § 900 

In Ex S-4 tlm radius of circle 0 is 3 in. and the 
radius of arcle O' is 2 in.: 

3. HowlongisO(9'ifcircle.sOandO'aretangentexternaliy? §991 
How long . 00' E circles 0 and 0' are tangent interilly? 

OT?' ^ * “• ^ = 60“. I'ow long i.s 

6. A regular pentagon is inscribed in circle 0. If AB is a ^ide 
of the ^ntagon, how many degrees in / .405? § 189 

center of IfSt^ the 

center of the c^ie to a line which is tangent to the circle? § 215. 

8. In the figure for Ex. 1, if ABPA = 190“ .,nd Pn - • 

how long is P,4? §§230,160. ‘‘™ TO - ^0 in., 

9. In circle 0, arc A5 = arc BC and / Ann - a-° -a , 

isAAOCl §189. ' ' *az.405- 4o. How large 
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la In, circle 0, cliorcl AB — ^ in., -and chord CD — S in. One of 
tlie c,hords is 4 in. from the center, of the cirfle and the other 2 in, 
Wliat.is the distance from 0 to AB? ' l 

11, 111 circle 0 the radius '0.d[ makes an' angle of 8ff with chord 
AB and of 60® with chord AC. If AC = 10 in., what is the distance 
iromOtoAB? §160. 

12. Triangle ABC is inscril^ed in a circle. AB =' 2 in., 50 = 
2| in., and AC = 3 in. Two of the central angle.s which have two 
0,1 the sides as chords are 82® and 110®. How large is eentra! angle 
AOC? §34. 

TEST TWO 
True-False Statem,ents 

If a statement is always true^ mark it sol If not ^ mplme. each- word -in 
italics by a word ivMck 'wiU make it a true statemmL 

1. In the same circle or in equal .circles,, if 'two cho.rds are equal, 
their arcs are equal. § 193. 

2. A lime perpeTKlieolar to a cho.i‘d- bisects.' the chord and its ares. 

§ 195 . . 

3. A circle will pass through the vertices of any ri,ght tria,rigle if ■ 
ti’je ce.nter is the mid-point of the hypotenuse an.d the radius .is equal 
to the fdtfludc to the .hypotenuse. §159. 

4. Two parallel lines intercept equal ares on a circle. § 226. 

6. A circle may be circumscribed about any triangle. § 1S4. 

a If any central angle of a circle. is doubled its chord is doublec! 
also. §205. . 

7. Four of the diagonals of a regular inscribed hexagon are diamc^ 
Ae,rs,.. 1 1,82.. 

8. In the same circle, equal central angles have equal arts. ■ § 189. 

9. If two circles are tangent externally to each other they have 
/oi.ir common tangents. §221. 

10. In the same circle or equal circles, of two unequal cliords 
sniaiier is nearer the center. § 208. 

11. If two unequal circles are concentric, they have wo common 
tangents. ■ ,'§ ,192. 

la. If two chords of 

§ 197 . 
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TEST THREE 
Multiple-Choice Statements 

Frmi the expressions printed in italics select that one which best com- 

pkies the siaienient. 

\ .If the distance of a point from the center of a, circle is .less than 
the radius, the point is at the center of the circle, equidistant from ike 
circle, itiikm the circle, §181. 

2.. If 111 the same circle, one arc is double another arc, the csniml 
augk of the first^ arc is double the central angle of the second arc, the chord 
n i w first arc is double the chard of the second arc, the arcs are supple- 
?ncn/ar//. . § 189, ' 

3 If a circle is circumscrited about a polygon, the polygon is 

^■'^pfdaterfd,reg'ular, inscribed in §198. 

4. A diameter which ■ bisects a chord (not a diameter) is perpen- 
dicular to the chord, equal to half the chord, § 1 96. 

6. If the center of a circle wliose radius is 5 inches, is 9 inches from 
the center of a circle whose radius is 4 inches, then the circles have in 
common zero, one, two, three points. § 221. 

6. Tangents to a circle at the ends of a diameter are equal, parallel 
perpendicular. §§21.5,107. 

7. 1 wo chords of a circle equally distant from the center are 

equal, parallel, perpendicular. §202. 

intersecting tangents 
if ce«ter 0/ tte circle, is perpendicular to the radius. 

passes through the point of contact. § 220. 

9 The ba^s of a trapezoid inscribed in a circle are equally, un- 

distant from the center. §208.' 

• H f '■egular pentagon are inscribed in a circle 

the .Sides of the square are the same distance from Ike center as, nearer 
than, farther from the center than the side.s of the pentagon. 

11. If twi major arcs of a circle are unequal, the greater major 

arc ha.s the forger, .sma/fcr chord. §205. h uaiei majoi 

nffwoTmcrt1f“^’"‘' the common chord 

t le circles. The trianglesf are congruent, equilateral, isensceles. Post. C. 
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TEST FOUR 
Numerical Exercises 

1. The supplement of an angle is 21 degrees more than twice the 

Find the angle. § 38. . 

‘ ' 2 . The diameter of a circle is 10 inches. Its eirenmfercnce is 
divided at .1, B, C, D, E, and F into sis equal arcs. How long i. 

chord ABl §§ 189, 77. . . , ■ 

3. The complement of a base angle of an isosceles triangle is -U . 

How many degrees in the verte.v angle.’ § 123. 

4. An exterior angle of a regular polygon has 4.A. How many 

sides has the polygon? §134. J 

6. ABCD is a trapezoid and .1/ and .\ are 
the mid-points of AD^ and BC, resix-ctivcly. 

How long is MA? §15i. i * ■ i rc' How 

6. In the rhombus A BCD, diagonal AC is equal to side Hi . 

laro’e is angle 3CDI § loi. , 

7 Two tangents to a circle form an angle of tWh Radii are dra.m 

to the points of contact. ^ ' 

formed by these radii. §§ 215, . 

8. One acute angle of a right triangle is 5' le.ss than twice the oi}ie . 

How many degrees in each? § 12o. i • io i,, 

9. Onoangleofarhombusisia)iyftheshorterdiagonai.sl_m. 

find a.dde of the rhombus. §§ 142, 77. _ ^ 

10. The length f>f tlie hypotenuse of a nght triangle is >. 
the length of the median to the hjTwtenuse. 

§159. ■ 

11. Each interior angle of a regular poij- 
gon is 165°. How many sides has the 
polygon? § 134. 

12. In 
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TEST FIVE 
True-False Statements 

If a statement is dwmjs true, mark it so. If -not, replace each word in 
Italics by a word which wiU make it a true state77te7it. 

1 . The diagonals of a parallelogram bisect the angles of the 
parallelogram. § 150 , Ex. 12. 

2. If the .sum of the exterior angles of a polygon equals the sum of 

trie interior angles, the polygon has four sides. §§ 133^ 134 , 

are equd 13^ ^ transversal, the alternate interior angles 

4 . Intereectmg lines are somtimes parallel to each other. § 105 
6 . If the diagonals of a quadrilateral are equal and bisect' each 
other, the figure is a trapezoid. SS US 162 Pv- 6 

6. If parallel lines are cut by’ a riawcal, the two interior 
angles on the same side of the tramsversal are egml. § 115 

§ 115 angles of a quadrilaterai are supplementary, 

to tte thi!-d"!;r7T*”^ equilateral triangle and parallel 

to the third .side forms an egmtoeraf triangle. § 114 . 

» .’„i ' i “ fiw" 

perpendicular bisector of the base of a triangle passes 
through the vertex, the triangle is equilateral. § 89 . 

trkngle?' § Parallelogram dmdes'it into two congruent 

12. If one acute angle of a right triangle is double another the 

shorter .side IS half the A2/po/enu.5c. §160. 

13 . The shorter base of an isosceles trapezoid is 22 in. and the non- 

aSof 

angle ol 60 with it, the longer base is 44 in. long. 

Th!f*p are *awn, each tangent externally to the other two. 

The segments connecting their centers are 10 in., i4 in and 16 in ' 
rcB^tively. The radius of the largest circle must be 5 in ’ 

tmloM is mw-pomts of the diagonals of a 

to^wid IS 8 m. If the shorter base is 32 in., the longer base must be 
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TEST SIX 
Supplying Reasons 

Supply axioms, postulates, or theorems as reasons for the following 
statements. 

1. If AC = CB and CD bisects angle ACB, £\ACD^ f\BCD. 
§64. 

2. Since A ARC’D (Ex. 1), Z4 = AB. f 

§58. /\ 

3. If two straight lines intersect within a triangle, / j '■ 

they cannot intersect outside the triangle. Pod. 2. ■ / i 

4. Two right triangles are congruent if the legs of . . . 

one are equal to the legs of the other. § 64. 

5. In A ABC, AD is an altitude and MX is the |}er|)C3iidieu!ar 
bisector of side BC. Conclusion: MX '|| AD, § 107. 

6. Lines I and V lie in the same plane and are- not parallel. Con- , 
elusion: I and V have a common point. § 105, 

T. Given: ZiiCX is an exterior angle of A ABC. Conclusion: 
ZiCX= ZA + ZB, §128. ■ 

8, Given: AB ± BC. Conclusion: AC is not ± BC, §97. 

9. Given: Quadrilateral A BCD with diagonals AC and BD inter- 
secting at 0. Mso AO = OC and BO = OD, Conclusion: ABCD- : 
is a parallelogram. § 148. 

10. Given: AABC, M the mid-jxiint of BC, MX j| and inter- 
sects *4 C at X. Conclusion: ZX = XC. §153. 

11. Given: Circle 0, with radius 3 in. Point P is 2 in. from 0. 
Conclusion: 0 lies inside the circle. Post. 13. 

12. Given: A ABC inscribed in eirde 0. Conclusion: the perpen- 
dicular bisectors of the sides of the triangle pass through 0, § 197. 

TEST.SE\m^ ■■ 

Constructions 

Make the construdions, leaving all consirmtion Urns. 

1. Construct a right triangle with hypotenuse 3| in. and side 3 in. 

2. Construct a right triangle with hypotenuse 3 in. and angle 75*. 

3. Construct a triangle, given the position of the mid-points of the ^ 

sides.,",",' ■" ■ , ' ' ■ ■ ■ % 




ITNIT FIVE 

angles measured by arcs of CIRCLES; 
CONCURRENT LINES; CONSTRUCTIONS 

235. Measuring. In your earlier work m mathematics 
vou have learned how to measure quantities and that in 
measuring you use a unit of the same kind as the quan- 
tity you are measuring. Thus, to measure a ieng ^ j ou 
need & unit of length, such as a yardstick or a foot rule. 

Thus, if the length of the foot rule is contained 9 times 
in a line segment, you say that the line segment is 9 feet 

long. So the 9 is the numerical measure of the segine 

when a foot is the unit of measure. , 

To measure an angle you similarly use as ^ 
angle, one ninetieth part of a right angle. This is called 

an angle degree. 

236. Measuring arcs of circles. The unit ^ 

in measuring an arc of a circle is a small arc of the same 

circle that ^oe are mea.surmg, part of the entire circle. 
This unit is called an arc degree. _ 

Thus, if arc is one fourth of the circle / j \ 

it contains 90 arc degrees. Similarly, if / i 

AOC is a diameter, axe ABC contains 180 \ j 

arc degrees. . , 

Just as an angle degree contains 60 angle c 

minutes and an angle minute /v ^ tes 

angle seconds, so an arwlegree .a divided into arc nmmtes 

and arc seconds. 
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237. Central angles and their intercepted arcs. Sincp 

be just 360 angle degrees about the point 0. These 360 

equal central angles wiU intercept 360 equal arcs (Post. 

ioj, each of the arcs being one arc degree 

, In the iigme, if z AW is one angle degree, arc A'S' 

IS one arc degree. If ZaI 05 contains 

the unit angle A' OB' 65 times, then arc ^ 

AB contains the unit arc A'B' 65 times / / \ 

also, and the are AB contains 65 are ( ' oi- — ~Aa ' 
degrees, V | J ' 

From this reasoning it follows that an 
arc contains as many are degrees as its 
central angle contains angle degrees. We may state: 

PosTUUTE J8. A central angle has the same measure as its arc. 

238. Two arcs are complementary if their sum is 90 

sum isTsT’ ° ®"PP^®“i®°tary if their 

feuin IS j 80 arc degrees. 


1 


EXERCISES 

hal/; drcfr degrees in 

of a drde? ® 1° °ne-fonrth 

about an equilate^ trianjer A ^rA^Vlarte^oT^ 

0 «ibed in a circle with center 

0, how many degrees are there in AR? In Z AO B? 

with inter oT Pentagon inscribed in a circle 

with center 0, how many degrees are there in AR? In Z AOB? 
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S* . AC and BD&m diameters.. If RC = 110°, how 

large is ifi? DCl AD? 

•7. In Ex. 6, how large is each central angle? , How f j j 
large is Z l? Z2? VA^Xi/ 

8. In the figure for Ex. 6, if AR = 60°, how many 
degrees in Z RDA? In Z ABD"t 

9, A circle is divided into five arcs so that the first is twice the^ 
second, the third one-half the second, and the fourth twice the first. 
If the fifth arc is 15°, how many arc degrees in each? 

10. A flywheel makes 40 revolutions per minute. Through how 
.many degrees of arc does a point on- the rim, travel in, . ^ 

one second? 

11.. If .AOC is a diameter and BC — 50°, how krge f oL\ ] 
is AR? Z COR? 

*12. In Ex. 11, howAarge is ZA? C 

Hint. — Is AAOR isosceles? Is ICOB an exterior angle of this 
triangle? A 

*13. AOR is a diameter, DB = 40°, and BC = ll¥}°, 
fold (1) A DOB and BOC and thus 6nd (2) Z DAC. i /X" 'T 
*14. In Ex. 13, how does ZDAC compare in size 
with A DOC? B 
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239- Aji inscribed angle is an angle whose vertex lies on a 
circle and whose sides are chords of the circle. Angle BAC 
in each of the figures below is said to be inscribed in arc 
BA C'. Arc BCh said to be intercepted by the angle BA C. 




240. Measuring inscribed angles. Before you read the 
proof of the next, theorem, see if these suggestions will help you 
discover its proof. In Fig. 1, AC is a diameter, and Z BAC is 
an inscribed angle. We vish to discover the relation between 
the numbei^l angle degrees in Z BAC and the number of arc 

degrees in BC. If radius OB is drawn, what kind of triangle is 
AOjB? Why Is ZBOC = 2Z A (§§ 69, 128)? 

Ii Z BOC = 70°, how large is BC? ZA? How large is each, 
1 . BOC = 40 ? 80 ? O’®? 1 hen what relation do you think 
thei-e is between the number of angle degrees in an inscribed 
angle and the number of arc degrees in its intercepted arc? 
Can you prove that, when one side of an inscribed angle is a 
diameter, as in Fig. 1, the angle has the same mea.sure as half its 
intercepted arc? 

In I ig. 2, by drawing a diameter through A , can you show that 
Z BA ( ^ hits t he .same measure as half of two arcs tvhose sum i.s Bt'? 

In Fig. :j, by drawing a diameter from A, can you prove 
ZBAC luis the same measure as half of two ares who.se differ- 
ence is Be? Thus you -will have proved: 

A n inscribed angle has the same measure as half of its inter- 

cepied arc, 
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241. An imeribed angle has the same measure as half of 
its intercepted arc. 



(3ase L Whe?i the center lies on the side of the angle. 

Plan: Draw OB. Compare ZA and Z.BOC, 

Proof : 


STATEMENTS ^ 

REASONS 

1. ZBOC has the same measure as BC. - 

1. Po&t. is. 

2. IBOC = ZA + ZB. 

: 2. § 128. 

K 

II 

K 

§ 69. 

4., 2'Z A ~ Z BOCf and hence, 2Z- A has | 

j 4:. zlx. 7. 

the' same measure as DC. ■ , . 1 




5. ' Z A has the same measure as | BC. \ 

1 ,5. At. 5. , 


Case II. When the ceMer lies within the 
Plan: Draw diameter AD. Appl 3 ’'.Case I to ZiM,l),aiici ,'to, : 
ZDAC and add. 

Case III. When the center is outside of (he angle. 

Plan: Draw diameter AD. Apply Case I to Z IhiD and to 
Z CAD and siibtraet. . 'n .'V, ' 
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242. Gorollaey 1. Angles inscribed 
in the same arc or in equal arcs are equal. 

Plan: Show that each angle has the same 
measure as § BC. 

^ 243. CoEOLL-iRY 2. An angle inscribed in a semi~ 
circle, is a right angle. 

COXSTRUCTION XV 

244. To construct a tangent to a circle from a given out- 
side point. 

Given : Circle 0; point R outside the 0 . 

Required: Construct a tangent to the 
G from P. 

Plan: Draw a circle having OP as di- 
ameter, intersecting O 0 in Q and R. 

Draw PQ and PR. PQ and PR are the required tangents 

a semicircle, ZQ is 

(§ 243). Then use § 214. 

Write the construction and proof. 

EXERCISES 
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2. In Fig. 2, how many degrees in ZBAD if, AR “ llCf and 
.IR = ,100^? If Z 1 = 40° and CD = 45°? - If BC' == 54° .and IB = : 
140°? ,, ■' 

■ ,3, In Fig. 3, liow many degrees in ZBAD if DCA — 230° and 
Z 1 = S0°? If .4R = 50°, and DC = 60°? : 

L If AR = 110°, find ZADB; ZACB, 

5. If BC == 5S°, find ZB AC; ZBDC. 
g. If CD = 70°, find ZCAD; ZCBD, 

7. If Bl.== 122°, find ZDRA; ZDCA. 

8. Find tlie angles in Ex. 4-7 if AB = 100°, BC 

®°. 

9. Line p is tangent to the circle at A, and 
iB and CB are chords; CB j,| p. If AB =■ 128°, 
how large is CA? Z 3? Z 1? Z 2? 

10. Tw'o sides of an inscribed triangle have 
arcs of 125° and 140°. How many degrees in 
each angle of the triangle? 

11. Prove that an angle inscribed in an arc that is less than a semi- 
circle is an obtuse angle. 

12. Prove that an angle inscribed in an are that is greater than a 
seniicircle is an acute angle. , ■ 

13. If chords AB and CD intersect within a circle in a jxfint E, 
prove that A ACE and ABBE are mutually equiangular. 

Note. — If two triangles have the angles of one respf^ctively equal to the 
angles of the other, the triangles are said to be mutualiy equiangular. 

14. Prove that the opposite angles of a quadrilateral inscribed in c. 
circle are supplementary. 

*^15. In the figure for Ex. 9, tangent p is parallel to chord B. M hy 
is Z 1 = Z3? Why is AB == O? 

*^16, Using the results obtained in Ex. 15, prove that Z 1 has the same 
measure as f AB. 



6. From tlip results obtained in Ex. 2-4, see if you 
theorem about the measure of the angite formed by two 
ehord.s. • 


EXERCISES 

1. In the figure for § 245, how many degrees in Z 1 if M' is 1 10° 

2. Chord.^ AB and CD intersect at P and chord C_ 

DE 11 chord AB. It BD = 36° and A£ = 70°, how 
large is Z CDEl 

3. Using the data given in Ex, 2, how large is Z 1? 

^ In the .sam^figure, find Z1 if sB= 40°, and iC'= S0°. If 
BD = 60°, and ZC = 90°. 
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Proposition 2. Theorem 


245. An angle formed by a tangent and a chord from the 
‘point of contact has the same measure as half its intercepted 
arc. 


Given: A circle mth p tangent at A, and chord AB. 
To prove: Z 1 has the same measure as | JlB, and Z 2 
has the same measure as \ ACB. 


Analysis: If BC || p, Z 3 will equal Z1 (§113). What 
is the measure of Z3? (§ 241). Why is ic = AB? 

Proof: Left for you to write. 
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Proposition 3. Theorem 

246. An angle fanned by two intersecting chords is \ 
)neasured by half the sum of the intercepted arcs. \ 


Given: Circle 0, chords AB and CD intersecting at P. 
To prove: ZCPA has the same measure as | (-4C + 
BD). 


Plan: Draw DE fi A B. (V) Z2 has the same measure as 
...? (2) = io. Why? 

Proof: Write the proof in full. 

EXERCISES 

1. In the figure of § 246, how many degrees in Z 1 if AC = 70“ 

ami .4£'= 60“? 

2. In the same figure, if AC is a quadrant and Z1 is 70°, how 
riiiiny degrees in RD? 

3. Lines are drawn on the face of a clock from 12 to 4 to 7 to 10 
to 2. How many degrees in each are? How many degrees in each 
angle formed? 

4. Would the theorem in § 246 be true if P were at the center of 
the circle? To what fundaraqptal theorem would it reduce? 

6. To what theorem would it reduce if F falls on the circle? 



230 ANGLES, ARCS, AND CONCURRENT LINES 


6. Angle DPC is formed by two secants intersecting 
the circle as shown. If RA = 20°, DC ~ 72°, and 
BX j| AD, how large is DA? AC? Z2? Zl? 

7. In the figure for Ex. 6, how large is Zl, if 
RA = 30° and DC = 80°? 

8. PA is tangent at point A and secant PC inter- 
sects the circle at points B and C, respectively. If 

BA ~ 30°, AC = <0°, and BX |[ PA, how’ large is AA? 
AC? Z2? Zl? 

^9. In the figure for Ex. 8, how large is Zl, if 
DA = 40° and .4C = S4°? 

10. PA and PD are tangent at points A and D, 
respectively. If DA = 64°, IaD = 296°, and 
DA IjPA, how large is AA? AD? Z2? Z 1? 

the figure for E.x. 10, how large is Zl, 
if ^ = 50° and AAD = 310°? 


12. From the results obtained in Ex. 6 and 7 form a theorem about 
tii6 nieausurB of an angle formed by two secants. 

13. From the results obtained in Ex. 8 and 9 form a theorem about 
the measure of an angle formed by a tangent and a secant. 

14. From the results obtained in Ex. 10 and 11 form a theorem 
about the measure of an angle formed by two tangents. 

16. If two secants intersect nithin a circle, what is the measure of 
the angle fom.ed? What is the measure of the angle if they intersect 
at the center of a circle? On a circle? Outside a circle? ‘ 

*16. AD and AD are tangent to the circle at D 
and E, respectively, and AD |j CD || EF. IJtTiy 
are angles 1, 2, and 3 equal? Why has Z3 the 
same measure as .J B'? Can you prove that Z2 
has the same measure as J {EFD — EC)! 

•l^fo the ^re of Ex. 16 prove thaf Z 1 has the same measure as 
i {EFm - EB). 





ANGLES, ARCS, AND CONCURRENT LINES 


247. Angles formed by tangents and secants, 
intersect outside a circle, as in the figure for E 
is drawTi !| PD, Z 1 is equal to wha^ngle^ ^ 
measure as half of what arc? Is CX = CD - 
WC = BA"! See if you can prove that Zi 

measure as | (DXC — BA). 

If PC is held fixed, and FD revolves about 
gent at A (see figure for Ex. 8), do you think ^ 

measure as ^ (AC — ABj? See if you can pr 
If PA is held fixed and PC revolves until it 
(see figure for Ex. 10), prove ZP has the i 
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Pboposition 4. Theorkm 


248. An angle formed by two secants, by a secant and a 
tangent, or by two tangents intersecting outside the circle has 
the same measure as half the differeme between the inter- 

cepted arcs, ■ 



_ Case I. Given: Circle with secants PAD and PBC 

intersecting at P outside the O. 

To prove : A Ph measured by § (CD — AB). 


Pta: CoMtacl IxJFC 
Observe that DX = AB. 

Proof: 


STATEMENTS 

1. Draw' BA" I j PD. 

2. LD = CX + XD and CX = CD — 

XD. 

3. ^2 has the same measure as J- 

4. Z1 = Z2. 

same measure as 

I (CD - xb). 

. XT) = AB. 

■ ■ measure as 

l(C'P-.4B). ' 


SEASONS 

1. § 122. 

2. AVhy? 

3. §241. 

4. §114. 

5. Ax. 7. 

6. § 226. 

7. Ax. 7. 
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Case IL Given: Circle 0, ^ith tangent PA and secant 
PBC, intersecting at P, outside the ©. ^ 

To prove: Z P is measured by | (AC — AB). 

Proof : Similar to I. ILrite in full. 

Case III. Given: Circle 0, Arith tangents PA and PP, 
intersecting at P. _ 

To prove: Z P is measured by i {AXB - API. ^ 

The proofs of Cases II and III are similar to that of Case 1. 

Write in full. 

EXERCISES 

1 4. BCD is a eircurascribed and PQRS an in- ^ 

--crited quadrilateral. P, Q, R, and are pmnte of B 

tangency. If the vertices of PQRS are jomed to 

the center of the circle, as shown, and if PQ = 80 , / 

qp = 70°, and Zl = 85°, find the number of de- D sC 

grees in: P^S; /2. ^ ur 

2. Bind tlie number of degrees in each angle ot P 2 . 

3. Find the number of degrees in each angle of A BCD. 

4. How large is Z PQA"! ^ ^ 

5. If AB II CD |! EF, AB i-s tangent at B, ACG 
is a secant, GF = 40°^PP = 45°, and Z 1 = 55°, 

how many degrees in PD? ^ A~ b ~ 

6 In Ex. 5, how many degrees in EGI 

7. Two equal chords AR and AC form an inscribed angle oi .0 . 
How many degrees in arc PC? In are AR? Inure.' 

8. Is the cholfftatl^s of contact of two irarallel 

taiigeni'S a diameter? , , , * 4 i 

9. If chords AR and AC make equal angles rvith the tangent at A, 

Throve? tho-'t' jA, « ■ ■■ 

10 . Prove that the chords^which connect the ends of two intersecting 

diameters form a rectangle. • 


— 
/I V - 
A- B 




arc IS greater tlian 


the point P «n '•^Sative and positive ares. If fr 

riS. 4). aM S’/a 

^ hMfO^ atiraic sul oft'il 
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cepted arcs. In Fig. 1, P is at- the center of the circle .and 
angle P is measured, by f (AP +;PI)), Since AB' = CD 
:(Post. 16), angle P is measured 'by Cl) as in Post. 18. 

Ill Fig. 3, AB is zero; in Fig. 4, AB is negative. , Simi- 
larly draw a figure for each of the theorems in §| 241-248.. 

Locus 

250. Finding a locus. The following exercises will 
show' you how to locate all possible positions of 'a point 
which satisfy certain conditions. - 

L Where are ail points which are 1 in. 
from 0 ? . . ■ .0 

Here the condition is that each point must 
be 1 in. from 0. There are an infinitely large 
number of points which satisfy this condition. 

Placing a number of points 1 in. from 0 suggests two things-: 

a. All points 1 in. from 0 lie on the circle indicated. 

5. All points on the circle are 1 in. from 0. 

The problem is usually stated: 

What is the locus of points 1 in. frotn 0? The answer is: 

The locus of points 1 in. from O. is a circle with center 0 aM 
radim 1 in. 

- Note. — The plural of locus is 'foa-fpronounee-dlo-si). 

2 . What is the locus of points equidistant 
from the points A and B? 

After locating a few points,' each of which 
satisfies the condition that it,. is equidistant from 
A and B it is evident that all such points lie on 
the perpendicular bisector of the segment AB. 

The answer is stated: 


B 
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^ B u the verpeniicb, 

This is tiue because 

«. All pomts equidistant from A and B lie on the perpendir 

ular bisector of A5 (§ 89o). pwpcnait- 

h. All points on the perpendicular bisector of AB are enui 
distant from A and B (§ 896). 

3. What is the locus of points i in. from 

a line I? 

Answer: The locus of points in. from a ~ ~ ~ 

h ne Its a pair of lines parallel to I mid i in 

from it. 

I'he first step in solving a locus problem is to select a sufficient 
numbei- ot points to clearly indicate the form of the locus The 
second step IS to state accurately what the locus is. 

EXERCISES 

1. Draw two parallel lines AB and CD 2 inches apart AUrl- 

c ■ riistrn" ^ fromth ^ 

>mat is tiie locus of points 1 m. from AB and CD'? 

"a’ r,? r 

~i. of ,io r'L.T°‘ 1“"’ 

Coiilfl nttee ti V ^t-^ifPiate the lines formed a.s the locus 
equidistant fromTwoTntotSi line?*'w 

I. ttuX:. 

W ' “■ ‘ '■ ■“I-.'- 

-‘.SSSSS's.'i-Szl.Wo-'- 
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6. Draw a square with side 3 in. Find the locus of points inside 
the square whose distance from a side of the square is 1 in. How 
many lines form the locus? 

7. A wheel rolls along a level road. Represent the road by a line 
and draw the wheel in a number of positions, marking its center each 
time, ^’^’hat is the locus of its center? 

8. Draw two parallel lines I and V, 3 in. apart. ^ Find the locus of 
points each of which is 1 in. from I and 2 in. from V. 

9. A small circle rolls on the outside of . ■ 

a larger circle. Draw the position of the ■. 

small circle a number of times, each time • / 
marking the center. State what the locus • ^ kv 

of the center seems to be. •_ y J ; 

10. Take any iwint P outside a given line ' • _ • ' 

I !ind draw S or 10 segments from P and 

terminated by 1. Estimate the center of 

each segment and mark it. IM.at does the locus oi these nud-points 

seem, to be? ' 

IL What does the locus of the center of the ' ’ * • . 

small circle seem to be as it rolls inside the, large / ; /Tl 
circle? Draw it. . V: . ■ 

12. Draw a triangle ABC wit.h its base AB 2 in. , 
and' the altitude to AB I in. Locate another point 
C which is 1 in. from AB, and draw CL4 and CB 
In a like manner locate sk or eight point.s and eounect them to 
A and B. What, then, is the locus of the vertices of triangles liaymg 
a given base AB of 2 in. and a given altitude of 1 in.? Are there 
any such points below AB? {All points must ire indicated to hav. 

the locus.) 

*i3. Draw a circle with a radius of 2 in. Take a point P uLrut 1 in 
outside the circle. Now draw alrout 10 or 12 segments from P and 
terminated by the farther arc of the circle, and mark of 

mch. Also mark the mid-pflint of each segment from / to the nearer 
arc of the circle. What does the locus seem to be? 
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*14. Draw a right triangle with its hypotenuse AB and C the vertex 
of the nght angle. How many right triangles can you draw havina 
Ii^otenuse AB? CarefuUy draw eight, all on the same hypotenuse 
, , and mark the positions of C. Is the locus of C a straight line? 

*15. A bridge is to be constructed over a river so as to be the same 
distance from two towns A and B which are 10 miles apart and on 
opposite sides of the river. If the distance from .4 to the river is 2 
miles, and from B to the river is 5 miles, draw a sketch and show how 
to locate the bridge. • 

251. The proof of a locus problem. You have seen that 
.ill the points, and only those points which fulfill a certain 
requirement, form a figure which is called a locus. 

Hence you see that, to prove the correctnes.s of a .statement 
about a locus, you mu,st prove two things: 

1. .ill points on the locus satisfy the requirements. 

2. All points which satisfy the requirements are on the locus. 

Examples in the ne.xt sections .show you how this is done. 

_ 262. A circle as a locus. From the definition of a 
circle we have the: 

Locus theorem I: The locus of points at a given distance 
from a given point u a circle with the given point as center 
ana with the given distance as radius. 

253. Problem. Find the locus of points equidistant from 
two given points. 

Given: Points A and B. : 

Required: The locus of points equidis- ' 

tant from A and B. : 

Plan: Locate a number of points each • 

equidistant from A and B. These suggest : 

the perpendicular bisector of the segment • 

be proved that this is 

correct. Heaee 
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2M. Loctis theorem II: The locm of points equidistant 

from two given points is the perpendicular bisector . of the 
segment connecting the points. tp,' . 

Given: PQ the perpendicular bisector I 


of AB. 

To prove: PQ is the locus of points 
equidistant from A and B. 


\M 


■B 


Proof: 


\q 


STATEMENTS 

REASONS' 

1. All points on PQ are equidistant from 

1. §S9a. 

A and B. -I 


2. All points equidistant from A and B 

2. §89ft. 

are on PQ. 

i ' ■ 

{ 

3. PQ is the required locus. | 

i 3. §251. 


256. Problem: Find the locus of points equidistant from the 
sides of an angle. 

Given: Angle ABC. 

Required: The locus of points equi- ^ 
distant from A B and C B. 

Plan: Locate a number of points 
each of which is equidistant from AB 
and CB (for example, X PQ == X PR). These suggest the 
bisector of angle ABC. It must be proved that this is .correct.. 





266. Locus theorem III:- The bcus : of - points /equi-^ 
distant from the sides of an angle is the bisector of the angle. 

Given: DB the bisector of 

AABC. 

To prove: DB is the locus of b 
points equidistant from ^AB and . ^ 

CB. 

4 
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■ Proof'; 


STATEMENTS 

kbasons 

L All points on BB are equidistant 

1. §100a. 

,, .from AB and CB. 


2. All points equidistant' from AB and i 

2. §100fc. 

CB are on DB. 


3. DB is the required locus. 

3. §251. 


257. The theorem in § 256 may also be stated: 

The locm of points equidistant from two intersecting straight 
h MS is the pair of lines bisecting' the angles formed. 

268. Locus theorem IV : The locus of points equidistant 
jrom two parallel lines is the line parallel to each of them 
and midway between them. 

, 269. Locus theorem V: The locus of points at a gimn 
distance from< a given Urn is a pair of lineSy one' on either 
side of the given line, each parallel to the given line, and at' 
the given distance from it. 

260. Locus theorem VI: The locus of the vertex of the 
right angle of a right triangle having a given hypotenuse is a 
circle having the given hypotermse as dia-. e 
meter. 

■ // ■ " \ . 

^ Given: Circle 0 Imving 'AB as diameter,, A 

right A ABC, AC a right angle. ■ \ . , V 

To prove: Circle 0 is the locus of C. , , 

Proof: 


STATEMENTS,, 

1 ' . , EEASONS '■ ■ 

1. Any point C on circle 0 is the vertex 


of a right triangle ha\dng ArB as 

j 1. |243„ 

hypotenuse. ■ .j 

i 

1 , ■ , „ 
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STATEMENTS 

EEASOXS 

2. The vertex C of any right triangle | 2. J 

i| 24G, 24S. 

having AS as hypotenuse is the s 


circle 0; for, if C were outside the j 


circle, ZC tvould be acute; if C s 



obtuse. * 

261. A. Path of a moving point. It is sometimes con- 
venient to think of a locus as the path of a point which 
moves so that it fulfills certain requirements. 

Thus, if a point moves so that its distance from a point 
0 is always 3 in., its locus (or path) is a circle with center 
0 and radius 3 in. 

262. A. Locus in algebra. If a point moves so that its 
distance from the x-axis is always 
-t- 5 units, its locus is represented 
by the line a whose equation is 
y = 5. If the distance from the 
y-axis is alw^ays -f- 6 units, the 
locus of the point is the Ime h. 

Its equation is x = 6.^ Line^ c 
shows the locus of a point which 
moves so that its abscissa is alway s 
equal to its ordinate. The equation is x 

Note. - The obs«m is the distance from the the wdinate Is 

the distance from the s-axis. 

EXERCISES 

Find the locus oj points which move m indtcated. 11 nte the tgiintum 
and draw the locus. 

1. A point moves so thafit is always 10 units to the left of the 

l/-axis. 
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2. A point moves so that it is always S units below the a>-axis. 

3 . The abscissa is always equal to the negative of the ordinate. 

4 . The ordinate is equal to three times the abscissa. 

5 . The ordinate is 5 more than twice the abscissa. 

263. A. Loci with second degree eqtxations. The loci 
in the preceding section were aU represented by equations 
of the first degree in x and y. Some interesting curves 
are represented by second degree equations. You are 
not prepared yet to derive the equations of these loci 
but you will study about them in 
later courses in mathematics. 

Circle. The locus of a point which 
moves so that its distance from a 
fixed point is a constant is a circle. 

If the origin is taken as center 
and r is the radius the equation is 
x^ + y- = r*. In the figure r = 5 
and x" + 1/2 =25. 

Parabola. The locus of a point 
which moves so that its distances 
from a fixed point and from a 
fixed line are ec|ual is a parabola. 

In the figure the fixed point is 
the point Fix = A, y = 0). The 
fixed line is the y-axis. Thus, if 
P is the moving point, PF = PP' , 

The equation is y= = 8 (a: - 2). 

A rifle bullet or any thrown ob- 
ject follows a path which is ap- 
proximately a parabola. ’ 
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Ellipse. The locus of a point which moves so that the 
sum of its distances from two fixed 
points is a constant is an ellipse. 

In the figure the fixed points are 
the points F{x = A, y = 0) and 
F'ix = — 4, y = 0) and the con- 
stant is 10. Thus, if P is the mov- 
ing point, PF -j- PF' = 10. The 
equation is 9 25 y- = 225. 
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Hyperbola. The locus 
of a point which moves 
so that the difference of 
its distances from two 
fixed points is a constant 
is a hyperbola. In the 
figure the fixed points 
are the points F{x = 5, 
y = 0) and F'(x - — 5, 
y = 0). The constant is 
8. Thus if P is the moving point, PF' 
equation m 9 x^ — 16 y- = 144. 
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Conic Sections. The circle, ellipse,; parabola, and hyperl,>o!a are 
called conic sections because they are the curves formed when a plane cuts 
the surface of a cone. They have many interesting properties. 

The points F and F' are called foci ffo-si). If an automobile headliglit 
is parabolic, a light placed at the focus (F) will reflect all rays In a direc- 
tion parallel to the r-axis. Similarly rays of light from a distant source of 
light (a star for example) will, after reflection from a paraMie mirror, l>e 
brought to a focus at F. This is the principle of refracting telescopes. 

The earth and the planets move about the sun in elliptical paths or orbit 
The sun is at one of the foci. 

If a room has an elliptical form and the walls are made to reflect sound, 
a whisper made at one of the foci can be heard at the other. This is the 
principle of the whwj>ering gaUery* ^ 
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264. A. Linkages. The illustrations show de-vices for im 
posing requirements on moving points. Such devices are callec 
linkages. Fig. 1 represents the method James Watt, the in- 
ventor of the steam engine, used to make a point trace a straighi 
line. Parts of the “ figure 8 ” curve that the linkage traces arc 


Fio.3 

nearly straight. In this linkage the longer links are of equal 
length and are pivoted at points P. Point G, the mid-point of 
EF, tratvs the curve. In Figs. 2 and 3, point G traces a “ loaf 
of bread ’ curve. Points C and f3,are fixed. IVhile point I in 
ig. 4 traces a pear-sfeaped curve, point C traces a parabola. 
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266. A. Other loci. There are 
many other interesting loci. 




V ■/ 


Cycloid 

Thus the locus of a fixed point on a circle as the 
circle rolls along a straight line is the cycloid shown 
sFig. 1). A"ou can see it by marking a point on a lioop 
and* then rolling the hoop along the floor or blackboard 
rail If the circle rolls on the inside of another circle the 
locus is a kypocycloid (Fig. 2). (In the figure the radius 
of the rolling circle is one fourth that of the fixed cn cle. 
In this case the curve is also called an asteroid.) 

EXERCISES 

1. What is the locus of the tip of the minute hand of a clock? 

2. What theorem proves your statement in Ex. 1? _ 

3. tMiat is the locus of all cities that are five miles from a given 

railroad? , ^ ■ x • 

4 Wliieli of the locus theorems proves your statenieiii iii r.- . 

the railroad is straight? . , 

6. A man rows up a .stream keeping the same distance from cith< r 

shore. What is the locus of the boat? 

6. If the river banks are parallel, what theorem proves the anMur 

in Ex. 5? ^ 

7. What is the locus of all houses one mile from your schoi . n ii> ■ 

8. The locus from two 

is the pair of lines liisccting tht‘ angles formeciby the lines. Shem how 

this theorem follows from § 256. 
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9. Find experimentally the locus of points which lie inside a circle 

and are equidistant from two points on the circle. 

Determine experirnenmy the following loci. No proof u required. 

10. A dime rolls around a half dollar, the edges of the coins always 
touching, Ti hat is the locus of the center of the dime? 

11. A six-inch ruler moves so that its ends always are on two adja- 
cent edges of your paper. Find the locus of its mid-point. 

12. Draw a circle with a diameter of 5 in. Mark a three-inch seg- 
ment AB on the edge of a piece of paper and mark its mid-point ¥ 
If the segment moves so that A and R always lie on the circle, indicate 
by a dotted line the locus of .¥. IITiat does the locus seem to be? 

13. Determine the locus of points 2 in. from a circle of radius .5 in. 
Be sure you have the complete locus. 

14. Determine the locus of the mid-points of radii drawn in a given 
ci,rcle. Can you prove it? 

16. Segments terminated by two sides of a triangle are parallel to 
the base. Determine the locus of their mid-points. 

16. Segments termina^jl by the non-parallel sides of a trapezoid 
are parallel to the bases. Determine the locus of their mid-points. 

17. Determine the locus of the vertex of a triangle whose base is 
6 m. and whose median drawn to that base is 2 in. 

266. Intersection of loci. It is possible to have a point 
or points which lie on two loci. 

EX.MPLE, — Find the locus of points equidistant from two 
given mtersecting lines and also § in. from a given point. 

Given: Intersecting lines, I and 1' and point 0. 

Required: The locus of points equidistant from I and /' 

■ and 'I '111., from, 0 . . . ■ ■ 

SoLOTiON. From § 257 you know that the locus of points 

equidistant from the two intersecting lines I and V is the pair 
of lines shown m each of the figures. From § 252 you know 
ttot locus of points | in. from the point 0 is the circle 
mth 0 as center and radius | in. These circles are indicated 
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in each figure. In general the two loci intersect in the four 
points P, Q, R, and S shown in Fig. I. The other figures 


show that there may be (dependent on the relative positions 
of I, r, and 0) three (Fig. II), two (Fig. Ill), one (Fig. IV), or 
no (Fig. V) points common to the two loci. 







6 

. , HI 
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4. Find the locus of a point equidistant from the sides of an ati'de 
and equidistant from two given points. Can there be no solution’’ 

5. Find the locus of a point equidistant from two given para'ilel 
lme.s and also equidistant from the sides of a given angle. 

6. Given three points A, B, and C. mat is the lo'eu.s of points 
equidistant from A, B, and C? Will there always be a locus’ 

^ 7. Pu-ates buried treasure 60 feet from a certain tree and SO feet 

from a certain straight path. Show how to locate the treasure 'When 
are there two po-ssible locations? Only one? More than two? 

8. If the treasure had been buried equidistant from a certain oak 
and a certain maple and 40 yds. from a certain straight road, show 
how to locate it. ' ' '' ' 


iA* points equidistant from two given poirits, 

0. Find all points on a given circle equidistant from two eivP!i 

11. Find all points which lie on a given line and are equidistant 
trom two given intersecting lines. 

12. ^ What is the locus of points 2 in. from a given line and equidistant 

from two parallel lines? i ■ 

13. What is the locus of points equidistant from two intersecting 
Imes and 3 m. from a given point? 

. equidistant from two parallels and 

also equidistant Ironi two intersecting lines? 

points equidistant from two given points 
ana also at a given distance from a given line? 

solution and proof of locus problems. 

1 he following step.s are necessarj' to solve a locus problem : 

1. J^cate experimentelly a sufBcient number of points 

to mdicate the kind of a figure formed by the locus. 

2. Accurately state this in the form of a locus theorem. 

3. Prove that your statement is correct by proving: 

a. All points on the locus satisfy the requirements, and 
0. All points which satisfy t^e requirements are on the 
locus or by proving: 
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c iii points on ilte locus soiisfy the reqnmmmis, anti 
6. A point which doe, mi satisfy the requtremets 

does not lie on the locus, 

A locus problem can frequently be proved by stating 
one of tbe fundamental locus theorems. 

EXERCISES 

(Optional) 

'■ t vS'icioft SI*; 

a fixed point A on a circle whose cen er i- *Kr. 

■nr'nv through .1 a number of chords, indudiiig 
SCGGESTION. — Diaw . , „ . , { Cun you prove 

diameter. Locate accurate > _ c ^ ^ ^ I jgg gnj | 260. 

that the locus is a circle with AO as diameter. 

3. Wl.at i. tta l«o«. ot a. mid-point, of .11 chonl, d„.-. throu,., 
. fi»d point P ttithin a or* n.- 

Suggestion. — Draw a number diameter. Is the locus a 

diameter and the chord perpendicular to the diam.t- 

eirele with diameter OP? 

Theorems about Concureekt Lines 

268, Three or more lines M^hich pass through the sam 
point are said to be concurrent. 

269. The perpendicular bisectors of the sides 

angle. WTiv will the perpendicular bisec- c 

to?s of two sides of AABC. such as p ' 

and q, meet (Post. 15)? _ ' 

If p and q meet at a point " -*4 

and C’? Then why trill r pass through C . 
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Pkoposition 5. Theokem 


2f0. B. The perpendicular bisectors of the sides of a 
triangle are co?icurrenL 

a 



Given: Triangle ABC\ with p, q, and r perpendicular 
bisectors of the sides. 

To prove: p, and r are concurrent. 


Plan: See § 184. 

Proof: Write the proof. 

271. Circumcenter. • The point of intersection of the 
perpendicular bisectors oi the sides of a triangle is called 
the circumcenter of the triangle. It is the center of the 
circumscribed circle. 

Ex. 1. If a polygon is inscribed in a circle, are the perpendicular 
bisectors of its sides concurrent? Wliat is the common point of in- 
/tersection? ' ' 

272, The bisectors ■ of the angles of a triangle. Why 
will two of the bisectors, such as p and 
intersect, say in a point 0? How do we 
find the distance from 0 to the sides of the 
triangle (§ 99)? Are these distances equal 
(§ 256)? Then why mil r pass through 0? 


Can you prove that the bisectorsrof the angles of a triangle 
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Proposition 6. Theorem 


The bisectors 


Triangle ABC, with p, q, and r bisecting, aiiglfc 
C, respectively. . 
e; e* and r concurrent. 


two angle bisectors, such as, p ana g, 
Then show' that, since the perpendicii^ 
id OR are all equal, 0 lies on r. 


Plan: Sho^ 
intersect in a 
lar distances < 
Proof: ^\r 


: 3 in., and BC — 
(\ and, as in the 
ith 0 as a center, 
circle. Can you 
this circle? 
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Construction XVI 

274. To inscribe a circle in a given triangle. 

Given: Triangle. ARC. ' 

Required: To inscribe a circle in 

liABC. A 

Hint. — Is poi.nt O, the intersection of 'lA 

two of the angle bisectors, eqmdistant 
from AR, AC, and RC? ) 


275. Lncenter. The point of intersection of the bi- 
sectors of the angles of a triangle is called the incenter 
of the triangle. It is the center of the inscribed circle. 


EXERCISES 

1. Draw an obtuse triangle and inscribe a circle in it. 

2. ,0,is the incenter of equilateral triangle ARC. Inscribe a drc.le 
in each of the triangles OAR, OAC, and ORC. (Take AB = 3 in.)' 

3. Where do the perpendicular bisectors of the legs of a right tri- 
angle intersect? Prove it. 

Hin't. — See § 1 '>3. 

4. Prove that the perpendicular bisectors of the four sides of a 
rectangle are concurrent. 

c 

5. In A ARC, bisect the exterior angles at A and /\ 

R. With 0, their point of intersection as a center, and ^ /^\b 
a radius equal to ± OP, draw a circle. Prove that this 
circle is tangent to AB, and to CA and CR produced. / V, 

It is called an escribed circle and its center is called an ' ^ 
excenter of triangle ARC. 

6. ^ Draw an ecpiilateral triangle and constract its inscril)efi circle 
and its three escribed circles. (See Ex. 5.) 

*7. Draw a triangle Let A, R, and C be the mid-points 

of sides BT% C'A% and A'B% respectively. Show that the per|xm- 
dlcular bisectors of the sides of triangle '^ATi'C' are the altitudes A 
triangle ARC. 
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Proposition 7. Theorem 
276. B. The attitudes of a triangle are concurrent. 



i ■ 

! Given: Triangle ABC with altitudes p, q, and r. | 

i To prove : p, q, and r are concurrent. j 

of A-4'B'C' are drawn parallel to the sides 
oiTaBC Trove that the altitad* of A.IBC arc the par- 
pendicular bisectors of AA'B'C'. 

277. Orthocenter. The point in which the altitudes 
of a triangle intersect is caUed the orthocenter. 

EXERCISES 

1 tVhy will any two medians of a triangle intersect? 

2 ’. If E and D are the mid-points of AC C 

and BC, respectively, ED is equal to half ot 

what jY _ _vo_ you 

T P»va M-V, and h„ce t™, Ea. :f provo that MADE I- a 
'T' iS”dE ia a 

f.V aad itDJi I47>? _ ^ BO . oil - -V.l. 1»« do »v 

6. Since EG = DA — -Nn, an 

two mcKlians of a triangle divide each other. \th> > 

median from C will pa.ss through U. 




Proposition 8. Theorem 


T riangle A BC, with medians p, q, and r 
e: p, q, and r are concurrent in a point 
• I AE, BO = I BD, and CO = | CF. 
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278. B. The medians of a triangle intersect in a point 
which IS two-thirds of the distance from any vertex to the 
mid-point of the opposite side. 


EXERCISES 

1. Prove that the m^ian of an equilateral triangle bisects the angle 
at the vertex, is an altitude, and is the perpendicular bisector of th(> 
base. . e 


Plan: 1. Suppose any two medians AE and BD intersect 
at 0; bisect AO at M and BO at -V and prove that MX ED 
is a parallelogram, and that 0 is the mid-point of ME and XD. 
Then AM = MO = OE and BN = NO = OD. 

Similarly it can be shown that median CF intersects median 
AE&tO. 

Proof: Write the proof in full. 


279. Center of gravity of a triangle. The point in which 
the medians of a triangle intersect is called the centroid 
or center of gravity of the triangle. 
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2. Prove the theorem in § 278 by the follow- 
ing construction; Show that medians AE and 
BD iotersect at a point 0. Then draw CF 
through 0, meeting AB at F, and produce 
it to G, so that OG = CO. Draw AG and BG. 

Show that AGBO is a parallelogram, and 
hence that AF = FB. (See § 147.) 

3. If 0 is the orthocenter of A ABC, prove that A is the orthoeenter 
of ABC'O, B is the orthoeenter of AACO, and C is the orthocenter ot 

A ABO. ’ 

Exercises 4-9 refer to triangle ABC, in 
which M, N, and P are the mid-points of 
the sides; AD, BE, and CF are altitudes 
and 0 is the orthoeenter; J, K, and L are 
the mid-points of AO, BO, and CO, re- ^ 

^ 4. Prove that MK and PL are parallel to AO. Sinudarly show that 
M/ and NL are parallel to BO; also that ^K and P. are para - 

to CO, 

Hikt. — Recall § 154. ^ ^ , , ' 

6. Prove that Z NMJ is a right angle by showing that it is equal to 

lAEB. .rr i 

Hint. — TiTiy is MN \\ AC? See § lib and Ex. 4. 

.Uso show that ^ PNE and MPL are right angles. 

*6. Prove that MJLN is a rectangle. Also prove that A: • a i 

KLPM are rectangles, 

*7. Prove that the diagonals of the rectangles in Ex. 6 ( JA , LM, and 
KP) are equal and are concurrent in a point H. 

*8. a. Prove that a circle with H as center and J.\' as diameter can 
be drawn through points M,N, D, and J. 

SCQGBSTION. — Recall 1 260. i-o „ . can 

h. In a similar manner show that a circle on A/ a> 

be drawn through points N, f - he drawn through 

€, Sliow that a circle on mL as aiametf^r can - 

points F, F, M, and L. 
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*9, III Ex. 7 it is sho™ that JN, ML, and KP are equal and eoii- 
ciirrent in a point H, Using the results obtained in Ex. 8, show that 
a circle with H as center can be drawn through points M, M, P, D, 
P,, F. J, K, and L. , This circle is called the nme-jmint circle. 

Construction XVII 

280. A. On a given segment as chord construct an arc 
of a circle in which a given angle may be inscribed. 




Given: Angle C and segment A 5. 

Required: Construct an arc of a circle on AB as chord, so 
that eveiy angle inscribed in the arc shall equal angle C. 

Analysis: Suppose Fig I represents the completed construc- 
tion, and that any angle inscribed in A'C'B^ will equal ZC, 
Since the circle passes through A' and its, center will be 
equidistant from A' and J5' and mil lie on what .line (§89)? 

If is tangent to the circle at B', how does ZAlfD^ 
compare with ZC'? Will a perpendicular to D'.B',at B' pass 
through the center of the circle? 

Construction: At B wnsLmct ZABD ZC:i Then con- 
struct 3fA, the perpendicular 'bi,sector of 'AB, At . B construct 
BP ± DB and intersecting MN at 0 (Post. 15). 

^ ^ CV iiistruct a circle with center 0 and radius OA, Then 
AC Bin the required arc. . ' 

Proof: Write the proof in full. 



These construc- 
lave had. Some 
. Before doing 


EXERCISES 

1. Construct a triangle ABC, given a t 


Plan: AA'B'C' represents the sketch tj.e o 
Side A'C' is produced to D' so that AD h 

B'D' is drawn. _ , . 

AA’B'D' can be constructed 
and the included angle. Since AB C • • ^ 

from B’ and D'. Hence the perpendicular hi. e. 

point C. 

2» Construct a right triaiigi^? ghen an 

t ’S-lruc. a rW.t triB.sI., 8™ >«»'' 

nuse and the altitude to the hypotenuse. 

_ Why are C and C' vertices of the require 
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,6. Gonstract a triangle, having given a side and 
the altitudes to the other two sides. 

Hint. — On AB as hypotenuse construct right tri- \ 

angles and A'BW. ' B' 

6. Construct a triangle, having given a side, the altitude to the 
given side, and the radius of the circumscribed circle. 

Hint. ~ Draw the circle, first and then draw the given side a chord in the 
circle. 

7* Construct a parallelogram, given a diagonal and two sides. 

*8. Construct a triangle, having given the medians. 

Recall § 27S and see Ex. 2, § 279, using the figure of this exercise for 
analysis and discuss how to constmct the 
triangle. D 

9. .Construct an isosceles triangle, //\\ 

having given the perimeter and the alti- / \ \ 

tude to the base. \ 

Analysis, — If a is the given altitude, A B A E C F B 

the given |:>fMi meter, and DEF the required 

triangle, then BE ~ AE and DF = BF. How, therefore, are E and F 
located? 

Make the constructions and write the construction and proof in full. 

10. Construct a circle with a given ^ c 
radius and tangent to the sides of a given 

Analysis. — If r is the given radius and / Ir 

A ABC the given angle, the center 0 must L_^ 

be on a line parallel to AB, at the distance r 

Imm ABf and also on the bisector of Z ABC, and hence is their intersection. 
Make the construction, and write the construction and proof in Mi. 

11. Construct a circle tangent to a 

given arc and to the sides of the central ^ 

angle which intercepts the arc. 

Akali(',sis. — To W'hat point of AB is T^\ 

Kwlius CD drawn? How is EF drawm? 

How are |x»mts E and F located? Then 
the circle is inscribed in A»EFC. '' '' ' 
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12. Construct within a given square four equal circles each tangent 

to two others and to two sides of the square. 

13 . Construct a circle with given radius tangent to a given circle 
and to a given straight line. 

— If a circle with radius r be tangent to circle 0, what is the locus 

S i. W «• of . oW. .-.fb »d.u, r 

tangent to a Une 1? Find the intersection of these loci. 

14. Construct a circle with given radius which shall be tangent to 

two given circles. 

*15. Construct three circles each tangent to the other two, with the 

vertices of a given triangle as centers. 

.U-. 4 LYSIS. — If.x, y, and z are the required 

radii, , l n\ 

X + y ^ 0 {D 

X' z = c (2) 

y z =0 (3) 

Solve for x, y, and e. See Review of Algebra for 
“Sethe construction, and write the complete construction and proof. 

*16. Construct a circle which shall pass through a given point and 

be tangent to a given circle at a given pomt. 

*17. Construct a circle with given radius which shall pass through a 

given point and be tangent to a given circle. 

* 1 R Tbrnuah a given point draw a straight line cutting a given circle 
*18. lliiough a gnen poi t j 

so that the chord intercepted on it bj tlie tirue i 

*'*rr Construct a circle which shall be tangent to a given drde and 
to two equal chords of the given circle. 

*20. Through an intersection of two given circles draw a segment o 

given length terminating in the two circles. 

Hint. -I f 0 and 0' are the 

intersection, on 00' as hypotenuse . . ^ Unp , (fC and 

or equalto half the given segment. Ihrough A draw a i 

termmated by the circles. 
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*21. Comtnict a chord of given length in a given circle .which, I 
extended, intersects a 'given line outside the circle at right angles* 

; *^22. Gonstruct a chord of given length in a given circle parallel to a 
given line outside the circle* 

*23. Co,nstruct a chord in a given circle at a given distance from the 
center which, if extended, makes a given angle with a given line. 

*24. Prove that the circumcenter of a triangle is the orthocenter of 
another triangle formed by joining the mid-points of the sides of the 
first. 

*26. The cii'cle through the mid-points of the sides of a triangle passes 
through the feet of the altitudes of the triangle. 

283. Summary of the Work of Unit Five. In this unit 
you have learned about: 

L The measurement of angles in circles by means 

of their arcs. 

L A central angle is nieasured by its intercepted arc. 

2. An inscribed angle is measured by half the inter- 
cepted arc. 

3. A n angle formed by a tangent and a chord drawn 
to the point of contact is measured by half the 
intercepted arc. 

4. An angle formed by two chords intersecting uilh- 
in a circle is measured by half the sum of the 
intercepted arcs. 

5. angle formed by two secants, by a secant and 
a tangent, or by two tangents, intersecimg out- 
side the drcle is memwed by half the difference 
of the interhepted arcs. 
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II. The locus of points which satisfy some given con- 
ditions. 

In solving a locns problem you have learned : 

1. Get a general idea of the form of the locus by 
locating a sufficient number of points. 

2. Accurately define what the locus is. 

3. Prove the correctness of your statement in l2). 
This is done when you prove: 

a. Every point on the locus satisfies the given 
conditions; and either 

b. Every point satisfying the given condtitons 
lies on the locus; or 

c. A point which does not satisfy the require- 
ment does not lie on the locus. 

III. The fundamentallocus theorems. 

1 The locus of points at a given distance from a 
■ given point is a circle with the given point as 
center and with the given distance as radius. 

2. The locus of points each equidistant from two 
given points is the perpendicular bisector of the 
segment connecting the points. 

3. a. The locus of points equidistant from the sides 

of an angle is the bisector of the angle ; or 
b The locus of points equidistant front two 
■ intersecting straight lines is the pair of lines 
bisecting the angles formed. 

4 The locus of points equidistant from hvo paralk 
■ lines is the line paralU to each of them and mid- 
way between them. 
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0 . The locus of points at a given distance from a 
given line is a pair of lines, one on either side of 
the given line, each parallel to the given line, 
mid at the given distance from it. 

6. The locus of the vertex of the right angle of a 
right triangle having a given' hypotenuse is a 
circle having the given hypotenuse as diameter. 

7 . The locus of the vertex C of a triangle with a given 
base AB and given angle C is the arc of a circle 
in which ZC can be inscribed and which arc 
has AB as chord. 

IV. Concurrent lines in a triangle. 

1. The perpendicular bisectors of the si.des are 
concurrent at the center of the circumscribed 
circle (circumcenter) . 

2. The bisectors of the angles are concurrent at the 
center of the inscribed circle {incenter). 

3. The altitudes of a triangle are concurrent (ortho- 
center). 

4. The medians of a triangle are concurrent 
(centroid, center of gravity ). 

^ . Constructions. 

1. C onstrucl a tangent to a circle from a given outside 
point. 

2. Inscribe a circle in a triangle. 

3. Construction a given segment as chord, an arc 
of a circle in which a given angle can be inscribed. 


2(>1 



A2sGLES, AKUS, AiNJJ 

review of unit five 

Sec if you can answer tiie qitestions in the folhwau/ extern s. 1) you 
a e in doubt look up the secUon to which reference :s made. 7 j 

Zi section before takvui the test. The references y^ren ar,. ■ 

(hsehj related to the exerase. 

1 . State any additional ways you have learned of proving angles 
equal; of prolong arcs equal. §§ 241 248. 

2. Give all the theorems about the measurement of angles nhith 
intercept arcs on a circle. 23/ j —41 >.4'I. 

3. What do we mean when we say a central angle has ihe .unf, 

nifiasure as its intercepted arc? §23/. 

4. Distinguish between an angle degree and an arc <k;grcf:. •!§ 2"-', 

236. , ■ 

6. Do the incenter, orthocenter, and circamcenter of a triangle e« r 
coincide? §§271,275,277. 

6. How many arcs does a chord have.^ § IS/ • 

7. Can two lines be said to be concurrent; § 26S. 

a 1. the petal ot tate.«etio. rf the W;y»r. oI the ««/'«- « 

triangle ABC equidistant from .4, B, and C. 

9. How many chords may be drawn from a point on a tirele? H«w 
inanv diameters? How many tangents., 

10 If two circles are unequal, can they have arcs containing ih, 

-amc number of arc degrees? Canthearcsbeniadetoconu ule. 

11. If two unequal circles have equal central 
intcre/'pled arcs compare in are degrees. Do you thmk .. 

liavf.* tbe same length? § 236. 

' (Zvifiplete ihc following 

12. An iiiseril)ed angle ..... | 24L 

13 . An angle inserihed in a senueircle . . . . . I 

14. An angle fonned by two secants ..... 

16. An angle .formed by two 
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, ' 16. ' An .angle formed by a tangent and a aecant § 248. 

'17., An' angle formed by a tangent and a chord' § 240,' ■ 

18. Am angle formed by two intersecting chords ..... § 246. 

■ 10. The perpendicular bisectors' of the sides of a triaiio-Ie 
§270. ' ^ 

20. The bisectors of the angles of a triangle ..... § 273. 

21. The altitudes of a triangle ..... § 276. 

22. The mediaris of a triangle ..... § 278. ■ 

23. What is tlie orthocenter of a triangle? The center of ■£ravitv‘> 

§■§277,279.', ■' ‘ 

24. What is another name for the center of gravity of a triangle? 
§ 279, 

26, In what kind of a triangle do the centroid, inceiiter, circufii- 
center, and orthocenter coincide? 

26. are the steps in proving a locus theorem? § 251. 

27. What are the steps in making a construction? § 232. 

28. State the seven fundamental locus theorems. § 283 - III. 

NUMERICAL EXERCISES 

L A central angle of a circle is 35° and its chord is 3 in, long. How 
does this chord compare with the chord of a central angle of 70°? 
Show that the second chord is less than twice the first, 

2., The ...diameter of a circle is 6 in., .AVhat. is,^4he tength of the' 
radius? Of the longest chord in the circle? 

3.. .. How, many tangents, can be drawn to a circle, from a point 
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7. Radii OA and OR are perpendicular to PA and PR, respectively. 
If PA is 8 in., how long is PR? 


8. K / 1 is 30°, how many degrees in DR? 

9. If AB is 110°, how large is Z P? 

10. If APR is 245°, how large is Z 0? 

11. If AR is 100°, how large is Z PRA? 

12. If AB is 55°, AO is a diameter, and RD is 40° 

а. How many degrees in Z P? 

б. How many degrees in Z 2? 

c. How many degrees in Z 1? 

d. Is AD 11 PR? 


\ 




general exercises 

1. The bisector of an inscribed angle bisects the iritereepfced are- 
% The bisectors of all angles inscribed in ,a given are of a cireie are 

3. If a circle is drawn with one of the equal sides of an isosceks 

triangle as its diameter, it bisects the b^e. ^ 

4. A parallelogram inscribed in a circle is a reel- X 

If ABCD is an inscribed square and M any I 1 

point on AR, then MC and MD trisect (divide into 

“T “SlTS within . cit.1. nt ^ve .!». 

ARCM and AADM are mutually equiangular, that is, the angles 

of one, respectively, equal the angl^ of the other. 

7. Chords AR and CD extended meet outside of a circle at . . 
Prove ABCM and AADAf mutually ^uiangtdar. 

8. If an angle is greater than the inscribed angle 

of a circle which intercepts the same arc, ite vertex is rh-iA \ 
within the circle; if it is equal to the insenW angle 
its vertex is on the circle; and if it is ess lan 
inscribed angle, its vertex Is outside of the circle. 

BnooESTioN. - In each case find the measur^ of the angle. 
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9. Draw a large figure like the one shown, 
circle about 2 in. and the distance PO about 
4 in. From P draw the tangents PA and PB, 
the secant PCD through 0, and a number of 
other secants like PCD', Mark the mid- 
points of PA, PB, of each .secant PD' and of 
each external segment PC'. What does the 
locus of the mid-points seem to be? 


Make the radius of the 




10. Two circles are tangent internally at A. Any 

two chords ABD and ACE are drawn, cutting the 
circles at B, D, C, and E, as in the figure. Prove 
DE li BC. 

11. Is the statement in Ex. 10 true when the circles 
are externally tangent? Prove it. 

12. If two circles intersect and a straight line is 
drawn parallel to their common chord and cutting 

both CH-eles, the segments of the line intercepted between the circles 
are equal. ^ 

13. A chcle is drawn with the radius of another circle as its diameter. 
Through A, their point of contact, any chord AB of the larger circle is 
draTO, intersecting the smaller circle at C. Prove that C bisects AB. 

14. Show that the locus of the centers of all circles tangent to a 
given circle at a given point is the straight line determined by the 

given pomt and the center of the given circle. 

Hikt. — What two things must be proved (§251)? 

16. Wliat is the locus of the centers of all circles with a given radius 
r and tangent externally or internally to a given circle? Prove the 

16. If two circles are externally tangent and a line is drawn through 
le iKjiiit of contact mtersecting the circles, tangents to the circles 
at the points of mteraection are parallel. 

SDuaEWTioM. — Draw the common internal tangent. What is the 

relation between the angI4 formed? 
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17 . What is the locus of the Tertices of triangles having a :giveii 
har-e AB and a vertex angle of 45®? Wliat is the locus of the vertices 
.of triangles having a given base AB and a given vertex angle? Trove 
answer. 

IS.. Construct a right triangle, given the hypotenuse 'and the sum. 
of the legs. , 

,T9. Prove that the locus of the middle points of all of the equal, 
chords of a circle is a concentric circle. 

*20. Prove that the locus of the mid-points in Ex. 9 is a circle with 
radius | OC and with center O' at the mid-point of MM\ wLere M 
and dJ' are the mid-points of PD and PC, re- ; 

sf^ectively. 

*21. Two circles intersect at A and P, and CD 'l j 

is any line segment drawn through A termi- V. "“■'x''' , y 

iiating in the circles. Prove that A DEC is, 
constant (has the same size) for all positions of CD. 

Hint. — AC and D have the same measure as what arcs? 

*22. Through A, a point of intersection of two equal eircles, two 
line segments BC and DE are drawn, terminating in the circles. Prove 
the eliords BD and EC equal. ^ 

*23. If the opposite angles of a quadrilateral 
are supplementary, a circle may be circumscribed ^ ' \ 

about it. I |... I 

Suggestion. — Draw a circle passing 'through , yj 

A, B, and C\ and prove by the indirect method ^ 

that it passes through D. There are two possi- 
bilities: D is either on the circle or it is not. If it is not on the circle wc 
have (1) jD is outside the circle, or (2) D is inside the circle. Show that in 
(Ij and (2) Z Disnot supplementary to ZB. 

"*"24. A circle can be circumscribed about 
an isosceles trapezoid. ■ ■ 

*2§. Circles are drawn tangent to a 

given line at the same point of it. From / \ 

another point of the line tangents arej | -y j | 

drawn to all of the eircles. Prove that \ V / J 

the locus of the points of contact of 
these tangents is a circle. 
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"^26, An important problem in . marine suryeying is to deterii 
position P of a boat from wbieh soundings are being made 
coast. The boat moves from place 

to place, and it is necessary to C 

locate these positions on the chart. 

Three stations, A, B, md C, are 
located on the shore. Angles x 
and y are observed from the boat. \ 

A, B, and C are located on the 
chart. P is located on the chart 

by the intersection of two circles, one passing through A and B , 
other through E and 0. Show how to locate their centers £ 
that Z ;r = 40*^ and Z ?/ = 70°. (See i 280. ^ 
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4 Prove that the center of my circular object mar be located by 
'.means of a carpenter's square by the follow-. ' * 

ing method: Laj^ the square on the object, 

Mth the heel at the rim, and mark the points \ ' 

' A .and B where the blades cross the rim. Now, 
by placing the blade of the square ■ on ■ A and B, ^ 
find the middle , point . of AB. That is the .■ 

center. 

'.E. In railroad suwejdng, , curves are kid out by turning off effiial 
angles and setting stakes e^^ein^ 1(X)- ft. If the q 

mrve begins at A,. Z BAP k turned of .from 'the. . p/ 
tangent. 'A P and. . A E. m.easured . 100 ft, then /\ 

Z CAE. is turned off and EC measured 'IIB ft., " '/ 

etc., the p.rocess. being continued until the cun^e ■ . / 

ends ill the tan,gerit DP at E. ..Since the curve k 

to be an arc of a circle, prove, that. ZBAP^ ^ r- .A/) 

ZCA..E, etc.,, must be made equal, and thalpeach must equal one l-iall 

the central angle of a lOO-ft chord. . 

6. In Ex, 5, ZDPQ is called the intersedim angle, and ZBAP^ 

ZCAB, etc., the defieciimi angles of the ^ 

curve. Prove that the intersection angle 

ecpals twice the sum of all the defection 

angles at A. Show that the intersection ' — ^ 

angle has the same measure as the central 

angle of the curve. 

7. Draw the cmneding mrm of given 
radius r at the intersection of the eurlB' of 
two given streets, 

a. In laying out a switch on a raii^md track, a “ frog • ' is used at 

the intersection of the two rails, to allow 

the fianges of wheels rolling on one rail to 

cross the other. If one track is straight J 

and the other one curved, prove that the ^ 

angle / of the frog equals the central angle c 

of the curve. (Note that // is formed 

by the straight rail and the tangent to the curved rail at the point 
where the two rails criMs.) 





270 ANGLES, ARCS, AND CONCURRENT LINES 


A is a tangent, and Z P is 7 


271 
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7, (Fig. II.) K AC is .30“ and DB is 50“, how large is Z 1? 
s' fFi». Ill) AC is a diameter of circle 0 and l^ABC i~ i-o.-eck*' 
( iC= BC). AB intersects the.circle at D. li /. B - i50“, how large 


AD? 


How many df‘grees 


9. A cliord of a circle is equal to tlie radius. 

ill the iiiajor arc of the chord? § 238, Ex. o. ^ ^ ^ ^ ^ 

10.' How many lines can you draw, aU points oi which are 4 in. 

troinan indefinitely extended line AB? § 2.59. _ . ,, , 

11 mat is the greatest po.ssible number oi points m_ the locus 
of points 2 in. from a given point P and also 1 in. from a given hue L 

12.” The base of a triangle is the fixed segment AB and its altitude 

is 5 in. How many such triangles can you draw? i,2o9. 


TEST TWO 

True-False Statements 

If a datment u always true, mark it so. If not, replan each icord in 
i^nUrs by a word which will make it a trm statement 

LA. .ngl. made by sect, drawn to a drde ttom an exter- 
nal point is measured by half the mm of the mleirep e.1 anj. >2*5. 

2 4 circle mav be inscribed in an otee triangle. jj-iA ^ 

3. The locus of the vertex of a right triangle 'nth ^ f hypote- 
nuse is a circle ^ith the hypotenuse a.s its diameter.^ 

4. The altitudes of a triangle are concurrent m a point 
the distance from one vertex to the mid-pomt of the opix).^ 

^ ”' 5 .' The locus of a point 3 inches from a given line is one .straight 

Thtangle between two tangents intersecting outside tbe circle 

is measured by half the sum of the intercept^ ares. § ^ • 

7. 2 Vn angle inscribed in an arc greater than a semicirdeis an acute 

”t' S n,.y be ... m.to .h» /«» I»»« 

given points A and B and at the same time 3 mches from a gntn poi 

P. §§252,254. 




All angle inscribed in a 
semicircle. § 243. 

Complementary arcs. 

,§238. 

An arc degree. § 236. 

An angle formed by two 
tangents. § 248, 

An angle formed by two 
intersecting chords. § 246. 

An angle formed by a tan- 
gent and a chord drawn to 
the point of contact. § 245. 

The point of intersection 
of the angle bisectors of a 
triangle. § 275. 

The point of intersection 
of the perpendicular bi- 
sectors of the sides of a 
triangle. § 271. 
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9. The point of intersection of the angle bisectors of a t.riangle is 
the center of the imcrihed circle. § 275. 

10. The' po,mt of intersection of the altitudes of a triangle is called 
.theorthoeenter of the triangle. '§277. - 
' ii. A circle can be circumscribed about a quadrilateral if, and only 
if, the opposite angles are siipplementary. Page 267, Ex. 23. 

,12. The locus of the mid-points of parallel chords of a circle, is the 
diameter pmalM to the chords. § 195. 


TEST THREE 


Matching Exercises 

Under B a brief description is given or a comment is made about the 
partial statements under A. Match them correcUy, 


B 

1. Is measured by half the sum 
of the intercepted arcs. 

2. Is a pair of ' lines bisecting 
the angles formed. 

3. Is a right angle. 

4. Are three or more lines which 
have a point in common. 

5. Is called the circumcenter. 

6. Is a circle. 


7. Is an arc which is one 
ninetieth of a quadrant. 

8. Are two arcs whose sum is a 
quadrant. 
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The locus of points equi- f J " 

distant from two inter- ferenee of the mtero 

meeting lines. §257. arcs. ^ ^ 

The locus of points at a 10. Is measured by one ha 
pven distance from a given mtercepted ar ,. 

line. § • +a of a 11 Is a pair of lines para' 

The locus of points at a • _ ^ ^ 

distance d from a gn e distance from it. 

pomt . § -0 • Is called the incenter. 

Concurrent lines. § 2f)S. i.-. 

CUMULATIVE TESTS ON THE FIRST FIVE UNITS 

test four 

Ntiincrical Exercises 

‘f the angles of a pentagon? 


1. is the sum oi 
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^ 10 . In triangle ABC, AB = 8 in, and AC = 6 in. Side BC mmt 

be greater than what value? . § 175, Ex. 9, 10. 

11. Ill Ex. 9, if AC — 8 in., how large is Z A? § 161. 

t2. A parallelogram has a fixed base AB and an altitude of 2 in. 
Mow many such parallelograms can you draw? 

TEST FIVE 
True-False Statements 

If a statement is always true, mark it so. If not, replace each ward in 

ttmm by a word which will make it a true statement 

1 . The diagonals of a parallelogram bisect the angles. § 147 . 

. !; diagonals of a rhombus are perpendicular to each other. 

g l , liiX. 1, 

|l/l' opposite angles of a parallelogram are mpplmentary. 

f “ the sum of the interior angles of a polygon equals the sum 

01 the exterior angles, the polygon is a qimdrilateral. §§ 133 ^ 134, 

drawn t triangle equals twice the median 

drawn to the hypotenuse. § 159 . 

6. If the sum of two angles of a triangle equals the third angle, 

the tnangle is a right triangle. § 125 . ^ 

7. If a statement is true, its converse is always tme. § 74, 

9. 1 he diagonals of a rhombus are equal. § 162. Ex. 6. 

§ 172. ^ ^ 

AL Zt" ^"0 cut by a transversal, the two interior 

angles on the same side of the transversal are complementary. § II 5 , 

ehJrrVr!® '‘"f, mid-points of two equal 
enord., passes through the center of the circle. § 197 . 


I 
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TEST SIX 

Multiple-Choice Statements 

From the expresdons printed in iMics select that om which best. 

oMes the statemnL 

1. Complementary angles are angles haring 1^5% adjacent < 

angles whose sum is 90°. §38. 

2 The locus of points at a given distance from a given 
is the center of a circle, a circle with Us center at the given pent, 
piit/licidar bisector. §252. 

3 The number of triangles that can be constructed on i 
hJcAB with an altitude of 4 in., is one, two, as many as gou 

§259. _ 

4. An acute triangle is a triangle having om, tm, three 

angles. §30. _ _ 

6. The sum of the angles of a hexagon is 360 , 600 , 7M . 

6 The circumcentcr of a triangle is the point of inU rsettio 
mxdkms, angle bisectors, perpendicular bisectors of the sides. § - 

7. The converse of a theorem is smmtimes, alwags, never true 

8. The indirect method of proof is fluently used b 
aiimm, the converse of a theorem, coroUanes. § 101. 

9 \ triangle cannot be constructed unless tbe sum tw 

sidifa e,-! (1 «'»'”• ' 

10. Eoch onsle ot . nsular t.elv«ided polygo. cont.„ 

13S^ 1 

11. The sum of the exterior angles of any polygon b ISi 

you cannU tell § 134 . 

' 12 The point of intersection of the medians of a tnauf 

.2 « rircle, two-thirils the 

mid-poM of the oppodie dde, the ceiUcr of the arcumscnt 



Geometry in Nature 

4. Snow cryst-al 

5. Cross-sectioR of 

6. Spider web 


1. Milkweed 

2. A mollusk 
S. Starfisb 



UNIT SIX 

SIMILAR POLYGONS (BOOK THREE) 

Proportion and Similar Triangles 

284. Similar jfigures. When you look through a mag- 
nifying glass, you see an image larger than the object at 
which YOU are looking, but having the sarm shape I igures 
related as are the object and image are called similar 
figures. In order to study similar geometnc figures, 
hLever, we shall need a definition worded m mathe- 
matical terms. We shall denote the amount of mag- 
nification of the figure by means of a ratio. 

285. The meaning of ratio. The ratio of two quan- 
tities is the quotient of their numerical measures in terms 

of a common unit. _ n . 71 nr > 

Thus the ratio of U m. to 7 2 m. is I 5 • ^ 

The ratio of 1 pint to 3-| gallons is since there are - 

pints in 3| gallons. ^ a _ — . — 

In the figure at the right a common _ — - 

unit has been applied to segments a, 0 , 

c, and d. The ratio of a to 5 is of 

a to c is I; of c to d is |. We write the 

ratio of a to b as I or, with two dots, a ; b. 

286. Proportion. An equality between two equal ratios 

is called a proportion. - . l 

Thus in line segments a, b, e, and-d, the ratio of a to . 
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is I ; the ratio of c to d is Since | = |, we say that the 
four quantities a, h, c, and d are in proportion. That is, 


ip 

h 


ffrl 

-'ii 


¥ 


1 - 

V * 


287. Terms of a proportion. The terms a, h, c, and d 
are called the first, second, third, and fourth terms, re- 
spectively, of the proportion. 

The first and fourth terms are called the extremes and 
the second and third terms, the means of the proportion. 

d c • 

We may read the proportion ^ ^ in one of two ways; 

thas, “ the ratio of a to 6 is the same as the ratio of c to 
d” ; or, “ a is to & as c is to d.” Sometimes the proportion 
is written a : b = c : d. 

EXERCISES 

Note. — > Ec^fer to the review of algebra in the Appendix. 

1. What is the ratio of 3| in. to 1 ycL? 

2. What is the ratio of 1 ft. to 1 in.? 

3. Miat is the ratio of J right angle to 3 straight angles? 

State the extremes and the means in each of the following proportions: 


4 . ? = “ 5 6^5 6 7 i = l 

8 a » 9 20 5 4 S 

8-11. Solve^for the literal number in each proportion in Ex. 4- 7. 

Express each of the following ratios in simplest form: 

n. .3. li. a 15. a le. 

lo m — n 2| 7 3 

Find the mlue of x in each proportion: 

17 . 18 . "=1 19 . 20 . = 

h X XV a + n h j+3 7 

Fiml the ratio of the literal numbers if: 

21* 4n 22.^4 g == 8x 2X Zy 24, a = 1| 5 



SIMILAR POLYGONS 


279 



29. 3 a - 6 6 = 0 


27. mj = + jy) 


Find the ratio of a to b if: 

26. am = bn 26. = | 27. ay = h(x+ y) 

28. — = 29. 3a- 66 = 0 30. - = — |-r 

' Ji. x4 segment 18 in. long is divided into two parts, whose ratio is 
2 to 7. Find the length of each part. . 

32. Two complementary angles are in the. ratio of 1 to 5, How 
large is each? 

33. The acute angles of a right triangle are in the ratio 2 to 13. 
How many degrees in each? 

34. If the ratio of two supplementary angles is 3' to 7j*, how, many 
degrees in each? 

33. The angles of a triangle are in the. ratio of 1 to 2 to 3. How 
large is each? 

36. If^- = ^,whyB^^^=2? 

288. The formula for a proportion. The formula 

r - ^ can be considered a general statement of a pro- 
0 a 

portion. By writing this in different forms as in the 
exercises below, we shall discover some interesting 
theorems. 

EXERCISES 

1. If ? = T, then ad = he. To clear of fractions multiply both 

{) . ".£1 

sides by What axiom is used? 

2. From the result in Ex. 1 complete: If fotir iiumimrs are in 

prctportion, then tlie product of the — - is equal to the product of 
flip , (What are the first and fourth terms called? The 

.■ and third?) . 

3 ^ If = £ we know from Ex, 1 that ad — he. What do 

■ 'd .. 

get if both sides of tiiis second equation are divided by of? Prove 

, that if : f then .,2= ^ ■ 
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. ^ ',,4. Complete from the result in Ex. 3: If four numbers are in 
proportion, the. — - term is to. the third as the - — - is to the fourth. . ' 

5. By what must you divide both sides of ad = .bc to get ~ ? 

/a e 

From this result complete the statement: If four terms are in pro- 
portion, the second term is to the as the is to the • — 

€1, C 

6, If ^ = 2 ^ ~ what can you say about b and d? Wh.y? 

Complete: In a proportion, if the numerators are equal the — 
are equal. 

Note. -— The numerators are sometimes called antecedents and the 
denominators are called consequents. 

7. .If 5 = ~ and ^ what conclusion can you draw about d 

b d b X 

and X? Can you state the result as a theorem? 

8, See how many different proportions you can make by using 
the four numl>ers in the equation 3 X 8 = 4 X 6. You should get 
four. In how many of the proportions do you use 3 and 8 as means? 
3 and 8 as extremes? 

0. If ad = he, write two proportions using h and c as means and 
two using h and c as extremes. 

10. If you add 1 to each side of the equation | = f, do you get 

3 + .1 _ . 1'9 . . 

4 8 ' 

11 . Add 1 to each side of the equation | | Q-^id simplify. Do 

12* Can you prove What axioms do you use? 

(Begin by using the result obtained in Ex. 5. Then add 1 to lx>th 
sidaij.) 

IS. If I = I , prove that == £_^ . Give a numerical example. 

14. If 2 « £ prove that = — . . j , 
bd a c 


SIMILAR POLYGONS 281 

289. Fundamental theorems. The results obtamed 

iB § 288 are used so often we shaU express them as 

theorems. . 

1. In (my proportion, the prodmt of the meam equals 

the product of the extremes. (Ex. 1, 2) _ 

2. In any proportion, the first term is to ® 

the second term is to the fourth. (Mternation) ^x 3, 4) 

3. In any proportion, the second term is to the first as 

the 'fourth is to the third. (Inversion) (Ex. 5) ^ _ 

4. If the two numerators of a proportion are equa ., 

denominators are equal. (Ex. 6) 

5. If three terms of one proportion are equal, respectively, 
to three terms of another proportion, the remaining terms 

ave eouah (Ex. 7) i i # 

6 If the product of two numbers is equal to the product 

of two other numbers, eUher two may be the means in 
a proportion in which the other two are the extremes. (Ex. 

P. In a proporto, «« »/ T", “ J? 

the second {first) as the mm of the loot tyto to to the fourth 

(third). (Addition) (Ex. 11, 12) 

8. In a propeyrtion, the difference between the first tw 

terms is to the second {first) as the differ^ 

two is to thefimrih (third). (Subtraction) (Ex. 13, 14) 

^ exercises 

1. "write the proportion f = * by alternation; by invemon; 

hy addition; by subtraction. . 

2. Write four proportions involving the four numbers in esc 

of the following equations. a 

(a) 4X3= 2X6; (b)am=bx; (c)^l • x be; 
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CL C 

3. Write the proportion t = i hy subtraction; and then mTite 
0 a 

the resulting proportion by alternation. 

€L C 

: 4, Write the proportion ^ ~ ^ alternation, and then write 
the resulting proportion by addition. 

c + d 


5. From ^ 
-h c—d'< 


J and ^ = 


how can you obtain 


a + h c + d * 

d c 

Given the proportion g each of the followdrig state- 

ments is obtained. 

S ^ ^ ■ 7 ® ^ 8 -1 = 1- 

V a e * c d ^ ad be 
«x “h 6 c d 


9. 


a “f" b 
Wd'' 


? 10 EE 
1 


xe 

yd 


11 . 


a — 6 c — d 
a 


ia Tf “ = ® k ^ ^ ? 

“5 d’ 6+1 d+r 

13. if? = « is« = ^? 

0 a a c 

' 14. Transform the proportion a :b ■ 
term; the second term; the third term. 

15. Construct a triangle with a — 1| in., 6=2 in., and c = 2} 
in. Construct another triangle wdth a' = 3 in., 6' = 4 in., and 

c'= 4-| in. What is the ratio of 1? ^ 

a' ¥ 

portional? 


c : X so that x is the first 


y? Are the sides pro- 


290. Special terms in a proportion. In the pro 
portion ^ ^ the last term, d, is called the fotirth pro- 

portional. 

d b 

In the proportion ^ - the last term, c, is called the 

third proportional, and b is called the mean proportional. 



SIMILAR POLTGONS 


291., Axiom 12. Like powers or like posUim roots . qf 

equals are equal. 

Ex, 1 , . What is ,tlie mean, proportional between 4 a,D,fl 25? 1 and 
36? ,, 12 and 27?. and 5-?, 7rE^Biid4:Tm 

Ex, 2. Find the fourth proportional to 2^. 5, and 6;' 3, 8, and 9; 

I, and I;, a, b, ,and c. • ' 

Ex, 3. Find the third proportional to 4 and 6; 4 a..Ed 10; 3 and 6. . 

Ex.4. If2 = £ isi'=^? my? 


Historical Note. — The use of proportion for the solution of prob- 
lems was once , called solution by the. rul.e of three. One of the parts 
of t.he Chinese mathematical work K^iu-cfiang Smn-shu or ArUknuiic in 
Nine Sections (about 1000 b.c.) was devoted to' the solution of problems by 
this method.. 


292. Lines parallel to the base of a triangle. Draw any 
triangle and divide side AB into five equal parts. (See § 162.), 
Through the points of division dmw lines 
parallel to BC, W"hy are the segments ■ “ * 

on ilC equal? What is the ratio of AD 

to DB7 Of AE to EC1 

When two sides of a triangle are divided into segments 
so that the ratio of one pair of segments is equal to the ratio of 
ike other pair, the sides are said to be divided jjroportionally. 

If a line DE is parallel to BC in A ABC, by finding a common 
unit of measure for AD and DB, and drawing parallels, can 
you prove the sides are divided proportionally? If the unit 
is contained in AD two times and in DB three times, what 
is the ratio of AD to DB? Will AE and EC be diwded into 
equal segments? What viill be the ratio of to EC? Then 
what proportion can be formed? ' 
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Proposition 1 . Theorem 


293. A line parallel to one side of a triangle and mler- 
■seciing the other two sides divides those two sides propor- 
iionally, 

A 



Given: Triangle ABCy DE ]| BC, AD and DB com- 
mensurable. 

To prove: AD : DB = AE : EC. 


Plan: With a unit which is contained a whole number of 
times in each, measure AD and DB. Then draw parallels 
to BC through the points of division. By § 152 show that the 
ratio of A E to EC is the same as the ratio of AD to DB. 

Proof: Write the proof in full. 

Note, — Two segments are said to be commensurable when there is a 
common unit contained in each a whole number of times* 

294. Corollary. One side is to either of its segments 
as the other side is to the corresponding segment 

From the conclusion in § 293 we have, by addition: 

and also 


AT) + DB 

AE + EC 

AB 

AC , 

DB 

EC 

DB 

EC’ 

j 4Z) ri" JDB 

AE + EC 

AB 

AC 

AD 

' AE 

AD 

^ AE' 





^^^■ Ab^AE AS i 

Explaia how to obtain the foUowing from § 294. 
AB DB -g- 4 = i 


296 If a line is parallel to one side of a tnangie e 

shall assume that “ divided proportionally ” means, as m 
§ 293, AD : DB = AE : EC, or any of the forms denied 

iiTlI 294-295. 

Construction XVIII 

297 . To construct the fourth proportional to three git<en 

line mgments. 


Biveii: Segments a,, 6, and c* ^ 

Required: Construct the fourth proportional to a. 
d c Construction and proof ieft for you to wnt. c 

EXERCISES 

In the figure of 1 29Z: c j j?r 

1 If AD = 10 in., DB =8 in., and AE = 6 m., hnd £C. 
i ;; 1 b . 6 in., Bd - 9 to., -d - 5 .. M 
S. If A£? = 5 in., DB = ' 

4. If AD is half of BD, and AJ? * 6 m., fend iC. 
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^. llEC-== 2 AE,d.ndBD==.Bm:, fiiidAB 

, 6. If AE = I EC, and AB =■ 16 in., find AD and,, DR., 

7. .If AR ,= 10 in.,' AC = 15 in., and AE = ,6 in.,, find DR. 

8. Construct the fourth, proportional to three .segments which are 
.I'm.,. 2 in., and IJ in. long. Pleasure the resuiting segment and 
compare with the computed result. 

9. Construct the third proportional ' to two segments whicli are 

I in, and IJ in, in length. Compare the measured result with that 
found by computation. ^ 

10. Some boy scouts measured the 

length of a pond AR by constructing 

a triangle , ACE and ^ taking RD ] 

parallel to CE as' indicated, by the I 

drawing.. Explain 'what measure- 
inents were necessary. 

11. If AE = 200 yd., DE = 60 yd., BC - 40 yd., how long is AR? 

12. In A ARC with DE |j BC, prove that any a 

transversal from A to point. G in BC will be 

divided by DE at F into segments so that 

AD ; DB = AF : FG. 1 A\ ,, 

13. In the figure of Ex. 12, prove that if AK ^ ^ 

is cut by DE produced in H, and by BC produced in K, then AF : FG 

^ ae\eic 

*14. If lines a, h, c, and d /p q\ 

are parallel, and AD and EE g ■ a/ : . \e . ^ 

are any two transversals, prove \ ^./ 

that r : s == E : ^ b/ C 

Hint. — In AACE, h jl AR; ■ ' ■/, 

and in AECG, b fl CG, y /iJ '"‘f 

*15. In the same figure prove — ... — 

that s :l = s' : d V ^ '-f 


Hint. 

FDR. 


Use A DFB and 


*^16. From the results of Ex. 14 and 15 prove that 
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298 . The segments cut off on two transversals by a series 

of parallels are prof ortiotml. 


sals CE and DF forming triangl(‘s 

^ X 

E - = - , and in triangle C EG, 

> s '/y‘ 

nr - = T. Similarly, using triangles 


Why? Hence 
])HF and DFB show that ji - J 
Proof : Write the proof in full. 
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Construction XIX 

299. To divide a segment into parts proportional to any 
number of given segments. 

Given: Segment AB, and segments a, b, and c. 
Required: Divide AB into segments proportional to 
a, b, and c. 

Construction: ^ "" T 

1. Draw .4.Y, making any con- / 

venient angle %mh AB. / 

2. On AX take AO = a, CD = 
h and DE = c. 

3. Draw BE, and construct €C^ and DD' |j BE. 

4. Segments AC, CD', D'B are proportioiiai to a, b, and c. 

EXERCISES 

1. Divide a given segment into parts whose ratio is 5 to 8. 

2. Divide a segment into two parts whose ratio shall equal 2|, 

3. Divide a segment 2f in. long into parts whose ratio is 2 : 3 as 
follows. Draw any convenient angle with vertex A. On one side of 
the angle take a segment AB = 2f in. On the other side of the angle 
mark off any convenient unit five times so that AM — MP= PQ 
QR = RC\ Draw BC, and draw a line through P j{ BC, cutting AB 

■ .in, P'f ' Prove that AP' : P'B = .2 3. ' . ' 

4. Can you explain from the figure how a piece of ' ‘ ^ 

ruled paper can be used to divide a segment AB into ■ 

parts whose ratio is 2 : 5. ~i 

Using the method of Ex. 4, divide a segment 2| 
in. long into parts whose ratio is 1 to 5. r^""' 1 


6. Having given a point P within Z ABC, 
draw a line through P so that the segment 
of it lying within the angle shall be divided 
at P in the ratio of 1 to 2.‘ 




Suggestion, — If ig7P : FF « 1 : 2, what rela- ^ 
tion must exist between ED and DB if PD \\ ABf 
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Proposition 3^ Theorem 


300. If a line divides two sides of a triangle propor- 
tionally, it is parallel to the third side. 


A 



DB = AC : EC. 

To prove: DE f BC. 


Plan: Use the indirect method. If DE is not parallel to 
BG, and DF is, what proportion is there between the segments 
DF intercepts on A 5 and ACl Compare this proportion 
with the proportion given and use § 289-o. 


Proof : 


STATEMENTS 

reasons 

1. If DE is not ;! BC, suppose that 

1, Pmt, 12. ' 

DF is. 


2. Then AB-.DB = AC x FC. 

.2. §2«>6. 

3. But AB:DB = AC : EC. 

3. Gillen, 

4. EC = FC. 

4. 

5. Then since F coincides with E, 

B. Post* 3. 

DE coincides with DF . 


6. .-.DEWBC. 

6. DE emncMfi mth DF. 


Ex. 1. If AD = 12 in., DR = 9 in., AR = S in., and PC = 6 
in., is DE 11 BCt 

Ex. 2. What relation does the theorem in 1 300 have to the theorem 
in 1 293? 


I 
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301. Corresponding sides and angles. Two polygons 
which have the angles of one equal, respectively, to the 
angles of the other, are called mutually equiangular. 

The pairs of equal angles are called corresponding 
angles. The sides included between corresponding angles 
are called corresponding sides. 

302. Similar (~) polygons. Similar polygons are 
those which (1) are mutually equiangular and (2) have 
their corresponding sides proportional. 


D 



Similar Polygons 


Thus, polygons ABODE and A'B'C'D'E' are similar if 
(1) ZA = ZA', ZB = ZB', ZC = ZC', ZD = ZD', 
ZE — ZE'; and 

AB BC CD DE EA 
^ ^ A'B' B’C' C’D' ~ D'E' ~ E'A' 

303. The ratio of two corresponding sides is called the 
ratio of similitude. 

EXERCISES 


1. Poij'gons A and B are mutually equiangular. Are their eorre- 
.sponding sides proportional? Are they similar? 



Polygons C and D have their sides proportional. Are they mutually 
equiangular? Are they similar? 
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2. Are any two squares similar? Any two rectangles? Any 
tworliombuses? 

3 . Is a square ever similar to a rhombus? 

4*. Are any two equilateral triangles similar? Any two isoscclc'. 

triangles? Any two right triangles? i i 4 

6. Divide a line 3i in. long into segments proportional to L o, and 4. 

6*. Construct the fourth proportional to segments a, b, and c. 

T. Construct the third proportional to a and 6. 

8. Construct a segment x so that x= be a. 

9. Construct a segment x so that x=V a. 

10. Construct a segment X so that cz = «&. 

11. Construct a segment x so that x -f- c = a 4- 6. 

12 Prove tha^T^a'idid^^^ trapezoid intercepts 
proportional segments on the non-parallel sides 

and on the diagonals. „ !f i 

13 ABCD and EFGD are rectangles, F being 

a point on diagonal DB. Prove that the two ^1 

""rt eT 1 “ “e -\ED, «l.at i. the ratio of atointude? 

16 PA is a tangent and PRC a secant. Pro\e 

that APAC and PAR are mutually equiangular. 

16, Prove the theorem in §300 by 
that if BE is not !! RC, it is parallel to BG which B C 

intersects AC produced in G. 

304 Mutually equiangular triangles. If A A RC and .1 R C 
atv Lut“% eliular, what atuat we p™ve to ehow that 

they are similar (§ 302)? , • k 

If the triangles are placed as shown in the K 

figure, can you prove B'C H BC. pro- J — \ 

t»rtion follows? , , ^ r>/ / \ 

Place the triangles again so that Z R emn- 

cides mth ZR, and angles of one eciual, 

two triangles are similar if they nave v^o ai g 

respectively, to two angles of the other. 
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Peoposition 4. Theorem 

305. Two triangles are similar if two angles of one are 
equal, respectively, to two angles of the other. 




Given: AABC and A'B'C" with ZA = LA' and 
Z5 = ZB'. 

To prove: i\ABC L. A'B'C. 


Plan: Place Z\ A'B'C on AABC so that Z ^4' coincides with 
its equal Z.4. Then show that B'C \\ BC, and use § 293. 
Repeat, placing ZB' on ZB. 

Proof: 


STATEMENTS REASONS 

1. Place A A' B'C on AABC so that I i. Given and 

ZA' coincides with Z.4. Then, 
since ZB = ZB', B'C BC. 

2. AB '. AB' ~ AC '. AC or 2. § 293 a»sii .4*. 7. 

AB-.A'B' = AC lA'C. 

3. In the same way, by placing AA'B'C 3. sy reasoning as in 

so that Z B' coincides with Z B it 1 and 2. 

can be proved that ZIB •. A' B' = 

BC : B'C. 

4. .*. AB : A'B' = AC : A'C = BC : 4. Ax. 1 . 

B'C. 

5. ZC =‘ ZC. 5 . § 126 . 

6 . AABC AA'B'C. 6 . § 302 . 


1 and 2. 
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306. CoROLLABY. Corresponding altitudes of similar 
triangles have the same ratio as any two corresponding 
sides. 

EXERCISES 

In Ex. 1-3, similar Inangles ABC and A'B’C’ ham corresponding sides 
a, b, c, and a', V, c’, respectively. 

^ 8 in., 6 = 11 in., c = 9 in., a' = 4 in. Find 6' and c'. 

2. o = 12in.,6== loin., a' = 3in.,c' = oin. Findcand5'. 

3 . a = 27 ft., c = 30 ft., 6' = 6 in., c' = 10 in. Find h and a'. 

4. The i=ides of a triangle are 2 in., 3 in., and 4 in. The shortest 
f,ide of a similar triangle is o in. Find the other two sides. 

6. The base of an isosceles triangle is 18 in. and one of the equal 
sides is 24 in. Find the sides of a similar triangle whose greatest side 

is S in. . : 

6. If an acute angle of one right triangle is equal to an 
.angle of another, the tri.angles are similar. 

7. If two triangles have their sides respectively parallel, or, 

spectivelj’ perpendicular, the triangles are similar. 

8. A line parallel to the base of a triangle forms a triangle 

to the given triangle. , 

9. Two isosceles triangles are similar if a base angle of one 
a base angle of the other. 

10. Two isosceles triangles are similar if their vertex angles are e<iim!. 

11. .Me two isosceles triangles always similar if an angle of one 
isjuals an angle of the other? 

12. If each of two triangles is similar to a third triangle, they are 

similar to each other. 

13. Correspsnuling angle bisectors of simHar triangles have tie 

.iaane ratio: as-aiw 
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PRACTICAL APPLICATIONS 
(Optional) 

1. A stick BT' held vertically casts a 
shadow 'A-R' 'which is 3| ft. long. At the 
same time a tree BC easts a shadow AB, 
which is 50 ft. long. If B'C = 6 ft., C 
'find EC. 

2. The instrument shown in this draw- 
ing is a diagonal scale, used by draftsmen 
for measuring very short lengths. AR = 1 in. AB and ,AC are 
each divided into 10 equal parts, and parallels are drawn throiigli the 




b'a- - -- 



points of division as shown. By means of this scale distances can be 
measured to hundredths of an inch. 

Find .01 in. on this scale; .02 in.; .03 in.; .04 in., etc. 

Upon what theorem does this depend? 

3. Find .12 in. on the diagonal scale; .35 in. ; .93 in. ; .68 in. 

4. What is the distance between the points marked Z on the 

diagonal scale? 

5. Find 1.63 in. on the diagonal scale; l.Soin.; 1.19 in. 


6. The fact that the heights of two objects are to each other as 
the lengths of their shadows has .been used since the time of the ancient 
Greeks. Thales (about .b.c.)' is said to have amassed the Egyptians 

by measuring the heights of the pyramids by the lengths of their 
shadows. 

Give a proof of this princip.le.. ■ 
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307. A. Trigonometric ratios. Some very interest- 
ing ratios follow from similar triangles. If from any 
two points P and P' on a side of Z.A perpendiculars are 
dropped to the other side, the triangles formed 
are similar. We have, therefore: 


QP\^QT', AQ _ AQ ' . 
AP AP” AP AP” 


and 


QP ^ Q'P' 
AQ AQ^ ■ 



Since these ratios are the same for any angle ^ 
i , no matter where points P and P' may be, we have 
named them the sine, cosine, and tangent of angle A. 

If we call the side PQ the side opposite angle A, the 
side AQ the side adjacent to angle .4, and AP the hypot- 
enuse, we have: 

side opp. . , side adj. 

• ^ cosine A - ' 


sine A 

sid e opp . 
side adj. 


hyp- 


hyp. 


tangent A = 


The abbre\iation of sine is sin; of cosine is cos; 
of tangent is ton. 


and 


308. A. How to find the value of the trigonometric 
ratios. To find the value of any of these ratio.s approxi- 
mately you can measure the sides PQ, AQ, and AP and 
divide. By making your figure fairly large you can 
find the value to at least one decimal place. How- 
ever, the table on page 298 gives the values to three 
decimals. 

To find the value of an angle when the ratio is given, 
look for the value of the ratio under the proper heading 
at the top of the page and read the.angle in the column 
at the left. 
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Histokical Note. — ’R'hile Thales, in measuring the height of a pjTa- 
mid, used the ratio between its height and its shadow, which corresponds 
to the tangent, he did not definitely connect this ratio with the angle. 

An Arab, Abu'I-Wefa, about the year 1000, made the fet table of 
tangents. Tangents were called in Latin umbra versa, meaning the turned 
shadow. 

EXERCISES 

Check these values from the table: 

1. sin 3“ = 0.052 4. tan 54° = 1.376 

2. tan 7° = 0.123 6. sin 73° = 0.956 

3. cos 20° = 0.940 6. cos 84° = 0.105 

FM the value of: 

7. sin 38° 10. cos 18° 13. tan 43° 

8. tan 13° 11. sin 41° 14. sin 69° 

9. cos 62° 12. tan 65° 15. cos 45° 

Find the valve of angle z if: 

16. sin I = 0.857 19. cos a: = 0..500 22. sin = 0.995 

17. tan a; = 0.510 20. sin »= 0.500 23, tanx= 1.000 

18. tan x= 2.475 21. cos 2 = 0.866 24. cos 2 = 0.857 

309. A. Interpolation. We interpolate when we find 
values of functions between those given in the table. 

To find the value of a ratio not given in the tables. Find 
tan 42° 35'. Proceed as follows; 

tan 42° = 0.900 

tan 43° = 0.933 

Then since 42° 35' lies f|th of the way between 42° and 43°, we 
have 

tan 42° 35' = tan 42° + f ^ X (0.933 - 0.900), or 

tan 42“ 35' = 0.900 + H X 0.033 = 0.900 + 0.019. 

Thus, tan 42° 35' = 0.919. 
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To find the valm of an angle when its ratio is not given 
in the table. Find ZA when sin *4 = 0.667. 

sin 41° = 0.656 
sin 42° = 0.669 


Since 0.667 lies between 0.656 and 0.669, Z A must lie be- 
tween 41° and 42°. Thus 


ZA= 41° -j- 


0.667 - 0.656 
0.669 - 0.656 


X 60' = 41° 


= 41° + 51' = 41° 51' 


0.011 

0.013 


X 60' 


EXERCISES 

Check these values: 

1. sin 48° 15' = 0.746 4. tan 57° 10' = 1.550 

2 . tan 32° 45' = 0.643 6 . sin 9°40' = 0.168 

3. cos 27° 30' = 0.887 6. cos 29° 20' = 0.872 

Find: 


7. 

tan 

18° 

30' 

10. 

sin 

43° 

,50' 


13. 

tan 50® 

5' 

a 

tan 

61° 

45' 

11. 

cos 

26° 

30' 


14. 

cos 41® 

10' 

a 

sin' 

5° 

'15' 

12. 

cos 

29° 

55' 


m 

sin 75® 

W 

Find angle x 










la 

sin 

X = 

0.600 




21. 

tan 

X ^ 

0.667 


17, 

cos 

X == 

0.800 




22. 

tan 

X == 

1.61 1 


18, 

tan 

X = 

0.443 




23. 

tan 

X 

L8'I0 


19. 

cos 

X — 

0.S62 




24. 

cos 


0.495 


20. 

sin 

X == 

0.531 




2a. 

cos 

X = 

0.947 



Historical Note. — Although there are some earlier traces of the use 
of trigonometry, it is probably true that the real beginning of this study 
was made by Hipparchus, the great^t of Greek aatronomcrs, who, it ia 
said, wrote twelve books on the computation of chords of an^es (140 b.c.). 
These probably were the first trigonometric tablSs. 
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VALTJES OF SINES, COSINES, AND TANGENTS 


Deg. 

SlKE 

Cosine 

Tangent 

Deg . 

Sine 

Cosine 

Tangent ' 

■ 1 

0.017 

1.000 

0.017 

45 

0.707 

0.707 

1.000 

2 

0.035 

0.999 

0.035 

46 

0,719 

0.695 

1.036 

■ S ' 

0.052 

0.999 

0.052 

47 

0.731 

0.682 

1.072 

4 

0.070 

0.998 

0.070 

48 

0.743 

0.669 

1.111 

5 

0.087 

0.996 

0.087 

49 

0.755 

0.656 

1.150 

6 

0.105 

0.995 

0.105 

50 

0.766 

0.643 

1.192 

. 7 

0.122 

0.993 

0.123 

51 

0.777 

0.629 

1.235 

■ 8 ; 

0.139 

0.990 

0.141 

52 

0 . 7 SS 

0.616 

1.280 

9 

0.156 

0 . 9 SS 

0.158 

53 

0.799 

0.602 

1.327 

10 

0.174 

0.985 

0.176 

54 

0.809 

0.588 

1.376 ' 

11 

0.191 

0.982 

0.194 

55 

0.819 

0.574 

1.4:28 

12 

0.208 

0.978 

0.213 

56 

0.829 

0.559 

1.483 

13 

.. 0.225 

0.974 

0.231 

57 

0.839 

0.545 

1.540 

14 

0.242 

0.970 

0,249 

58 

0.848 

0.530 

1.6.00 

15 

0.259 

0.966 

0.268 

59 

0.857 

0.515 

1.664 

16 

0.276 

0.961 

0.287 

60 

0.866 

0.500 

1.732 

17 

0.292 

0.956 

0.306 

61 

0.875 

0.485 

1.804 

18 

0.309 

0.951 

0.325 

62 

0.883 

0.469 

1.881 

19 

0.326 

0.946 

0.344 

63 

0.891 

0.454 

1.963 

20 

0.342 

0.940 

0.364 

64 

0.899 

0.438 

2.050 

21 

0.358 

0.934 

0.384 

65 

0.906 

0.423 

2.145 

22 

0.375 

0.927 

0.404 

66 

0.914 

0.407 

2.246 

23 

0.391 

0.921 

0.424 

67 

0.921 

0.391 

2.356 

24 

0.407 

0.914 

0.445 

68 

0,927 

0.375 

2,475 

25 

0.423 

0.906 

0.466 

69 

; 0.934 

0.358 

2.605 

26 

0.438 

0.899 

0.488 

70 

, 0.940 

0.342 

2,747 

27 

0.454 

0.891 

0.510 

71 

0.946 

0.326 

2.904 

28 ' 

0.469 

0.883 

0.532 

72 

0.951 

0.309 

3.078 

29 

0.485 

0.875 

0.554 

73 

0.956 

0.292 

3.271 

30 

0.500 

0,866 

0.577 

74 

I 0.961 

0.276 

3.487 

31 

0,515 

0.857 

0.601 

75 

0.966 

0.259 

3.732 

32 

0.530 

0.848 

0.625 

76 

0.970 

‘ 0.242 

4.011 

33 

0.545 

0.839 

! 0.649 

77 

0.974 

0.225 

4 . 33 ! 

34 

0.559 

0.829 

; 0.675 

78 

0.978 

0.208 

4 ./ 05 . 

35 

0.574 

0.819 

: 0.700 

79 

0 . 9 S 2 

0.191 

5.145 

36 

0.588 ' 

0.809 

; Q 727 

80 

0.085 

0.174 

5.671 

37 

0,602 

0.799 

0.754 

81 

0.988 

0.150 

6.314 

38 

0.616 

0.788 

' 0.781 

82 

0.990 

0.139 

7.115 

39 

0.629 . 

0.777 

: 0.810 

S 3 

0.993 

0.122 

8.144 

40 

0.043 

0.766 

0.839 

84 

0.995 

0.105 

9.514 

41 

0.650 

0.755 

0.869 

85 

0.996 

0 . 0 S 7 

11.430 

42 

0.669 

0.743 

’ 0.900 

86 

0.998 

0.070 

14.301 

43 

0.682 

0.731 

: 0.933 

87 

0.990 

0.052 

19.081 

44 

0.695 

0.719 

1 0.966 

88 

0.999 

0.035 

28.636 

45 

0.707 

0.707 

1.000 

89 

1.000 

0.017 

57.290 
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310. A. Angles of elevation and depression. Angle 1, 
the angle between the horizontal ime 
1C Mid the line of sight AB, is eallrf ^ 

the angle of eleyaHon; 12 is caUed t 
angle of de^ession. 


EXERCISES 

WTiat trigono^^le t 

ffp-posite in a nght tnangle, u me awu 

function tvonld you use to find the oiiyfe »h» the 

acute angle and angle if the side aypouVc and the 

and the 

rf*«if«ccl».d the hupc"- _ „150_,i„38._6„da. 


tan 43°, find x. 




-n. 


S. The angle of eleyation of a ehmeh ale.pl. fton. a point 100 ft. 

awavis36°. How high is the steeple? C 

7. In order to find tlie distance from -4 to 

B across a lake, a surv'eyor ^easw^ | h 

at right angles find-lR. 

If 1C = 820 ft. and Z AC B - ob , nna --i . 

8. The angle of elevation of w op 

tree from a point SO ft. from the foot of the tree 

height of the tree. sin and 10 in. Find the 

9. The shies of a right triangle are 6 m., 8 m., an<i 

angle included between the S in. and ^ monument 

, So r 

FituhehraSlea ‘dangle whe o»c »' 

isi: I'Lttr.nrw ca.r. .^0. « «. 7 ». i..*, 

what is the angle of elevation of the sun. 


7m% 










I /."'h 


'0, 




Ml 
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Pegpositiok 5. Theorem 


312» Two triangles are similar if on -angle of one equals 
an angle of the other and the sides includmg these angles are 
vroporiionaL 


Given: Triangles ABC and A 
mdAB :A^B' ^ AC :A'C. 

To prove: A ABC /\ A ^ B^( 


Plan: Will superposing AA'B'C' on A ABC so that 
I A' coincides with LA enable you to prove B'C , BC'i 
(§300.) 

Proof: Write out the proof. 

313. Triangles with their sides proportional. See if you 
can prove the next theorem after studying these exercises. 

1. In A ABC md A' B'C j- 

AB AC BC /\ i 

given = ^ = V / \ 

AD-= A'B’.nndAE = A'C. 7 '' \ / \ , 

Prove DE |! BC. ^ 

2. In Ex. 1 prove AADE ~ AABC. 

3. Using the results of Ex. 1 and 2, can you prove AADE 
^ AA'B'C't 

Hint. — It will be sufficient to prove DE =■ B’C. ^ by? h\ 
is AB : AD ^BC: DE? Why » AB : A'B' ^ BC : B'C? Then why is 
DE « B'C?’ 
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Proposition 6. Theorem 


! 

314. Two triangles are similar if their corresponding \ 
sides are proportional. I 



= AC : A'C' = BC : B'C'. 
Toprove: AABC £\A'B'C' . 


Plan: Why cannot you superpose AA'B'C' on AABCl 
Construct AADE, making AD = A'B' and AE = A'C, and 
prove AADE ~ AABC. Then prove AADE ^ AA’B'C'. 
Proof; 


STATEMENTS 

1. On AB take AD — A'B' and on AC 

take AE = A'C. Draw DE. 
Since AB ■. A'B' = AC : A'C, 
AB:AD = AC -.AE. 

2. AADE AABC. 

3. .-.ABiAD = BC-.DE. 

4. AB-. A'B' = BC : B'C or AB ; AD 

= BC : B'C. 

5. DE = B'C. 

6. :. AADE ^AA' B'C. 

7. AADC~ AA'S'C". 


REASONS 

1. Given and Ax. 7. 


2 . § 312 . 

3 . § 302 . 

4 . Given and Ax. 7 . 

5. §2,89-5. 

6 . § 80 . 

7 . Ax. 7. 


Ex. 1. In the figure of §314: If AB = 12 in., .4C = 8 in., and 
BC = 10 in., and A'JS' = 8 in., find B'C" and A'C. If BD = | AB, 
what is the ratio of similitude? 






31i.' Maps and plans. A 
amaar to the figure formed b; 

Bents. Thus, a map of a 
state is a drawing similar to 
the figure formed by the state 
itself. The drawing shows 
an architect’s floor plan of a 
house. 

A map or plan is always 
drawn to scale, i.e. in the map 
or plan the distances are 
made proportional to the a 
represent. 

Thus, a map 
200 miles measured any 
on the map by a distance of 1 ^ 

scale of 200 miles to an inch (scale : 200 

EXERCISES 

1. Consult a map of the United States, 
it is drawn. Find from this map the number of n i . 
from Boston to San Francisco. 

2. A map of Illinois drav^m to the scale of -00 n 

in lon£5 How many miles long is the state. 

3 On a map drawn to the scale of 240 na. to an 
from Chicago to Denver is SfV ‘ ‘ 

^ 'inthe house of which the floor plan is shown 

is 2 ft. = I’fi in- ‘ ’‘I 

"s. In Ex. 4, determine the number of fee m 

dining room. Find the , . . 

6. How many feet wide is the hall of this him. 

7. Draw a rectangle jf i, 

long and 480 ft. wide to a scale of 240 ft. t, 

dimensions of tlie drawing? 


Terrac* 


Dining' 

Boom 


Kitchen 


Living Room 


of the United States which is drawn so lua. 
^where acroas the country' is represented 
said to be draum to the 
mi. == 1 in.). 
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8. The distance from A to the inaccessible point £ may be ob- 
tained as follows: Measure a base line AC. ^ 

Measure Z ACB and Z BAC. Then construct 

a map of the measurements to scale, and de- V 

termine from the map the distance from A 

If AC = 960 ft., Z ACB = 40°, and ABAC ^ ^ 

= 7o°, draw a map of the measurements to the scale of 160 ft. to an 
inch, and compute AB from the „ 

map. 4 

9. In order to find the height /f t 

of a church spire CD, the base /'/ m 

line AR is measured 75 ft. long / / ||\ 

toward the foot of the spire D. It / / 

is found that Z RAC =50° and / <4=:Zlii/i 

ZDBC = 80°. Make a drawing ‘I ■ 

of these measurements to the scale / ,J§? | A 

of 25 ft. to an inch, and compute 

the height CD of the spire. i 

10. A and B are two forts in the Imes of the enemy, and it is desired 
to know their distance apart and their, distances 
from our lines. From point C in our lines, w'e 
measure A DC A and ADCB. Then we go to a \\ ''''ijg 

second point D and measure Z ARC and Z BDC \ \ /t 

ADCA=m°, ARCS =50°, ZARC= 45 °' \V/ 

A BDC = 100°, and CD = 2000 ft. Draw a plan ''ZlA:' 

to the scale of 500 ft. to the inch, and find the dis- ^ 

tances AC, BD, and AR. 

316. The bisector of an angle of a triangle. If CD 
bisects ZC in A\ABC, see if you can prove that AD : DB 
= AC : CB. 

If BE is drawn parallel to CD, what cv-'V 

proportion is there between the segments /iTl / 

made by CR on AS and AS? Find the /%' 

relations between the angles and show that d — 

CB = CE (§ 76). 
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317. The bisector of an interior angle of a triangle 
rlii'ides the opposite side into segments which are piopor- 
iional to the adjacent sides. 



cy 


yE 

^4! 


3/ 




D 


Giveii : Triangle ABC , mth CD bisecting / C . 

ToprO¥e: AD : DB == AC :C B, 


Plan- If is drawn |i CD, what relation is them In'tween 
st-ments of the sides of AABE (§ 293J? Compare that pro- 
portion ^’vdth what you are to prove, then find the relation 
between A 1 and 4, 2 and 3, and 3 and 4. 

Proof: For you to write. 

EXERCISES 

In Ex. 1-4, triangle ABC is given with CD the bisector of ZC. 

1 . o = 12 in., 6 = 16 in., c = 14 in. Find 

■I and ij. 

2. a = 8 in., h = 10 in., c = 12 in. Find 

„ x.imd '?/. 

5, a “ 28 iii.^ h = 32 In., x = 10 in. Find c. A 

4. a= 15 in., a: = 12 in., 2 / =10 in. Findfe. 
e. Is Prop. 7 true when DsACB k isosceles? mat can you then 
say about CD? 

6. The diagonals of a trapezoid divide e^h other into proportional 

segments. 
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7. Tlie corresponding medians of -two similar triangles have the 
same ratio as any two corresponding sides. 

: 8., The line joining the mid-points of two sides of a triangle forms 
a triangle which is similar to the given triangle. 

9. ID and BE are altitudes of A ABC. Prove AADC^ ABCE 
and write the proportions that follow. 

Suggestion. — Prove A ADC and BCE mutually 
equiangular. Then to get corresponding sides make 
a plan like the following. 

(Corresponding sides are opposite equal angles.) ^ 

In AlDC, side CD is opposite Zl; in ABCE, 
side CE is opposite Z 2. Since Z 1 = Z 2, CD and CE are corresponding 
sides. 

In AADC, side AC is opposite ZD; in ABCE, BC is opposite ZE. 
Since ZD ^ ZE, AC and BC are corresponding sides. 

In AADC, side AD is opposite ZC; in ABCE, 
jBD is opposite ZC. Since ZC == ZC,ADmdBE 
are corresponding sides. 

10. If PA is a tangent, prove that ABAC 
A PAD, and write the resulting proportions. 

11. If Z C is a right angle and CD ± AB, prove ’ 

A ABC, ACD, and BCD similar and wvite all the 
proportions. 

12. Chords AB and CD intersect at E within ^ 
the circle. Prove AE : CE = BE : BE. 

13. In triangle ABC altitudes BD and CE intersect at 0. Prove 
CO :OB=- DOiOE. 

14. Rectangle A BCD has side AD extended to P and DP is drawn 
intersecting diagonal AC in P, Prove AD : DC = EF :FB. 

15. AADC/ is inscribed in a circle. A tangent at the extremity D 
* of diameter AD meets AD produced at E and AC produced at F. 

Prove AADC-- A ADD. 

16. If AD and BE are altitudes of AADC, prox^e that AD : DD = 
AC : DC. That is, the ^titudes are inversely proportional to their 
basa. 

I 
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17. Pis any point outside A ARC. £ 

From any point A' on PA, A'B' k '^'f\ / \ 

drawn |! AB, B'C' I BC, and C'A' 

is drawn. Prove C'A’ jj CA and I / 

A1'R'C'~ AABC. ' 

18. In Ex. 17, if PA' = A'A, ^ 

what is the ratio of similitude of A ABC and A'B'C'? 

318. Parts of a segment. You know that the point 
P divides the segment AB into ttvo parts, AP and PB. 
Probably you have never thought of p 

the point P as dividing a segment with- a ' ^ 

out being between A and B. ^ f 

It is often convenient to say that P^ ^ 

in the second figure divides the segment AB externally 
into the segments AP and PB, while in the finst figure 
we say that P divides AB internally. 

Notice that just as in the first figure, the segments are 
AP and PB measured from P to each end of the s^ment 
AB. 

EXERCKES 

1. If a segment AC is divided intemtUy at B, what are the jmrts? 
What are the parts if it is divided externally at B? Draw a figure for 

each case. 

2, *4 is 6 in. long and is divided internally at P m that AP: PB 

I'. How long is PB? How long if =» -J? |? 

S. AB is 15 in. long and is divided eSnmlly at Q. How long Is 

AQif A(3:C3Bisf? If i t is -|? If it is 4? 

4. A segment AB, 5 in. long, is divided internally at P so that AP 
is 3 in. long. If AB is divided externally at Q so that AP : PB =» 
AQ : QB, find the length of AQ. 

*6. If, from any pomt P on a circle a perpendicular PD fe drawn to 
the diameter AB, prove that i\PAD'^ £^DB'^ APAiS. 

*6. Prom the iwult in Ex. 5, prove that PW * AD • DB. 

*7. Using the result found in Ex. 5, prove that IF * AD - AB. 
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Pkoposition 8. Theorem 


319. B. The bisector of an exterior angle of a trimigh 
divides the opposite side externally into segments propor- 
tional to the adjacent sides. 



Given: Triangle ABC with CD bisecting exterior 
/.BCE and dividing side AB externally into segments 
ADandDB. 

To prove: AD : DB AC : CB. 


Plan: Think: If I draw BF |[ CD^ I shall have the sides of 
AlCDdivided proportionally" (§293). ThenCF=CB. Why? 

Proof: Write the proof. 

320. A. Harmonic division of a segment. A segment 
is said to be divided harmonically wrhen it is divided 
internally at P and externally at ^ so that APiPB 

iQB. 

321. A. Corollary? The bisector of the interior 
angle of a triangle and the bisector of the exterior angle at 
the same vertex divide the opposite side of the triangle har- 
monically. 

Ex. 1. In AABO^ AB = 7 in.^ CA, = 5 in., and BC == 6 in. Find 
the segments made on each side by the bisector of the opposite angle. 

Ex. 2, The sides of a triangle are 14 in., 18 in., and 20 in. Find the 
segmente made on each 4de by the bisector of the opposite exterior 
angle, .4- 


I 
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Pboposition 9. Theobem 


,322* In ^ any. right triangle ^ the perpefidieular,: dropped 
from the vertex of the right angle to ■ the kypaiermse' divides' 
the trkmgle into two triangles similar to the given triangle. 


c c c 



Given: Triangle ABCf with ZC a right angle and | 

CDa AB. ■ ■ j 

I To prove : ^ ACD and BCD ^ A A BC. 

I ^ i , 

Plan: Prove the A mutually equiangular. 

Proof: Left for you to prove. 

323. CoROLLAEY 1. Under the conditions in §322, 
L The two triangles are similar to each other. 

IL The perpendicular is the mean proportional be-- 
tween the seg7nents of the hypotenuse. 

Ill, Either side is the mean proportional between the 
hypotenuse and the seg^nent of the hypotenuse adjacent to it 

SrcGESTiox. Tse the plan explained in Ex. 9, § 

324. Corollary 2. The perpendicular to the diameter 
of a circle from any pomt on the circle (a) is the mean pro-- 
portional between the segments of the diameter; and (h) the 
chord from that point to either extremity of the diameter 
is the mean proportional between the diameter and the 
segment of the diameter adjacent to that chord. 

Hint. — Recall that an angle inscribed in | semicircle is a right an#e 
and use § 323. 


i 
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EXERCISES 


For a review of algebraic processes see the Appendix. 

: 1. The bisector^ of Z A of i\ABC divides side BC into: segments 
of 3 in. and '4 in. ,■ If one of the other sides is ' 6 in., ..find the third side. 

2. Prove by § 317 that the bisector of the vertex angle of an isosceles 
triangle bisects the^base. 

In the figure of § 322: 

3. If AB — 25 in. and AD = 16 in., find AC and BC. 

4 If AB = 18 in. and AC — 15 in., find AD. 

5^ If AB = 12 in. and BB = 27 in., find CD. 

6. If AB — 26 ft. and CD = 12 ft., find AB and BB. 

7. If AB = 4 ft. and AB = 20 ft., find CB, AC, and BC. 

8. If AC = 4 in. and AB = 8 in., find BC, AB, and CB. 

0. If BC = 6 in. and AB = 12 in., find AC, AB, and CB, 

10. If Z A = 30°, prove AB : BB — 3 : 1. (See § 160.) 

11. Prove that AC^ : BC^ = AB : BB. 

12. If BC = a and AC = 3 a, prove that AB = 9 BB. 

13. If CD = 12 ft. and AB = 25 ft., find AB and BC. 

325. Pythagoras was a famous Greek philosopher and 
mathematician who lived about 540 b.c. He is believed to 
have given the first rigorous proof of the theorem that bears 
his name: The square of the hypotenuse of a right iriangle is 
equal to the sum of the squares of the legs. 

The truth of the theorem for special cases was knowm by 
the Egyptians centuries before the time of Pydhagoras, and 
was used by them in building their pyramids. They laid out 
perpendicular lines by stretching a rope around three pegs 
so placed that the distances between them were proportional 
to 3, 4, and 5. The same principle is employed today. 

The proof of the Pythagorean (Pythag'o-re'an) theorem 
given in the next section is based on § 323-IIL TMs proof 
is attributed to the HinSus. 

■I.-' 
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Proposition 10. Theorem 


right triangle the square of the hypotenu. 
',m of the squares of the legs. 


Given: Triangle ABC, with sides a, 
right angle. 


■KE.ASONS 

1. I 323-III . 


STATEMENTS 

1 Draw CD L AB forming segments 

X and 1 / on -45. 
x:b = b:c,y:a = a:c. 

2 . 6 * == cx, a? = cy. 

3 . 6^ 4 - = cx + Cl/ = c(x + 2/). 1 4 jii 7. 

N 0 TO.~ Another proof of the 300 ».c. 

It was ^ven in the exercises foUowing I 360. JiM 

StiU other proofs are Bugg<^tea “ 4 . 

what proof was »ven by Pythagoras is n 

exercises . 

UiMSoUomrqisdofexercim,cismhvpolM 

and a and b are the legs. 

L If a = 12 in. «id 6 = 9 »•. - 

JL If a == 21 ft. and 6 = 20 ft., find c. 
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5. If c = 17 ft. and a = 8 ft,, find 6. 

4, If a = 5 in. and c = 13 in., find 6. 

§. If a = 24 in. and & = 7 in., find c. 

6. If a = 9 in. and c = 41 in., find 6. 

7. The hypotenuse of a right triangle is 18 ft. and one leg is 14 ft. 
Compute the length of the other leg correct to the nearest tenth of a 
foot. 

8. A baseball diamond is a square whose side is 90 ft. Find the 
length of the throw from first to third base. 

■'9. Find correct to the nearest hundredth of an itich the diagonai 
of a square whose side is 4 in. 

10. Find a formula for the diagonal of a square whose side is a, 

11. Find the altitude of an equilateral triangle it* each side is 12 in. 

12. If each of the equal sides of an isosceles trapezoid is 61 ft., one 
base 40 ft., and the other base 62 ft., find the altitude. 

13 . How long a rope is required to reach from the top of a tent pole 
12 ft. high to a peg in the ground 15 ft. from the foot of the pole? 

14 . The gable of a house is to be made 36 ft. wide and 12 ft. high 
abo\^e the eaves. How long must the rafters be cut if they are to 
extend 18 in. below the eaves? 

li. A piece of cloth 27 in. wide is to be cut on the bias, at an angle 
of 45® with the edge. How long will the bias cut be? 

16 . An ancient Chinese problem: ^^A pool of water was 10 ft. across, 
and in the middle of it stood a reed w^hich projected one foot above t!;e 
water. When the wind blew the reed over, the top just reached to 
the edge of the pool. How deep was the water? 

, 17. The diameters of two concentric circles are 84 in. and 85 in., 
respectively. Find the length of a chord of the larger that is tangent 
to the smaller, 

18. The radius of a circle is 28 in. Find to tenths of an inch the 
length of the shorteist chord that can be drawn through a point 6 in, 
from the center. (The shortest chord through a point is perpendicular 
to the diameter through that point.) 

19. If the diagonals of a quadrilateral are perpendicular to each 
other, the sum of the squares of one pair of opposite sides equals the 
sum of the squares of the other pair. 
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20. In any rectangle' the sum of the squares of the four sides is equal 
to the sum of the squares of the diagonals, 

2:1 In rt. A ABC, AB = } m- + 1,- AC ~ i — 1, and BC - m. 
.Show that == AC" +''RG^. 

,22. Show that ¥, dr + W, and 2 ah can ,repr€«e:n,t' riiimerieally. 
.the sides of. a right triangle. 

•— j[ Yj^ —I— J 

23. Pjiihagoras showed that rt, — and — — e,aii represent 
the .numerical values of the, sides of a right triangle. Verify this*. , ., ' 

24. Proclus, a G.reek aii.athematician who lived about 4IMI :B.c..y.:' 

.showed that the sides of a right triangle can be expressed by the litiTal 
numbers 2 n.'+ 1, 2 + 2 n, and 2 n^ + 2' + 1. Verify. 

25. For th.e same purpose Plato used the formulas' 2 n, — 1 , mid 

fi- 4- 1. Show that they are Pythago-rean iium.l:?ers. p 

26. Show that if two perpendicular lineS' are drawn / f'i/jX 

through the center of a circle, and x and y are' the -iJ 

pcmdicular distances of any point P of the circle from \ y 
these lines, and r is the radius, then 

Hi, The lengths of the radii of two circles are 10 in. and 6 in., 
respectively, and the distance between their centers 20 hn Find the 
lengths of their common external tangents. (Bee § 223.) 

*28. If medians are dram from the ex- C 

trernities of the hypotenuse of a right tri- 
angle, four times the sum of the squares of, ■ , 
the medians is equal to five times the square.. , .- ' ' 

■of the hypotenuse. — 

To prove that 4 (AFH Blf) ^ B Air, '- 


Projection 

327. Meaning of projection. By the pro- 
jection of a point F on a line I we mean the 
foot of the perpendicular from P to I; that 
is, the point Q. The line PQ is used only to 
obtain the projection, Q. * 
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PJ^ia Used m Decjokatioh 


The projection of a segment AB on a line I is 1^5', 
found by dropping perpendiculars, A A' and from 
■A. and 5, respectively, to L ^ 

What relation do you think exists 
between the length of AB and A'B^? ^ I I 

Are they ever equal? If A £ is perpen- — 

dicular to I, what is its projection on Vt 
Note.^ — A convenient abbreviation for “projection of AB on V is 


EXERCISES 


1. Draw an acute triangle with sides a, Z>, and c. Show by a draw- 
ing the projection of each side on each of the others. 

2. Repeat Ex. 1, using an obtuse triangle. 

3. If AB produced makes an angle of 60® with and AB == 10, 

4. Can ever be greater than AB? 

6. If AB produced makes an angle of 45® with and AB = 16, 

pY- 

6. If the equal sides of an isosceles trapezoid are each 10 and inter- 
a base at an angle of 60®, find the projection of one of the sides 
base. 

. In Ex. 6 find the projection if the angle is 30°; 45®. 

8. Prove that the projection of the equal sides of an isosceles t rape- 
on the base are equal. 

9. In A ABC: Given a = 6, p? = 3, find he; find ZB. 
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Peoposition 11. Theorem 


In any triangle, the square of a side opposite 
igle is equal to the sum of the squares of the 
ides, diminished by twice the product of one 
s by the projection of the other side on it. 


Given: Triangle ABC, with acute Z A, side a opposite 
ZA, b and c the other sides, b' the projection of b on c, 
h the altitude on c. 

To prove : = &■ + ~ 2 b'c. 


Plan: Express h in terms of the sides in both right A. 
Then eliminate h. 

Proof : : 

statements beasons 

I /jS = _ b'K L 

2. h- = - {c- h'Y (in I), or 2. Why? 

W = {V - cf (in II). 

Complete the proof by equating the values of h^- found in 1 
and 2. 

Ex. 1. If 6 = 10 in., c = 21 ia., and hc—S in., find a. 

Ex. 2. If & = 13 in., c = 14 in., and 5' = 5 in., find a. 

*Ex. 8. If fe = 43 in., c = 61 in., and p% — H in., find a. 

*Ex. 4. If a = 48 in., 6 = 29 in,, and pi =='20 in., find c. 


h 

\ 


Cd 
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329. A. Theorem. In any obtuse triangle, the square 
of the side opposite an obtuse angle is equal to the sum of 
the squares of the other two sides, increased by twice the 
'■product of one of those sides by the projection of the other 
side on it (Prop. 12) 

Given : A A BC with obtuse Z A , side 
a opposite Z A, b and c the other sides, 

6^ the projection of b on c, h the alti- 
tude on c. 

To prove: = 6- + c- + 2 ¥c. 

Proof: Proceed as in § 328. 

330. A. Corollary. If a- < ¥ + c^, ZA is an' 
acute angle; if = ¥ + c^, Z A is a right angle; and if 
a? > ¥ + c^, Z A is an obtuse angle, 

331. B. If a, b, and c are sides of a triangle and A is an 

acute angle, we have the formulas: ~ 2cpl, 

or a^ ~ ¥ + “ 2 bpt 

If A is an obtuse angle, w^e have the formulas: 

^2 ^ IP ^2 2 cpl, or + 2 bpi. 

EXERCISES 

The following exercises can be solved by the fonmilas in §§ 330, 33L 

1. The sides of a triangle are 8 in., 9 in., and 12 in. What kind of 
angle is the largest angle of the triangle? 

2. The sides of a triangle are I2,yd., 16 yd.,. and „20:yd. What 
kind of angle is the largest angle of the triangle? 

7/ a = IS in., h ^ 15 in., 14 in,: 

3. What kind of angle is Z A? 

L Find 
B. Fmdh. 
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jf a =17 in., h = 10 in., c = 31 in.: 

6. I\Tiat kind of angle is Z Cl 

7. Find pt pt 

8. Find he. 


9 If a = 35 in, b = 29 in., and p? = 2S in., find e. 

lo’. If a = 43 in, b = 68 in, and pS = 32 m, find c. 

11 If ffl = 25 in., b — 26 in., and Pc = 10 in., find c. 

12 If a = 25 in., c = 25 in., and p, = 7 in., find b. 

13 If a = 18 in., b = 12 in., and Z C = 60°, find p|. 

14. If « = S in., b = 6 in., and Z C = 30°. find h^. 

, Tf 21 in., Z B = 4.3°, and p? = 9 m-. find he. find Pr- 
m If a = 20 in., h = 12. ill., and ZC = 120°, find e., ^ 
f, Lv« tl,« prim-iple ».ed by .!» F«;pt».P; .bM » m™"!- •b-' 
.ides are proportional to 3, 4, and 5 is a right tnanglo. 

SnoonsTiON. - Let 3 «, 4 «, and 5 «> the three sides. 

18 The legs of a right triangle are 9 in. and 12 m., resiietdive y. 
Find the lengths of their projections upon 

19. Prove that if -4 is an acute angle, = jl: 

q! _ 6= - 

20. Prove that if Z .4 is obtuse, p ~27 

21. Write the formulas for b= if Z B Is acute; if Z B is obtuse. 

22. Write the fonnulas for if Z P L acute, o > u. c . 

23. Can eP = fP + c + 2 cPc f,„r jf angle .4 

*24. In A ABC, Z-i IS acute and a-- h+t «. ,j,„.nnine. 

increases in size, what happens to pS? “ “S'"" 

If bcconiGH liow 

332. .V Conttauity. 1'’''“ 

lies on side c, we may Then §§ 32S 

projection lies on c produce j i ^ Pythago- 

and 329 may be considered as special case-, oi t he Pyi g 

rean theorem and we always have ^ 

(i2 = 52 + c® “ 2 cpl 
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Proposition 13. Theorem 


333. If two chords intersect in a circle, the product of 
the segments of one is equal to the product of the segments 
of the other. 


Given: Circle 0, with chords AB and CD, inter 
secting at P. 

Toprove: AP ■ PB = CP • PD. 


Plan: Show that AAPC 
Proof: 


STATE.MENTS REASONS 

1. Draw AC and BD. Z1 = Z2, i. §241. 

Z3 = Z4. 

2. ZCPA = ZDPB. 2. §46. 

3. AACP ~ ABDP. 3. § 305. 

4. AP ■ PB = CP ■ PD. 4. Whyf 

334. Secants and tangents. In the 
figure, PA is tangent to the circle at A 
and PBC is a secant. The segment j 

PA is called the length of the tangent, y/ 

the length PC the whole secant and ^ 

PiS the textep^ segment. Can you prove that PA is the 
mean proportional between PB and PC? Draw BA and 
Ci: a»t#fix)ve APB A s ABAC. 
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Proposition 14. Theorem 


from a point mlside a circle, a aecant and a 
drawn, the tangent is the mean proportional 
<)hole secant and its external segment. _ 


Given: ( 
at A. 

To prove 


that A PAC and PAB are similar. 

; in full. See Ex. 10, § 31 <. 

r T ARY If, from an external point, secants 
a mcie, the product of each secant by ite ex^ 
is a constant. 


In the. figure for 

1. If AP = 30 in., a 

2. If AP = 16 in., a 

3. If PB = 8 in., an 

4. If AP = 8 in., ar 
6. If AP = 12 in., s 

In the figure for 

6. If AP = 6 in., I 

7. If AB « 13 in., 
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8. If CD = 11 in., CP = 3 in., and AP = 4 in., find AB. 

9, If AB-= 16 in., CD = 20 in., and PD = 4 in., find AP, 

10. If JiB = 17 in., CD = 13 in., and AP — 3 in., find CP. 

11. Two seqants are drawn from an external point to a circle. One 

secant and its external segment are 14 in. and 6 in., respectively. If 

the other secant is 12 in., find its external segment. 

12. A tangent and a secant are drawn from a point to a circle, the 
secant passing through the center. If the tangent is 10 in. long and the 
external segment of the secant 4 in. long, find the radius. 

13. In a circle whose radius is 12' in., a chord 18 in. long is drawn 
through a point 8 in. from the center. Find the segments into which 
the chord is divided at the point. 

*14. (Figure § 333) If AB = 8 in., CD == 12 in., and AP = 5 in., 
find CP. 



15. (Figure § 335) If AP = 12 in. and PC = 12 in;, find PC. 




Fig. 2 


Note. — In 1864 M. Peaucellier, an officer in the French army, invented, 
the linkage (see § 264) shown above in Fig, 1 . Points D and E are fastened 
to a base so that, as point C traces a circle, point I traces a straight line 
_ l^wpendlcular to DE produced. ' . . 



SIMILAR POLYGONS 


*16. The illustration below shows 
= m, ■ and BC = RJ = I A ='"" AC 
and .D lie in a straight line. , 

Hint. — How is ID related to BA? 


PeuucdHer^s cdh DB == DA 
• n . , Prove that p'iints L 


*17. Sh ow t hat, no matter what the position of the; links in Peaucel- 
tier’s cell, DC X D1 is a eonstant. 

Hint. — By applying § 326 to triangles DCS and COB^ show tlmt 
= a(a + 2 6); that is, m' — n- = 'DC X DI. 

*18. The diameter DP of a circle is ^ 

produced to any point Q and IP is 
drawn perpendicular to DQ, Secants 
DCI and DC'P are drawn through D 
and cut the circle at C and C* and the 

perpe ndic ular at J and P, Pro ve that / \\ '. r 

DCXDI-^^DCIXDP-^'DPxm JX B Mp L.' 

That is, prove that the product of the ^ 

segments made b}' the circle and IV ’/ 

on any secant drawn from point D is \ 

a eonstant. '^*'7' 

Hint, — Draw CP and compare simi- 
lar right triangles DQI and DCP. 

*19. Referring to Fig. 2 on page 320 and to Ex. 16-18, sliow why, as 
point C traces tlie circle with center E, |x>int / traces the straigfit line 
IP |:'X!‘rpendicuIar to DE, 

Note. — When the bar CE (Fig. 1, page 320Q is lengthened, / i»ee» m 
arc of a circle. 
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given 


Construction XX 

To construct the mean proportional between two 


c I, 

Given: Segments a and 6. 

Required : Construct the mean proportional between a and b. 

Construction: Write the construction and proof. See § 324. 

Ex. 1, Construct a segment equal to \/6 in. 

Hint. — If x is the required segment, x- = 6. Therefore 2:x = x: 3. 

Ex. 2. Construct a segment equal to \/3 in. 

Ex. 3. Construct a segment a Vs in. long, if a is a segment of given 
length. 

Ex. 4. If xa — ir, construct x. (Recall § 2S9-d.) 

Ex. If a quadrilateral is inscribed in a circle, the product of the 
segments of one diagonal equals the product of the segments of the 
■: other •diagonaL: 

P 


338* A. Coutinuity. The theorems in §§ 333, 335, 
and 336 can be stated as a single theorem by considering 
that the point P divides the' lines AC and BD internally 
'in Fig. 1 and extmmJXy in Fig, 3. In each case the seg- 
Ments of AC are PA and PC and the segments of BD 
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are PB and PD. In each case 

In Fig. 2, FA and PB are each zero; in Fig. 4, 

Draw the figure for two tangents. 

339. Summary of the Work of Unit Six. 

I. You can piovs two triangles are similar by prov- 
ing that: 

1. They are mutually equiangular. t ^ ,-l 

2. They have an angle of one equal to an angle eg the 

other and the mcluding sides proportional 

3. They have their sides, respectively, proportional 

II. You can prove that four segments are in propor- 
tion by proving that: 

.« « 


J. They are corresponding segments intercepted 

hv pcLTallelliyics. . 

2. Th&y are segments intercepted on tivo sides o 

irianglehy aline parallelto the third side. 

3. They are corresponding sides of similar tri 

angles. 

Ill You can prove that the product of two ^^Sments 
' is equal to the product of two other segments by 

proving that: • ,i „ 





•• :.l 




1. One pair is the. means and the other pair die 

2. two interceding ctwrie 

3. 'rhef in formed hg two xcarde drawn from an 

external point to a circle. 

TV You can prove that one segment is the mem 
proportioL between two others by usmg the 

theorems about: 












-■ru' 

.VvV 




t 


fi 




i •: 



.4? ^ ’ 
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1. A tangent and a secant drawn from an external 
point. 

2 . The altitude drawn from the vertex of a right 
triangle to the hypotenuse. 

Y. Constructions: 

1 . To construct the fourth proportional to three 
given line segments. 

2. To divide a segment into parts proportional to 
any number of given segments. 

3 . To construct the mean proportional between two 
given line segments. 


REVIEW OF UNIT SIX 

See if you can answer the questions in the following exercises. If you 
are in doubt look up the section to which reference is made. Then study 
that section before taking the tests. The references given are those most 
closely related to the exercise. 

1. What is a ratio? A proportion? § 285, § 286. 

2. Define antecedent; consequent; means; extremes. §§ 287, 288, 

Ex. 6. 

3. Is the ratio of similitude of two similar polygons the ratio of 
any two sides? § 303. 

4. Is the fourth proportional the fourth term in any proportion? 
§ 290. 

6. Is the third proportional the third term in any proportion? 
§290. 

6. "^Miat is the mean proportional? § 290. 

7. two conditions are necessary for the similarity of two 
polygons? § 302. 

8, Write the proportion 2 = ^ by alternation; bv inversion; by 

0 a ‘ 

addition; by subtraction. §289. 

9, If xy = zu% write ^four proportions involving x, y, z, and u\ 

§ 289 . 
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10. If two polygons have their corresponding sides proportional, are 
* 11 .' n'two trLgles have their corresponding sides proportimml , are 
thej^si^ar^ polygons are mutually equiangular, are they similar? 
^'l3.' If two triangles are mutually equiangular, are they similar. 

^ tr Must similar polygons have the same number of udes. Oi 

.aiiglfis*? 1 302. ' ' g.m, 

16. How can you find geometricallj V 1 ■ §33i.^ 

16. How can you construct a segment r, if 2 “ - “ Jr 

fix = 2975,33/. . T , 

17. How do you divide a segment into parts proportion id to w, 

■1/l,r»rp«» to »y: -IB » 

CD”? §286. 

19. li a :b=c: d, what can you say about 01 . ^ § -• • • 

20 If rt -6 =c -. 6 , what can you say about c;o. ■ 

I, .„d ~ ’•P 

§289. 

Complete the following: 

22. Corresponding altitudes of similar triangles , . . § d 00, 

9% ■ Two triaiislc^s are siinilar if an angle /» .one . - ^ 

1 Trb“o.™ of an in.oHoa a»,.e .d a man* divfd.. fl.o .,a 

"'t H : ...'n*-™* Pa 

to the hypotenuse: _ 

(a) The perpendicular is the mean proi«rt.ona . o- . 

[b) Either shle the mean proportiona ... , 

26. In any right triangle the sciuare ... § d2*n 

27. If two chorfls intersect in a circle, . . § > o. . 

28. If from a point outside a circle a secant and ... ^ ■ 
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29. The bisector of an exterior angle of a triangle divides the oppo- 
site side ... § 319. 

30. If P divides a segment AB externally ^ the two parts are . . , 

and'.:.. , §'318. " - 

31. A. The ratio of the aide adjacent to the hypotenuse is called 
the ' . . ... § 307. 

32. A. The tangent is the ratio of . . . §307. 

33. A. If, in a right triangle, jmu are given an acute angle and the 

side adjacent, the side opposite can be found by using the . . . § 307 . 

34. A. , In any triangle, the square -of a side opposite an acute angle' 
... §328. 

35. A. In any obtuse triangle, the square of a side opposite an 

obtuse angle ... § 329. 

36. A. Points F and Q divide segment AB harmonically. How 
can you find the length of the external segments if you are given the 
length of the internal segments? § 320. 

37. Tell how to find the diameter of a circle if you know the length 
of the tangent from a point P to the circle and the distance of P from 
the nearer arc of the circle. § 335. 

38. Tell how to find the length of a chord if you know the length of 
the diameter and the distance from the center of the circle to the chord. 
§333. 

ITOMERICAL EXERCISES 

1. In AABC, AB = 3 in., BC - 4 in., 

CA = 6 in. If DE || BC and AD = 1 in., 
find AE and EC. 

2. If AB = 4 in., BB = 3 in., AB = 6 
in., and DE jj BC, how long is BC? 

3. If BB 1! BC, AB = 8 in., BB = 3 in., 

AC - 10 in., and BC = 12 in., find AB and 

4. If DE ]j BC, BB = 12 in., AB = IS in., CB = 25 In,, and 
AC = 50 in., find BB and BC. 

6. If BB !1 BC, AB = 4 in., AB == 12 in., and AB = 2 BB, find 
AB, BB, and BC. 

0. H AB =5= 8 in, AB = 2 in., AE — 3 in., and AC = 12 in., Is 
DE I BC? 


A 



DE. 
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In Ex 7-11, gioen AC in AABC a right angk, with CD J. AB. 
(Se& the Appmidix jor the soMwn of quodratie eqmtwns.) 

7. If AC = 6 in. and AB = 18 in., find i.D, BC, and CD. 
s'. If BC = 12 in. and AD = 7 in., find AB. 

ScGGBSTioN. — BC^ = AB X BD. UBD - x. 

Then x(x + <) = 

4- 7 X - 144 = 0 
(x + 16 ) (a: - 9) = 0 
X — 9 ' 

8. If BC = 12 in. and AD = 18 in., find AC, BD, and AB. 

*10. If BC = 9 in. and AD = 6 in., find AB. 

*11 If BD = 12 in. and AC = 20 in., find AB. 

12. The hypotenuse of an isosceles right triangle is 1- m. Imd 

S of » equitateml tmn^e h ® Fmd tte alltad.. 
It If »ril Je of . ri,h. .rtaBle i. IS* » fo* » a. «,,1 

«lo of . right triongl. 

lh.t «lo i. 5 in M the ” * U » I Find the .ide. 

le. The .Ititude . » ^ ^ 


n. In Arise, /B-30-, rie-45-, e.n-o O.. .— 

A€ and BC, 

ra“e-35-, zs.»-.»dris..0f.. r.d 

AC and BC. 

Hint -Draw AD ABC produced. 

19. In A ABC, / C = 120°, Z B is 45-’. and AB = 20 in. Find 

^ 2 o“chords AB and CD intersect at E within a circle If AB is 

24 in’., CE is 16 in., and ^ ^ Itd^S^i” 12b*, find AE. 

21. If chord AB is 28 in., *’ 

n. The sides of a triangle of the opposite aiii^e. 

segments of the 18 m. side mad y bisector 

23. In Ex. 22 find the segments of side 15 ui. mao . 

of the opposite angle. of 1 in. 4o 10 mi. How far apart 

24. A map is drawn to the scale i in. i 

are two places that are 3i m. apart on the 1 ■ 


and AB 
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25., In. AABCj BC = 15 ft. and altitude .AD = 7 lt. In similar 
"AA'B'^C' side D'O' corresponding to BC is 50 yd. Find altitude A'D'. 

' In trapezoid ADDD, ■ADI! CD. If AD = 16 ft., DC = 10ft., 

, CD. =. 1.2 ft., DA = 15 ft., and if AD and DC meet:at D, find the 
perimeter of A DCD. 

27. The bases of a trapezoid are 12 in. and 15 in.; its altitude is 8 
in. If the non-parallel sides are produced to meet, what is the altitude 
of each triangle thus formed? 

28. A. The angle of elevation of a house at a distance of 300 feet 
is 20®. Find the height of the house. 

29. A. From a lighthouse the angle of depression of a boat was 18®. 
If the lighthouse was 125 feet high, how far away was the boat? 

30. YOien a ship sails for 3 hours at an average speed of 18 miles 
per hour on a course 30® west of south, how far west of its starting 
point is it? 

31. A, Two forces, one of 80 lb. and the other of 96 Ib., are exerted 
on an object at A at an angle of 30®. Find the value of the resultant 
force and the angle it makes with the given force. 

Hint. — See Ex. 1, page 141. 

32. A. An airplane is flying on a compass course due east at 
the rate of 90 miles per hour. If a north wind causes the plane to drift 
south at the rate of 12 miles per hour, find the direction in 'which the 
plane is moving and the distance it travels in 10 hours. 

33. A. If the average inclination of a river bed is 6® 10' with the 
horizontal, how far does it descend in 1 mile of its course? 

*34. A. The Wasliington Monument is 555 ft. high. From points 
due west of the Monument, two observers note that its angles of eleva- 
tion are 25® and 42® 20', respectively. 

How far apart are the observers? 

*35. A. Two men are lifting a stone by 
means of ropes. One man pulls 90 lb. in 
a direction 23® from the vertical, and the 
other man pulls 105 lb. in a direction 40® 
from the vertical. Find the weight of 
the stone. 

Hint. — The total weight of the stone is 

FA' + FDl 
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CONSTRUCTIONS 

1. Construct geometrically V^- . 

2 Construct the third proportional to two segments . 
3. Construct the fourth proportional to the segments 

^’1 ^DRude a segment 4-| in. long into parts proportional 
*5 Inscribe in a given circle a triangle similar to a giv 
Hint - Circumscribe a circle about the ^ven tnangle a 
giv en chcle the central angle.s formed by each s.de. 

*6. Construct a circle which shall pass through two gi^ 

be tangent to a given Ime. 

_ Let 1 and B be the given points and let Al m 
line I mp.. Then if X is the supposed point of tangenc> i 
M^by§335. . ; 

*7. Construct a circle through a given pomt and 

given lines. 

. Un. 

given point. Then use Ex. 6. 

general exercises 

. Provethateorrespon^gan.^^^^^^^^^ 
have the same ratio as any two correspon n g 

2. In A ABC, AD is drawm to a pomt m B. - . 

'■ / R ' Prove £\ACB> ^ ■ . .. ■ ■ ^ '■' 

3. Prove that the altitudes of two similar trapeimr 

ratio as any two corresponding 

4 Prove that two corresponding , 

the «oo ».» » a»y Wo c«n»pondm« Mfc. 

6. Prove the converse of § 31' • 

Use the indirect method. 

P„v. ll»t the prrfuet cl ^ 
in.n„vb a noint within a circle is a constantt 


330 


SIMILAR POLYGONS 


7. . Prove that if, from an external ■ point, any number of secants 
are drawn, to a circle, the product: of any secant a.nd its external seg- 
ment is a constant. 

*^8. If three circles intersect one another, 
the three common chords all pass through the 
same point. 

Suggestion. — Let the chords AB and CD 
intersect at 0. Draw EO and produce it. 

Suppose that MO produced meets arc BAB again 
at F and arc EDO at G, Prove that OF ^ OG, 
and hence that P and G coincide. 

*9. If two circles are tangent externally, 
the corresponding segments of two lines drawn through the point of 
contact and terminated by the circles are proportional. 

*10. If two circles are tangent externally their common external 
tangent is the mean proportional between their diameters. 

*11. Prove the converse of § 319. 

PRACTICAL APPLICATIONS 
(Optional) 

1. The instrument shown in the figure is called a sector. By means 
of it various constructions and measurements can 
be made. Thus, to bisect a segment, open the 
sector until the transverse distance from A to B 
on the scales OA and OB equals the given seg- 
ment. Then the distance between the mid- 
points of OA and OB is equal to one half of the 
segment. Give the proof. 

2. Show how the sector may be used to 
divide a line segment into five equal parts, by 
opening them until the transverse distance between the fifth divisions 
on the scales equals the given segment. Give the proof. 

3. Show by use of the sector how to divide a given segment into 

nine ecpal parts. ** 
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4 The instrument shoi^m in the drawing is 
a pair of proporlmnal compaBseB. The lengths 
AM, BE, E:D, and EC are adjusted . propor- 
tionally by means of the screw at E. Prove that 


CD, ED M ''4 

: If ■ AD = 8 in. and ED = 2 in., the ■ distance M 
between A and B is how many times the dis- !/ \A 

tance between C and D? — — 

5. The following method may be used for 

estimating the distance from, the-nbserver to an inaccessible object :. ; . 

With the left eye closed, the finger is pointed, 'at arm's length , (at 
0), toward the object A, Then without : . 

nioting the finger, the right eye is closed j., 

and the left eye opened, w^hen the object J 

appears to have moved to, B. The dis- 1 .[ 

tance AD through W'hich it appears to have 1 S 

moved, being transverse to the line of sight, C i 

is estimated. The distance from the finger 
0 to the object is approximately 10 times the distance AB, 

Show that, if the distance CO from the eye to the outstretched 
finger of the average person is approximately 10 times the distance CD 
between the eyes, OA = 10 AD. 

6. The French liner Normandk (1935) is 981 ft. long. When 

observed at sea by the method of Ex. 5, it appeared to move through 
a distance of four ship lengths. How far aw’-ay was it? How many 
miles? ' . ' ' 

7. Several centuries ago, before modem instruments w'ere invented, 
a method used for determining the dis- 
tance from A to an inaccessible point B 

was as follows: Upon a vertical staff AC iVy ' 

was placed an instrument resembling a / 

carpenter's square. The blade CD was , / , 

pointed toward D, and at the same time A 

the point D' on the ground at which the 

blade CE pointed was marked. B*A and AC were measim^d. Tfiea 
AD was computed by the proportion B'A : AC =» AC : AB. 

Prove that this proportion true. 
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8. Iii Ex. 7, if AB' = 6 in. and AC = 62 in., find AB, 

9. The distance between two accessible points A and B which are 
separated by an obstacle 
may be measured as fol-. ' 
lows : From a convenient 
point F the distances 
PA' and PB are meas- 
ured. Then in these 
lines points C and F, re- 
spectively, are located so 
that PC': PA = PD : PB. Finally, CD is measured. 

Prove the proportion by means of which AB may now be com- 
puted. 

If PA = 240 ft., PC = 40 ft., CD = 20 ft., find AB. 

Use the method explained here to find the distance between two 
inaccessible points. 

10. Before modern in- 
struments were invented, an 
inaccessible distance AB 
was measured by use of 
drum heads. On a drum 
head placed at F a line a 
was drawn toward C and a 
line c toward an accessible 
point A. BC was then 
measured, and the drum head removed to C and placed with a in the 
direction BC as indicated. Then a third line h was drawn toward A. 
Show ho’w it was possible from these measurements to compute AB. 
If BC = 200 yd., B'C — 12 in., and c = 16 in., compute AF. 

11. The cross-staff may be used to find 
the height AB of an object as follow’s: 

The horizontal cross-bar DE is raised or 
low^ered on the staff FG until F, F, and B 
fall in a straight line. Then DE, EF, 

GE, and GA are measured. 

Explain how AB may be computed. 

If DE 18 m., EF 6 in., FF 5 ft., and GA = 60 ft., find AB. 
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12. Explain Low the cross-staff Cf — b . 

may be used to obtain, tbe horizon.- ■ 

tal distance from a point A to an 
inaccessible point B. ^ 

15. In Ex. 12, if AC is -5 ft., 

EC is 21 in., and ED is 18 in.., find AB, . 

14. The geometric square was used in practical measii.rem.e.nts before 
modern engineering instruments were ' invented.. .It eo-iisists. .of a 
square frame, along, two adjacent 
edges of which is marked a scale, . 

and from the opposite comer of ^ .' fl": if fl ■ 

which a plumb line is suspended, A ■ 

pair of sights on another edge aid in [1 | 

pointing the instrument. ^ j 

When the height AB of an object ’ ' ■ 

is to be found, the square is held' in a vertical plane a.Tid the edge 
tearing the sights is pointed toward B. The point D where the ffiiimb 
line then crosses the scale is noted. PB is computed by p.rc>|M:)rtioi:L 
Prove that CE : CP = DE : PB, 

16. If CE is 12 in., DE is 8 in., FI is 100 ft., a.n.d €F is 5' ft..., .find 

AB. ' ' ^ ,C/". / 

16. A modem form of the 

geometric square can very ' 

easily be made by tacking a ^ P?f 

piece of graph paper on a 

board and attaching sights ^ 1''"' 
and a plumb bob. ^ ^ — r-r-.-* 

Show^ that AA'B^C^^ .. .■ . 

A ABC and that the length of BC can te> computed from /> f. 

Such an instrament is called a hypsorneter* 

17. If A is 5 ft. from the ground. AB }h 

Is 60 ft., A'B' is 50 and BT* is 20 find 

the height of the tree, ^ 

18. If a large protractor is made and 
tacked to a board with a pointer swing- ^ 

ing freely at 0, the angle A of any sloi^e cm be read from the protractor, 
Show'that the angular reading at 0 is eqiral to Z A. 

This instrument is called a dimmler. 
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19. A pantograph is an instrument for drawing a figure similar to a 
given figure, and is useful for enlarging 
or reducmg maps and drawings. It 
consists of four bars, parallel in pairs 
and jointed at B, C, B, and E. A 
turns on a fixed pivot, and pencils are A 
carried at D and F. BD and BE are 
so adjusted as to form a parallelogram 
BCED and such that any required ratio AB : AC is equal to CE : €F, 

Show that *4, B, and F are always in a straight line. 

Hint. — Prove that Z BAB = ZFAC. 

20. Show that the ratio AB : AF remains constant and equal to 
AB : AC so that if the point B traces a given figure, the pencil F will 
trace a similar figure. 

21. A. The instrument shown in the drawing is called a telemeter. 
It is used for estimating distances. AB is pointed toward the object 
E to which the distance is to be found. The plumb line points on the 
scale to the number of feet that 
the object E is distant. The 
instrument is made to be held 
at a height BB of 5 ft. above 
the ground. 

In making the scale of feet 
on the telemeter, the 15-ft. mark 
of the scale must be placed at a point C so that Z ABC is how many 
degrees? 

Compute in the same way the number of degrees in /.ABC when 
C is at the 6-ft. mark. When C is at the 25-ft. mark. (See sections 
on numerical trigonometry’^, §§ 307-310.) 

22. A railroad surveyor who wished to find the radius of the 
railroad curve ABB, measured the 
chord AB and the distance CM from 
the middle point of the arc to the 
middle point of the chord. Show how 
he was then able to compute the radius. 

If AB is 100 ft. and CM is 2 ft., compute the radius of the 
curve. 




E 


15 ft. 


Juo 

D 
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23. A window whose width AB' is o ft. 

is to be surmoimted by a circular stone arch 
of which the rise CM is 20 in. Find the 
radius of the circle at which the stone'- for 
the arch must be cut. 

, 24. In a bridge, a circular arch 18 ft, high 

is to span a stream 72 ft. wide. What is 

the radius of the circle at which the stones of this arch must be cut? 

, 25- This is a piece of broken. wLeel. If AB 
= 16 in. and CM = 4 in., find the diameter of 
■ the wheel. 

26. Three stakes are set in a canal 2 mi. long, /jC "“i/ 
one at each end and one in the middle, and all 

project the same distance above the water. By use o'f a leveling 'in- 
strurnent the middle stake is found to be 8 in. higher tliarj the others. 
From, these facts compute the diameter of the earth. 

27 . A bridge spans a stream St,l ft. wide, and the stone arcdi of the 
bridge is 25 ft. alcove the water at the center. Find t,he radius of the 
arch. 

28 . Galileo, who lived about 1600 , measured the heights of the 
niountains on the moon as follovrs: ACB was the 

illuminated half of the moon Just 'as the -peak of *5 — 
the mountain M caught the beam SM of the rising 
or setting sun. He measured the distance AM / 
from the half-moon^s straight edge AB to the 
mountain peak M, Then by using the kno'vvm 1? K 
diameter 'of the moon, show how he was able to 
compute the height of the mountain. 

29. In the figure of Ex. 28 the known diameter AB of the moon is 
about 21^ miles. If the distance AM is found to be lljf) mi. how 
high is the mountain Ml 

30. Assuming the diameter of the earth to IMUXI mi., how far can 
one see on the surface of the earth from the top of a mountain 2 mi. 
Iiigh which rises out of a level plain? 

31. ‘Wiat is the greatest distance on the surface of the earth that a 
man can see from an airplane if he is one mile high? 
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A surveyor proceeded as follows to find the approximate distance 
from a point A to an inacces- 
sible point B: He walked from ■' " 

A 100 paces to C in a line with, 

: A, and B, ■ Then he walked 100 
paces to a convenient point B, 

and noted Z 1 . He continued in UriiiZlI 

line BI) until he reached a point 

..E from which Z2 = Z 1. Show that DE = AB. 

Suggestion. — It can be proved that DE — AB if it is first proved 
that a circle may be drawn through the four points A, B,E, and B. See 
§280. Then use § 335. 

PRACTICE TESTS 

These are practice tests. See if you can do all the exercises cor- 
rectly without referring to the text. If you miss any question look up 
the reference and be sure you imderstand it before taking other tests. 

TESTS ON UNIT SIX 
TEST ONE 
Numerical Exercises 

1. PB is a tangent and CB is a diameter. If 
PB is 12 in. and PC is 8 in., -what is the radius 

of the circle? § 335. N 

2. In AABC, ABislSin., BCisl2in., and o — ¥ 

AC is 14 in. A line PQ parallel to BC is 10 in. 

Find AP if point P is on AB. § 302. 

3. Find the fourth proportional to 3, 36, and 2. § 290. 

4. Chords MN and PR intersect at C. If PC is 4 in., CR is 12 iu., 

^and' is 6 in., find MAh I'BSS. ■ • ^ 

5. If CD bisects Z C, AC is 6 in., BC is 

14 in., and AB is 15 in., how long is BB? . x \ 

§ 317 . ^ 

6. How high is a tower which casts a shadow 110 ft. long when a 
vertical pole 6 ft. high casts a shadow 8 ft. long? § 302. 



SIMILAR POLYGONS 

7 In A ABC, ZC is a right angle and CD ± 

Ab‘ li AB is 25 in. and AD is 5 in., how long is 

ajyi § 323. . , • ! ^ D 

8. The perimeters of two equilateral tnangles are ^ 

36 in. and 24 in., respectively. What is the ratio of their altitude. . 

9 If diameter AB is IS in. and MA is perpen- 

dicular to AB, find MB if Y R is 8 in. § 324. 

it In the figure of Ex. 7, if BC is 35 m. and IB r^irn 

iii 37 in., how long is AC? § 326. , , . , + ^ 

^ 11. Find the length of the longest and the shorty ^ 

chord that can be dravm through a point o m. from . 

circle whose radius is^Sjn^ J 3g. ^ ^ ^ , 

aT pttd Q a^Wnts on AC and BC, respectively. If BO 1^2 in., 

how long is FO? §302. 

TEST TW-0 
True-False Statements 

X 1“X I 


1. Two isosceles right triangles are 

J; Z -Xo g 

are perpetidicMar each to eat . § • , (.orrpi^ponding sides are pr»- 

3. If two polygons are similar, their torre, pou 

X'XXii «'«»"» ■>' 

tl* cowndin* »«■» ■“ 

equal. § 302. . , .. j corresponding 

sai i” ““tariXio'f e»»po.dl„* 0 .^ 5 *• 

Mri « .«» number «d D, » )' i. <1« <»'- 

lowing: C;F=F:D. §290. 
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8. If two polygons are similar, they are §302. 

; 9. Two triangles are congruent if. the sides of .one are respectiYely 
perpendicular to the sides of the other. § 305. 

10. All are siinilar. § 302. 

11. Similar triangles are re€i»er congruent. § 3^ 

12. Two polygons may be mutually equiangular without being. 
dmilar. ,§302.'' 

TEST THREE 
Multiple-Choice Statements 

From the expressions printed in italics select that one which best 'com- 
pletes the statmwnL 

1-,. 'The, median, on .the- hypotenuse ,;of...a right' triangle divides .the 
triangle into two triangles .which are congruent ^ similar , , isoscehs, 
equilateral, §159. ■ 

2. A proportion is a ratio, a statement about similar figures, an 
equality between equal ratios, § 286. 

3. In the proportion a b :c, b is called the third, fourth, mean 
proportional, §290, 

4. If a line, divides^ two sides of a triangle proportionally, it is . 
parallel to, proportional to, equal to half the third side. § 300. 

6. Mutually equiangular polygons are similar, have each angle of 
OTie, respectively, equal to the corresponding angles of the other iakm in 
order, have all their angles equal. § 301. 

6. Two triangles are similar if their corresponding angles, sides are 
proportional. § 314. 

7 . The bisector of an interior angle of a triangle divides the op- 
posite side into segments which are equal, proportional, similar to the 
adjacent sides. § 317. ... 

8. In any right triangle, if a perpendicular is drawn from the vertex 
of the right angle to the hypotenuse, this perpendicular is the mean 
proportional between the two kgs, the hypotenuse and an adjacent side, 
the segments of the hypotenuse, § 323. 

9 * If from any point on a circle a perpendicular is drawn to a 
diameter, the segment connecting the point with the extremity of the diame- 
ter, the perpeMictdar, is;the mean proportional between the diameter 
and its adjacent segment. § 324. 
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10. If two' chords intersect in- a circle they bmet each oiher^ iimir, 
products are proportioml, the product of the seymeMs of the one is Him! 
.to the product of the sepnents of the other. §333. ' 

11. If two secants are dram from an' externa! point to a' cirele.'lle 
product of .one .secant by its external segment is equal to the prmiud of the 
other secant by its external segment^ the product of the mgmerds 

is equal to the product of the segments of the other, (key divide the cirek 
into equal arcs. § 336. 

12. In showing that the ratio between two 'segnients a and' li. ls: the 
same as the ratio between two other segments c and ike. same ''Unii 
must be used in measuring all four segments, different units may he mf.d, 
om unit may be used to nwasiire a and b and a differehi one to rnemure 
c and d. § 285. 


CUMULATIVE TESTS ON THE FIRST SIX UNITS 


TEST FOUR 


Numerical Exercises 

1. The ratio of each interior angle of a regular polygon to each 
exterior angle is 3 to 1. How many sides has the polygon? § 134. 

2. AB is the diameter of a circle whose radius is 14| In. If chord 
AC is 20 in., find chord BC. §§ 243, 326. 

3. In AABC, AB is 25 in., BC is 15 in., and AC is 20 in. From 
F on BC a line FQ is dmrni parallel to AC. Find BP if FQ is 16 in. 
§ 302. 

4. In a circle whose diameter is 40 in., a chord is drawn in in. from 
the center. What is the product of the segments of the choni? 1 333. 

6. If the vertex angle of an isosceles triangie is three tinm the hutii 
of the base angles, how many degrees are there in eacli angle of the 
triangie? § 123. 

6. How many sides has a polygon the sum of whose interior anglers 

is eiglit right angles? § 133. ^ 

7. AB !i CD; Z1 = 115®. Howmanyde- 

grees are there in / 2? § 1 13. \ 

8. How many degrees are in the angle l> 

formed by the bisectors of two angles of ^ \ 

triangle, 45® and 75® raspectively? § 
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9. Given: Right triangle ABC with right angle at C; Z A = 30®. 
:BC = 7 in. Find the length of AC. §§ 160, 326. 

10. The hypotenuse AB of right triangle ABC is 28 in. How long 
is the median from C to AB? § 159. 

11. AM and BN are medians of A ABC. 

They intersect at G and are perpendicular. 

If AM = 13| in. and BN = 18 in., how 
long is AB? §§ 278, 326. 

12. Given A ABC with AB = 8 in., AO = 9 in., and BC = 10 in. 
Find the segment BD made on BC by the bisector of the exterior angle 
at A. §319. 

TEST FIVE 

Tme-False Statements 

If a statement is always true, mark it so. If it ts not always true, 
replace each word in italics by a word which will make it a true state-- 
ment. 

1 . The perpendicular to the hypotenuse of a right triangle is the 
mean proportional between the segments of the hypotenuse. § 323. 

2. In a right triangle, if one acute angle is 30®, the longer l^g and 
the median to the hypotenuse are equal in length. §§ 159, 160. 

3 . If an isosceles triangle is obtuse, the base is the shortest side. 
§ 172. 

4 . An equiangular polygon is a polygon all of whose angles are 
equal. §135. 

— 9\ nqno 

5. Each angle of a regular polygon equals i— § 133, 

: ■■ 

6. Equal supplementary angles are right angles. § 28. 

7. A straight line cannot intersect a circle in more than me point, 
§ 185. 

8. Two triangles wdth three angles of one equal to three angles of 
the other are congruent. § 80. 

9. All angles of an isosceles triangle are alw^ays acute. §§ 09, 123. 

10. If two chords intersect in a circle, the product of the segments 

of one is equal to the square of the segments of the other. § 333. 
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TEST SIX 


Completing Statements 

CmTlelethefoUowingstatenie.nts. , • T half 

,, The — to the hypotenuse of a right triangle is equal to half 

“'Xr^ie iir. by * “7^ 

from an external point IS measured by half the 

’”3. m side opp»it. .he 30- e«.le m . SO"-®- rihh. .m.«le » 

"“t etZle is «,».! .. the ol the op- 

site interior angios. § x «‘4 rifflit triangle 



* I, .he die^oels 0. . bi»c. eeeh e.h.,, .he hh.™ 

nuse is one half .he side opposi . .. ^ hitersectiiie iines 

n! 

sides of a triangle is the center 0 aiiglc'‘ opTX'^‘i“‘ 

If.™ sides ef..»«lea«^^ 

unequal, and the smaller angle IS oppo^itet ^ 

11 If two chords intersect within a circle me K 

^ u?v half the of the intercepted a^c^. § -i • 

measured by half the tr„nsversal, the interior 

12. If two parallel lines are cut bj- ,, 

,„„dae. of e.A -»»« '-y «« e«^ ^ U„ ,id„ are 
14. Two triangles are w i^“®i i 

tional. § 314. 



Geomktry in Industry . © Gendrmu 

These great machines and the building in which they are housed were 
desigifed on geometric principles. 
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340. Area of a sTirface. In earlier units you have 
measured lengths, angles, and arcs. In each ease you 

have used a unit of measure of the same 

kind as the quantity you were measuring, - i . 

In the same way, in order to find the 

area of a surface, such as rectangle *4, 

we must find how many times it contains Dunit of area 

a unit of surface, such as a unit square, pinXITP'^ 

If is 8 units long and 4 units mde, we ZlQ0|rililt 

can draw 4 rows mth 8 squares in a row. LLi.-Li.--L 

Thus its area mil be 4 X 8 or 32. ■■ ■ p .-, 

If j5 is 4 units wide and 8| units long, there T" " 

mil be 32 whole squares and 4 half squares. 

That is, 4 X 8| or 34 in all. 

Even if the sides of the rectangle have a length of 8+* and a 
width of its area will be approximately that of the rectangle 

outlined within Cor S."^ X »= 24."** 


Hence we have: 

341. Theorem. The area of a reeiangk u eqml to 
the product of its base and altitude. 

IIisToaiCAL Mote. — We can giTe, m EacM, a full geomctrir pr£K>f of 
the theorem above, first showing that the an^as of two rwtanflw having 
equal bases (altitudes) have the same mti» m their altstiides (ba^^L 

Then by comparing the rectangle with the imit square the thcfirem foliowi* 
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342. Polygons equal in area. WMle it is evident 
■ih 2 ^mngTmnt polygons are equal in area^ polygons equal 
in area are not necessarily congruent. 

Thus, in the adjoining figures, the 
rectangle and the isosceles triangle 
have the same area because thej^ 
are composed of the equal parts, 

A and B. But they are not con- 
gruent. 

When there is no possibility of misunderstanding we may 
use the word equal to mean equal in area. 



EXERCISES 

1. Find the approximate areas of the figures below, using one of 
the small squares as the unit of area. In counting the squares, include 
a square in the figure if one half of it or more lies within the figure; 
otherwise do not include it. 



2. The altitude of rectangle A is 10 ft. and of rectangle B is 12 ft. 
The base of each is 30 ft. Find the ratio of A to B, 

3. Find the ratio of the areas of two rectangles whose dimensions 

are 8 ft. by 1 ft., and 10 ft. by 8 in., respectively. , 

. ■ ■ '■. ' ' ' ' ■■ i I i 

4. All lots of a city block are 120 ft. deep. If a lot A i 
in this block is 50 ft. wide and lot B is 60 ft. wide, compare s 
the areas of the two lots (find their ratio in lowest terms). | 

5. Find the cross-sectional area of this I-beam if the I | — ‘ 
width of tlie upper and lower rectangles is if in. 
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6 If one field is 80 rd. long and 40 rd_. mdfi 
60 rl square, find the ratio of their areas mthout 

7 4 rectangle is 50 in. wide and 200 m. loi 
imeter with that of an equal square. 

8. A fence incloses a field 25 rd. and W 
.....ter area would the fence inclose if the field 


9. Show that two rectangles having equal bases are to eac 

their altitudes. , , 

- Assume 6 the common base, and « and a' the a ti u c. 

10 Two rectangles having equal altitudte are to tadi o 


11. Show geometncain uiai; ^ 

12. Show geometriealh' that (« 

13. Show geometrically that (fl 

14. Show geometrically that (a 

(Fig. IV.) 

Si 

to BC so that Be - 
GBCF. 

*16. A BCD is a parallel^am^ 

drawn perpendicular to. • 
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Phoposition 1. Theorem 


343. The area of a parallelogram is equal to the product 
of its base by its altitude. 


Given: OABCD with base b and altitude A, 
To prove: Area of OABCD = hb. 


Plan: Show that ABCE S AADF; hence OAC = OAE 

Proof: 


STATEMENTS REASONS 

1. Draw BE ± CD and AF J. CD pro- i. § i07. 

duced. AF j| BE. 

2. AE is a EZI. Area AE ~ hb. 2. Give reusorts. 

3. ABCE ^ AADF. 3. Whyf 

4. ABED + ABEC = ABED + 4 . Ax . 2. 

AADF. 

0. OAC = CJAE undo AC = hb . 5 . Ax . 7 . 

344. Corollary 1. Parallelograms having equal bases 
and equal altitudes are equal in area. 

345. Corollary 2. Two parallelograms are to each 
other as the produsts of their bases and altitudes. 

346. Corollary 3. Parallelograms having equal alti- 
iudss are to each other as their bases. 

347. Corollary 4. Parallelograms having equal bases 
are to each other as their aUitudes. 
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EXERCISES 

• j • s the ratio of the areas of two paralleio^ams 

1. Find, using § 34o, the ratio oi respectively. 

-.11 and 16 in., and altitudes h in. anu X- u*-, i 

^-ith bases lOin. and lb , _ ^ ^ 

2. How many pieces ot sod wui i ^ ^ 

and 56 ft. long, if the the inch, what area 

3. On a map clrawm to the scare oi 

is inclosed in a strip b in. ni e an o twice a given parallelo- 

C-lmd . r«.a.gle M«1 


6. From two opposite v«tfc« of 
mllelogrom ABCD Ime 

awn to the middle points of the feid . - / 

■ove that AECff is a parallelogram and ^ --B 

half OABCD. AAOH is a parallelogram. 

In & 6, prove th. P_ ^ , 

8. Prove that A^ = i AF and -A 

*9. Using the results of 6-8 pro\e J 

mt nANCM = \ OABCD. _ ^ 

*10. Upon two sidesjf 
iBC the parallelo^ams 

JCFOmedre™. »« "<> ".ST. T 

luccd to intersect »t F, „L y 

irawn. Parallelogram n _ 

rith side AS eciual ® ^ P“^^ prL^tliat DAE = OAP. 

™. .ABC^ihS! . 

* 13 . Can you prove AARt S ^ 

_. w„rm a parallelogram by drawing P* 
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Proposition 2. Theorem 


348. The area of a triangle is 

equal to half the ^produd ' 

of its base by its altitude. 




-~-—yD 


/ 

/ 

/ 

/ 

/ 

V / 

. — — 


b 


Given: Triangle ABC with base b, and altitude h. 

To prove: A ABC ~ ihb. 



Plan: Form a O and show that the A is half the £7. 

Proof: Write in ML 

349. Corollary 1. Two triangles having equal bases 
and equal altitudes are equal in area, 

360 . Corollary 2. Tivo triangles are to each other 
as the products of their bases and altitudes, 

361. Corollary 3. Triangles having equal oMhades 
are to each other as their bases, 

352. Corollary 4. Triangles having equal bases are 
to each other as their altitudes. 

EXERCISES 

1. Find the base of a triangle whose area is 288 sq. ft. and whose 
altitude is 9 ft. 

2. Find the side of a square whose area equals that of a triangle 
with base 48 in. and altitude 24 in. ■ 

3. Find the ratio of the areas of triangles T and T' if they have 
equal bases and the altitudes are 18 in. and 15 in., respectively. 
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4. Trapezoid ARCR has AS == 24 ft., n 

CD = 12 ft., Z A = 30°, and AS = 10 ft. 

Find its area by finding the area separately . \ \ _ 

of triangles ASC and ACS. ^ 

6. What is the area of a rhombus whose diagonals are 24 in. and 

30 in., respectively? ■ 

Hixt. — Why are the diagonals perpendicular to each other? (| 87.,) 

6. Prove that the area of a rhombus is equal to half the product of 
its diagonals, 

7. Prove that the diagonals of a parailelograni divide it into four 
equal triangles. 

8. A triangle is half a parallelogram having the same hme and 
altitude. 


9. Find, to tenths, the altitude of an equilateral triangle wh(.^ 
side is 6 in. (See § 326.) 

*10. Prove that the area of an equilateral triangle whose side is 
s is ^ V3* Find the area if s = 20 in. 

11. Prove that two triangles are equal if two ^ 

sides of one are equal to two sides of the other, j/l\ 

and the included angles are supplementarju ja \ 

Suggestion. — Place the triangles with the sup- 11? 

piementary angles adjacent, as in the figure. b ^ b 

12. Prove that the line segments joining the midclk? |>oiiits of tlie 
sides of any triangle divide the triangle into four equal triangles, 

13 . If, from the middle ix)int of either diagonal of any qimdrilateml, 
segments are drawn to the two opposite vertices, prove that they 
divide the quadrilateral into two equal quadrilaterals. 

14 If, from the middle pybit of any side of a triangle, straight litm 
are drawn parallel to the other two sides, prove that the imrallelograiii 
thus formed is equal to half the triangle, 

*14 Prove that the area of a triangle equals lialf the praJuct d its 
perimeter and the radius of the inscribe eirde. 



353, The area of a trapezoid is equal to half the product 
of ike sum of its bases by its altitude. 


Given: Trapezoid ABCD with bases b and 5', and 
altitude. /i. 

To prove: Trapezoid ^4 BCD = | h(b + V). 


AREAS OF POLYGONS 
Proposition 3. Theokbm 


Plan: 1. If 6' is the base of ABCD, what is its altitude? 
of A ADD and BCD. 


354. B. Theorem. The area of a trapezoid is equal 
io the product of its altitude and the segment connecting the 
of the legs. (See § 157.) 


STATEMENTS REASONS 

BD. The area of AABD == i. §348. 
i bhj and the area of ABCD = 

Ivh. 

AABD + ABCD - 4 6A + i Vh == 2. Ao;. 2. 

\h{h + V). 

B. Trapezoid ABCD = 4 + V). 3. Ax. 7, 


EXERCISES 

the area of a^trapezoid whose bases are 17 in. and 23 in. 
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2. Find the area of a .trapezoid the sum of whose bases .is 45.. to. 
and whose altitude is 10 in. 

3. The area of a trapezoid is 1701 .sq,. yd., The altitudes is 42 
and one base 36 yd. Find the other base. 

4. A canal is 28 ft. deep, 120 ft. wide^at, the top, and 90 ft,, wide' 
.at the bottom. What is the area of a cross section of it? 

5. One base of a trapezoid is 10 ft,, the alt.itude 4 ft., and the area 
.32 sq. ft. Find the length of the segment drawn' between, the non^. 
parallel sides, parallel to the giTen base and 1 ft. from it. 

Hint. ^ See §§ 156, 157. 

6* Any trapezoid is bisected by the line segment, joining the'midcie 
points of its bases. 


7. A parallelogram is bisected 'by any straight line clraw.n throiig.h.' 
the intersection of the diagonals. 

8. The triangle having one of 'the non-parallel sides of a trai'K^zoid; 
as base and the middle point of the opposite side as verte..^. is ' equal to 
one half of the trapezoid. 

9. The area of a trapezoid is equal to the, product of one of its non- 
parallel sides and the distance to it from the middle point of the o|> 
posite side. (See Ex. 8.) 

10* Through a given point draw" a straight line that shall bisect a 
given parallelogram. (See Ex, 7.) 

ii. Draw a straight line parallel to a given straight line and w’hieh 
shall bisect a given paralieiogram. (Bee Ex. 7.) 

'*'12. Find the area of a trapezoid- A BCD, if AB ==? 30 in., AD — 10 
in., Z A = and Z B = 45*^. (See § 160.) 

366. A. Continuity. In §§ 341, 343, 348, and 353 you 
have had theorems about the areas of certain geometric 
figures. See if you can show how each of them can be 
made to depend on the statement: If iivo sides (at least) 
of a quadrilateral are parallel, the area is equal to half the 
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Proposition 4. Theorem 


356. B. Two triangles having an angle of one equal to 
an angle of the other are to each other as the products of the 
sides including the equal angles. 


C 



Given : Triangles A BC and A 'B'C' with ZA = ZA'. 

^ AABC AB X AC 

Toprove: 


Plan: Place A A' B'C' on AABC so that ZA' coincides 
with ZA. Compare the areas of A A B'C' and ABC'; also 
of A ABC' and ABC. Recall § 351 and multiply. 

Proof: For you to %vrite. 

EXERCISES 

1. Two triangles that have an angle of one equal to an angle of the 
other, have the sides including the equal angles 4 in. and 9 in., and 12 
in. and 5 in., respectively. Compare their areas. 

2. In the figure of § 356, *4C = 12 in., AB — 9 in., A'C' =18 in. 
If the area of AABC is 256 sq. in. and of A A' B'C' is 240 sq. in., find 

4 '^'- " ' 

*3. Two corresponding sides of similar triangles are 8 in. and 12 in., 
respectively. If the area of the smaller triangle is 48 sq. in., find the 
area of the larger. 

*4. Two triangles having an angle of one supplementary to an angle 
of the other are to each^other as the products of the sides including 
those angles. 
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357. A. A formula for (he altitude of a triangle. 


Reducing to a fraction and factoring 


Substituting in (4) 
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358. Hero’s formula. Since the area of a triangle is 
= I bh, from § 357 we have, 

A = n/s(s — o)(s — b)(s — c). 

Historical Note. — This formula was first given by Hero, an Egyptian 
mathematician who lived in Alexandria about the beginning of the Chris- 
tian era. 

EXERCISES 

In Ex. 1-8^ find s, s — s — b, and s — c. 

1. a == o in., b = 13 in., c = 12 in. 

2. a = 7 in., b = 24 in., c = 25 in. 

3. a = 17 in., 5 = 15 in., c = 8 in. 

4. a = 60 ft., b = 11 ft., c = 61 ft. 

5. a = 21 in., b = 29 in., c = 20 in. 

6. a = 13 ft., 5 = 15 ft., c = 14 ft. 

7 . a = 20 ft., 5 = 13 ft., c = 21 ft. 

8. a = 25 ft., 5 = 36 ft., c = 29 ft. " 

9. - 16 . Find the area of each of the triangles in Ex. 1-8. 

17 . Find the altitude on side c in the triangle wdth side a = 25 in., 
5 = 17 in., c = 28 in. 

18 . Find the altitude on side c in the triangle with sides a = 39 ft., 
5 = 17 ft., c = 44 ft. 

19. Find the altitude on side a in the triangle with sides a = 17 in.. 
b = 26 in., c = 25.in. 

20. Find the altitude on side b in the triangle with sides a = 41 ft. 
b = 51 ft., c = 58 ft. 

21. Find correct to one decimal place the altitude on side c if a = 
21 in., 5 = 20 in., and c = 29 in. 

22. Find to one decimal place the area of a triangle -whose sides are 
20 ft., 24 ft., and 28 ft. 

23. If a side of an equilateral triangle is 8 ft., find the area. 
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24. If a is a side of an equilateral triangle, find the formula for the 

area by the formula in § 358. _ 

*25. Find the area of a paraUelogram whose sides are 6 m. and 8 - 

and whose diagonal is 12 in. , , , 

*26 Explain how the area of a trapezoid can be found, i y _ d* 
gi “ M.d .» leg, «d if the gi™. leg makes e» «le o. .d) 

with the base. 


with the base. ^ 

*27. Find the area of a trapezoid if its non-parallel sides are lo -t, 

and IS ft. and its bases are 20 ft. and 32 ft. 


id lo iL. anu itK uoiDCD — 

Hint -Find the sides of the simaar triangles formed by producing 

thriegs'. Then find their areas by §358 and subtract. 


369. Algebra in geometric constructions. 

1. Construct a rectangle equal to 
a given square and having its side 
equal to a given s^ent. 

Solution. -If the side of the given 
square is s, and the given segment is o, 
let the other side of the rectangle be x. 

area of the square is s-, 



1 ^ ’ 



a 


t the other side of the rectangle e a. rectan^e is oa. 

Then the area of the square is s , and 

The problem requires that: 

Hence, by §289-d, 0 :s = 

Therefore construct x by s 

g, Coirntruct . B,u»e equal to a gto pardlelopam 

Consttoct . «» «e«o P 

portional between /i and b. (§337.) 

3. Oo-truot a equaee having half the of a gfV.. a<l«»o 

TTtwt = h s^- Hence s:x =x: is. 

4. Conatenct a triangle equal t. a givm. triangle, »d havmg one 
side equal to a given segment. 

_ Take the pven segment as the base. , , . . „ 

3, Oonatnuot a right triangle eqmd to a give, tttogle, and havmg 
one of its legs equal to a given s^en . 
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6. Construct a rectangle having a given side and equal to a given 
rectangle. 

7. Constract a rectangle having a given side and equal to a given 
paralMogram. 

8. Construct an isosceles triangle equal to a given triangle and on 
the same base. 

9. Construct a rhombus having a given diagonal and equal to a 
given parallelogram. (See Ex. 6, § 352.) 

10. Bisect a given triangle by a line drawn through any vertex. 

11. Divide a given triangle into any ratio by a straight line drawn 
tiirough any vertex. 

12. Construct a triangle having two of its sides equal to segments 
a and b and equal to a given triangle. (Take b as the base.) 

13. Construct a triangle having a given angle 
and equal to a given parallelogram. 

Hint. — If the base of the O is h and its alti- 
tude is h, what is its area? Take 2 h for the base 
of the A. 

14. Construct a right triangle equal to a given right triangle and 
having its hypotenuse equal to a given segment. (Recall Locus VI, 
§ 260.) 

15. Construct a parallelogram equal to a given triangle and having 
one of its angles equal to a given angle. 

*16. Construct an equilateral triangle equal to a given triangle. 
(See Ex. 10, § 352.) 

*17. Bisect a given triangle by drawing a 
straight line through a given point on one side 
of the triangle. 

Hint. — Let A ABC be the given triangle with 
altitude h and base hj and P the given point. If 
PQ be assumed to bisect the triangle and if a; is ± PB, then by the 
conditions of the problem APQB = f AABC, or PB X x i hb. 
Hence PB:P = - 
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*18. Bisect a given triangle by drawing a ^ 
straight line parallel to one of the sides. 

Hint. — Let the area of AABC be ^ hb. Then / _ 

Ihb = AF • DE. Let AF ==xmdDE - y | x 

Then {!) xy — ^hh, and, since AABC'^ AADE, B € 

x:y — h:b OT 

(2) X , Substitute this value in (1) and simplify and we have 
?/2 = J Hence b:y - y:lh. 


*19. Construct a rectangle equal to a given square, and having the 
sum of its base and altitude equal to a given segment. 

Hint. — If AB is the given segment and s a side of the given squares 
make AC — s. 


*20. Construct a rectangle equal to a given square, and having the 
difference of its base and altitude equal to a given segment. 


*21. If AHCD is any trapezoid, and the 
diagonals AC and BD intersect at 0, 
then A AOD = ABOC. 

*22. Prove that 

OHMKG + OMBCK - IHAlBCD. 
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’*‘21. Coastract a square having a given j— 
ratio to . a given square. 

Hint. — - Let it be required to construct a 

square with side x so that x^:s^ ~ m:n, ^ 

TheE X 

g2 

Let 2/ “ then x = V ym. 

Thus, X is the mean proportional between y and m. 

To construct 2 / we have 

y = - jorn?^ = s\ 

Hence, n : s = s : 2 /. 

Therefore, first construct y the third proportional to and a. Then 
construct x the mean proportional between y and m. 

Historical Note. — History tells us of the effort to solve three famous 
problems called “The three famous problems of antiquity.” They were: 
(1) Trisecting any angle. (2) Squaring the circle. (3) Duplicating the 
cube- 



Mathematicians long endeavored to solve them with the instruments 
of elementary geometry, which are the unmarked straight-edge and com- 
passes. In the 19th century their solutions by these instruments was 
proved impos^ble. All three problems can, however, be solved in several 
ways by using other instruinents. Thus the linkage shown will trisect any 
an^. 


n 


m 
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PRACTICAL APPLICATIONS 
(Optional) 

1 . Surveyors sometimes find the area D 

)f a tract of land as follows: A base line ^ X 

WiV is staked off, and from the various 

points in the boundary, the distances 

to this line are then measured, as EP, X 

DO, etc., and the distances PQ, QB, — i L 

etl axe also measured. Show how to p Q B 

compute the area of A RCD^?. oonn f+ r' 

If DP = 2000 ft., DO = 2500 ft., = 2300 ft., ^ 
AR = 800 ft., PO = 800 ft., OS = 1900 ft., ST = m 
1700 ft., compute the area. ^ ^ 

2. In order to determine the flow of water 1 J 
in a stream, the area of a cross section 
ABCDEFGH of the stream, at right angles to 
thP current is first found as follows: Sound- 
ings are taken at A, M, N, etc., and the areas of trape 
MCDN, etc., are computed and add^- 

If AM = MN = NO = OP = PH = 10 _ 

g ft aid = 12 ft., OE = 9 ft., PP = 7 ft., and HO 
!rea the cross ;ection. This is known ^ the fmpc 
S.g .. »ea. It it uted i. me»«mg the «eh ot la, 

one side by an irregular Ime. 

3 A fairlv accurate method used for A J 

computing the ate. bounded by anbr^J 

curve, known as the mean ordinate method 

is as follows: At equal distances d measine d b" 

the widths h, h, he, etc., of the ^ -^^e 
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Pkoposition 5. Theorem 


360. B. In any right triangle the square on the hypot- 
enuse is equal to the sum of the squares on the other two sides. 


H 



Given: Right A ABC, with ZC a right angle. BG, 
AE, and AH are squares. 

To prove : Area AE == area BG + area AH, 


Plan: Show that rectangle AX and square A J? are equal 
in area to twice the congruent A AC D and ABK, respectively. 

Proof: 


STATEMENTS 

REASONS' , ■ 

1. Draw CX ± DE, intersecting AS in 

1. §27. 

X'. Draw and CD. 


HCB is a straight line. 


2. AK is the common base and AC is 

2. §145. 

equal to the altitude of square AH 


andofAARX. 


3. Area AAjBjBl = |area Ajy. 

3. Whyf 
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STATEMENTS 

i. AD is the common base and AX' is 
equal to the altitude of dAY and 
AACD. 

5. Area AACD = % area AX. 

6. AABK^ AACD. 

7. C2AX — square AH. 

Complete, drawing CE and AF; show that BX 

EXERCISES 

(Optional) 


BEASONS 

4. Whyf , 


5. Whyf 

6. Pfove. 

7. Ax. 1. 


^ BG. 




Fig. 3 


in Fi.. 1, if the «».l 

whnt remains? It the tout congruent tnangte at the cor 

"sto^S. - - » «' 

areas of the triangles. « ttrlin was born in India, 

3. Fig. 3 is a drawing used by Bhaskar , ■ 

im-J. We do not know what his proof was. See it jou 


one to fit the figure. . 

4. In the Sgore prove the theorem by shoTOgttol 

trifluriesri Ti Ts, and ^4 are congruent. Itiiana 

?r^?sS’t2ted%roin the figure, what remains. 
What remains if Ts and T, axe subtracted? 



\ 


t\ 


i 

/s 1 
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5. Prove the Pythagorean theorem by using the results of Ex. 12, 
§ 347 when angle C is a right angle. 

Note. The extension of the Pythagorean theorem given in Ex. 10-12, 
§ 347, is due to Pappus, a Greek geometer, who lived about 300 a.d. 

6. Railroad curves are sometimes laid out by meas- 

uring offsets from the tangent line at the beginning of 
the curve. Show that if r is the radius of the curve 
andi the distance along t^he tangent from the beginning 
of the curve to a ny offset MNj then the offset 
MN = r — — . 



D E F 



E 



Fig. 1 

7. In Fig. 1, if AR = BC = 1, BD = AC, BE == AD, and BE == 
AE, find the length of AC, AD, AE, and AF. 

8. In Fig. 2, if AC is a square with AR = 1, and AC = AE, DE = 
DF, AF -- AG, DG= DE, and AH - AJ, find AE, DF, AG, DE, 
and A/. 

361. To transform a polygon into a triangle means to 
construct a triangle having the same area as the polygon. 

If p j| AC, will any triangle wdth p 
base AC and vertex on p have the 
same area as AACR? 

If BC produced intersects p at E, 
will A A BE have the same area 
as ABCD1 Then how would you 
transform a quadrilateral into a triangle? Can you think of 
a way to transform a pentagon into a quadrilateral? Into a 
triangle? 
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Construction XXI 

362 . To construct a triangle equal in area to a givm 
polygon. 

Given: Polygon ABODE, 

Required : Construct a A \ \\ 

equal in area to ABODE, e / \ \\. c? 

Plan: Draw CF || iSD and /)\ / \ /(\ 

replace ABOD by ABED, l/^\/ \/\\ 

Proceed in a similar way with 
AAED, ^ ^ 

Construction: 1. Draw diagonal BD^ and draw OF || BD 
meeting AB produced at F. Draw DF. 

2. Draw diagonal AD, and draw EG j| AD meeting BA 
produced in G, Draw DG, 

3. A(?FD is the required A. 

Proof: Prove ABOD - ABFD and AAED - AAGD 
(§349). 

Write the proof in full. 


EXERCISES 

1. Using the method of § 362, construct a triangle equal to a given 
rectangle. 

2. Construct a square equal to a given triangle. 

Hint. — Let the triangle ~ I hh. Then ~ i hbj or ^ h : x — x :h, 

3. Construct a square equal to a given polygon. 

Hint. — Construct a triangle equal to the polygon, then use Ex. 2. 

4. Construct a square equal to the sum of two given squares. 

Suggestion. — If a side of one of the given squares is a, and of the 
other bj construct a right triangle with legs a and b. Why is the hypot- 
enuse c the side of the required square? 

6. Construct a square equal to the difference of two given square 
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6. Construct a triangle equal to an irregular quadrilateral, and, 
by measuring the base and altitude of the triangle, compute the area 
of the, quadrilateral. 

T. Construct a square equal to the sum of three given squares. 

8. How would you construct a square equal to the sum of any 
number of given squares? 

9. Construct a square equal to twice a given square. 

10. Circumscribe about a given circle a triangle similar to a given 
triangle. 

Hint. — Inscribe a circle 0 in the given triangle ABC and use the 
central angles. 

11. Construct x = + W. 

12. Construct x = 

*13. Construct a triangle equal to the sum of two given triangles. 

Hint. — See Ex. 2 and Ex. 4. 

*14. Construct a triangle similar to a given triangle and having a 
given altitude. 

363. B. Some important relations are collected in the 
following exercises. A few of them you have had before. 
Prove each one. 

EXERCISES 

1. The altitude of an equilateral triangle with side a is ™ \/3. 

2. If d and d' are the diagonals of a rhombus, its area is | dd'. 

3. The area of a right triangle whose legs are a and h is J a&. 

4. The diagonal of a square with side a is a V5. 

5. The area of an equilateral triangle with side a is — v 3. 

■ TC ■ . . ■ . 

6. The radius of the circle inscribed in an equilateral triangle is 
one-third of the altitude. 

7. The radius of the circle circumscribed about an equilateral 
triangle is two-thirds the altitude. 
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8. The altitudes of an equilateral triangle bisect the angles and 
the opposite sides of the triangle. Hence the altitude from any vertex 
is equal to the mediaUj to the angle bisector drawn from that vertex^ 
and to the perpendicular bisector of the opposite side. Therefore the 
incenter, circumcenter, orthocenter, and center of gravity coincide in 
a point of trisection of the altitude. 

9. The area of a triangle circumscribed about a circle is equal to 
the perimeter of the triangle times half the radius of the circle. 

10. The area of any polygon circumscribed about a circle is equal 
to the perimeter of the polygon times half the radius of the circle. 

11. If r is the radius of a circle inscribed, in an equilateral triangle, 
the area of the triangle is 3 VB. 

12. Find a formula for the area of an equilateral triangle inscribed 
in a circle in terms of the radius B of the circle. 

MISCELLANEOUS EXERCISES ,, 

In Ex. 1-5 use the formulas in Ex. 1-5 above. 

1. Find the area of a rhombus' with diagonals 18 ft. and 20 ft. 
(Ex. 2.) , ^ 

2. Find the area of a right triangle with legs 12 ft. and 19 ft. 
(Ex. 3.,). ' 

3. Find the area of an equilateral triangle with side 12 in. (Ex. 5.) 

4. What is the altitude of the triangle in Ex. 3? (Ex. 1.) 

5. The side of a square is 16 in. Find the diagonal correct to the 
nearest tenth. (Ex. 4.) 

6. A rope attached to a flag pole is 8 ft. longer than the pole. 
When stretched out it just reaches the ground, 20 ft. from the pole. 
Find the height of the flag pole, assuming that the ground at its foot 
is level. 


7. The oldest mathematical book extant, a papyrus copied by the 
Egyptian scribe Ahmes about 1700 b.c. from a still older book, gives 
for an isosceles triangle whose equal sides are 10 ruths and base 4 ruths, 
the area of 20 square ruths. By what rule must this area have been 
computed? What is its true area? * 



If 5 = I = |, do you think = p Clearing of 

fractions, why is ab + be + be ^ ab + ad + af? (Compare 
each term on the left with the corresponding one on the right. 
Why is 5c == ad? be = a/?) 

See if you can prove : 

In a series of eqtial ratios ^ the sum of the numerators is to 
the sum of the denominators as any numerator is to its 
denominator, " 
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*8. Trisect any given parallelogram by 
straight lines drawn through any vertex. 

Hiht. — If BX = I BC and DY = f DC, show 
that A.4BX - AADY = k ABCD. 

"^9. Construct a parallelogram having a given altitude and equal to 
a given trapezoid. 

*10. Construct a square equal to a given trapezoid. 

*11. If from the point of intersection of the medians of any triangle 
segments are drawn to the three vertices, prove that they form with 
the sides three equal triangles. 


Regular Polygons in Lace Patterns 
364. A series of equal ratios. If a certain polygon P has 
sides of 2, 8, 4, and 6 and a similar polygon P' has sides 3, 12, 
6, and 9 corresponding, respectively, to the sides of P, what is 
the ratio of similitude? 

What is the ratio of the perimeters of the two polygons? 
Is it equal to the ratio of similitude? 
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Proposition 6. Theorem 


365. The perimeters of two similar polygons have the same 
ratio as any two correspondmg sides. 



^ a/ 


Given: Similar polygons P and P', with perimetei’s 
p and p% and corresponding sides a, 6, c, etc., and a% 6', 
cVetc. 

Toprove: 2. 

P ^ 


Analysis: 1. What series of equal ratios is there in similar 
polygons P and P'? 

2. Express the proportions you are required to prove in 
teims of the sides of the polygon and use § 364. 

Proof: Left for you to write out. 

EXERCISES 

1. The perimeters of two similar polygons are 144 yd. and 256 yd., 
respectively. A side of the first is 18 yd. Find the corresponding 
side of the second. 

2. The sides of a polygon are 8 in., 12 in., 15 in., 6 in., and 20 in. 
Find the perimeter of a similar polygon whose long^t side is 15 in. 

3. The perimeter of a rectangle is 44 in. and the ratio of two of the 
sides is f . Find the perimeter of a similar re«?tangie if its larger side is 
15 m. 
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4. The perimeter of an isosceles triangle is 66 in, , and the ratio of 
a leg to the base is -|. Find the perimeter of a similar triangle whose 
base is ,25 in. 


5. Is the converse of the theorem in § 365 true? 

6, Prove that the perimeters of two similar triangles have the same 
ratio as any two corresponding medians, altitudes, or angle bisectors. 

7» The perimeter of a polygon is p and one side is x. If the per- 
imeter of a similar polygon is p', find the side corresponding to x, 

8. A rectangular field is lo yd. wide and I yd. long. Find the 
perimeter of a similar field Sio yd. wide. 

9. Prove that if two polygons are each similar to a third polygon, 
they are similar to each other. 

*10. If two quadrilaterals are similar, do the diagonals from cor- 
responding vertices divide the quadrilaterals into pairs of similar 
triangles? Prove it. 

*11. Prove that two corresponding diagonals of two similar polygons 
have the same ratio as a pair of corresponding sides. 

*12. Does a line parallel to the bases of a trapezoid divide it into two 
similar trapezoids? Prove that your answer is correct. 

366. Similar polygons ^ p 

can be divided into similar i?' 

triangles. If polygon P~ 

polygon P', and diagonals are \ / 

drawn in each from corre- h 

spending vertices A and A', 

see if you can prove AR ^ AP', AS ^ AS', AT AT'. 

Suggestions. — What methods are available for proving AR ^ AP'? 
(See §339.) 

What does the fact that polygon P ^ polygon P' tell you 
about the corresponding sides and angles of P and PY 
If you cannot prove the corresponding triangles similar see 
the next section. 
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Proposition 7. Theorem 


polygon. P' 


Given: Polygon P 
corresponding vertices. 

To prove: P and 
similarly placed. 


be divided into similar A, 


REASONS 


1. Draw diagonals from A and 

ing A P, and T, ccmi 
wise about A] and P , ^ > 
same order about A'. In 
R', Z1 = Z2 and AB 
BC : B'C'. 

2. AP~AP'. 

3. ZC = ZC",and Z3 = Z4. 


2 . § 312 . 

3 . § 302 . 

4 . Ax. 3 . 

5 . § 302 . 

6 . § 312 . 

7 . a similar proof* 
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Proof: Write out 


2. Construct a pentagon A'B^C'D^E' similar 
ABCDE^ given segment A'B' corresponding to s 

Hint. — Using the hgme of 1 367 construct Ah 
and AT' ^ AT by constructing equal angles. 


Peoposition 8, Theobem 


1, Given quadrilateral A BCD with diagonal AC, On opposite 
sides of a given segment A'C' corresponding to AC, construct triangle 
A'C^D' AACD, mdAA^C'B' AACB, Is A'B'C'D' ^ ABCD? 
Prove it. 


368. If two polygons can he divided into triangles which 
■are similar and similarly placed, the polygons are similar. 


Given: Polygons P and P' divided by diagonals from 
corresponding vertices A and A' into A; R ^ R% 
S ^ S% T T; the A taken counterclockwise about 
A and A'. 

To prove : P ^ P\ 


Analysis: Think: “To show that P ^ P' I must show 
that corresponding A are equal and that corresponding sides 
are proportional. 

Since the A are given similar, I know 
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CONSTEUCTION XXII 

369. To construct on a given segment as side, a polygon 
similar to a given polygon. 



Given: Polygon P and segment corresponding to 

side AB of P, 

Required: On A'P' construct a polygon similar to P. 

Write out the construction and proof. 

EXERCISES 

1. In finding the distance A P of an inaccessible point P a base line 
AB was taken and the following measurements were made: AB = 
225 yd., ZPAP= 105"", ZAPP= 40°. Make a drawing with a 
scale of 1 in. = 100 yd. and compute the distance AP, 

2. Given any AABC, by copying its angles construct a AA^B'C^ 
similar to A ABC, and having one of its sides equal to a given segment. 

3. Find the area of an isosceles triangle whose vertex angle is 30° 
and whose legs are each 18 in. 

Hint. — Draw an altitude to the leg and use § 160. 

4. Find the area of AABC if Z A 150°, side AC = 12 in., and 
side AP = 18 in. 

Hint. — Draw an altitude from C to BA extended. Find the altitude 
by § 160. 

6. Find the ratio of the areas of two isosceles triangle each having a 
vertex angle of 62°, if the legs of one are each 12 ft. and the legs of the 
other 16 ft. 
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6. Find the area of an isosceles triangle whose vertex angle is 135° 
if the legs are each 20 in. 

*7, The vertices of a given polygon 
. ABODE: are joined to a given point P. 

A segment A'P' is drawn parallel to AB 
so that A' is on PA and P' on PB. 

Then B'e i| PC, C'P' 1| CD, P'P' |1 DE, 
and P'A' is drawn as in the figure. Prove 
A^BV^UE'rs^ ABODE. 

Suggestion. — How may Ph4' be proved 
parallel to PA? Derive a proportion to show that PE : PP' = PA : PA', 

370. The plane table, k plane table consists of a 
drawing board. A sheet of paper is 
fastened to the board with thumb tacks, 
and a straight edge is laid on it for 
sighting and drawing lines. The in- 
strument is used for finding the dis- 
tances between inaccessible points and 
for making maps of small areas tvhere only rough approx- 
imation is required. 

To find the distance AP of the inaccessible point P, 
a triangle similar to A A BP is constructed as follows: 

1. Lay out a base line XY and 
setting the plane table at point A, 
sight the straight edge tow^ard F 
and dra-w a line along it from A . 

2. Then sight and dra’w a line 
toward P. 

3. ]\Iove the plane table to B 
and, after sighting along your base 
line toward X, sight and drawya line toward P. 

4. The triangle on your plane table is similar to AABP. 
The ratio of similitude may be found by measuring A'P' veij ‘ 
accurately and comparing it with AB. 







A' 

.X. 




lA' • . B' 
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EXERCISES 

(Optional) 

1. In the figure of § 370, if AR == 350 ft., A'R' ~ 20 in., and A'P' 

== 23f in., find AP. p 

2. Study the figure and exjpiain in 
their order the steps in finding the in- 
accessible distance PQ by use of the 
plane table. 

3. In Ex. 2 prove that PQ may x 
be found by means of the proportion 
PQ : PQ' = AR : A'R'. 

4. The follomng drawing shows the method of making a map 
C'D'E'F'G' of the river bank 
CDEFG by use of the plane 
table. Stud}?' the drawing, and 
explain how the points C', D', 

E', F', and G' of the map are 
obtained as the intersections of 
corresponding lines drawn to 
the points C, D, E, F, G from 
two points in the base line. 

5. If AR = 640 ft., A'R' = 
it from A to R? 

6. If C'F' is measured and found to be 10 in., how far is it from 

etoF? 

371. Ratio of the areas of similar figures. If each 
side of a square is 2 in., into how many squares is it 
divided by lines connecting the mid-points of opposite 
sides? What is the ratio of similitude of the large square 
and a small square? What is the ratio of their areas? 

A triangle has a base of 6 in., and altitude 10 in. A similar 
triangle has a corresponding altitude of 15 in. What is the 
ratio of similitude? What is the base of the second triangle? 
What is the ratio of their areas? How^oes it compare with 
the ratio of similitude? 


W\ 




A 


"'b': 



16 in., and A'R' = 20 in., how far is 
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Proposition 9. Theorem 


372. The areas of two similar triangles are to each other 
as the squares of any two corres'ponding sides. 




Given: Triangle ABC with altitude h, and AA'B'C 

with altitude h'-, AABC ~ AA'B'C. 

^ AABC AW 

Toprove: - ^,2- 


Plan: 1. Use the theorem in § 350. 

2. Recall: Corresponding altitudes of similar triangles . . . ^ 
(§306.) 

Proof: 


STATEMENTS 

EEASONS 

1. Area AABC ^ Ji • AB, area 

1. §348. 

AA'5'C" = ih' ■ A'B'. 


„ AABC h ■ AB 

2. §350. 

"• AA'B'C ~h'-A'B' 


h AB 



■ 3. § 306. 

AABC AB „ AB AB’ 


AA'B'C A'B' A'B' ^ A'B'^ 

4. Ax. 7. 


EXERCISES 

In the figure for § 372: 

1. If the area of = 47 sq. in., *4B = 8 in., and 

12 in., what is the area of AA'B'C^^ 
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If AB === 2 A'B\ what is the ratio of the areas? 

If AR = 3 A^B'j what is the ratio of the areas? 

The sides of a triangle are 3 in., 5 in., and 7 in. Find the sides 
similar triangle whose area is nine times as great. ^ 

What is the ratio of the areas of two equilateral triangles whose 

are 12 in., and 9 in., respectively? , , 

If the area of an equilateral triangle is four tunes that of anothei 
’ 1 “^ how lone must the sides of the larger triang e e 


, area of a triangle is 256 sq. in. Lmes paraue ^ 

; side into four equal segments. Find the areas of the four 
which the triangle is divided . ^ ^ 

- base of a triangle is 36 in. Find the length of a segment 
^ the base and drawn so that the area of the triangle above 
nt is one ninth of the whole triangle. ^ ^ 

ine parallel to the base AS of AABC and dmdmg AABC 
“irptts cute off what part of AC, measured from C? 

ave^that the areas of two similar triangles have the same 

h.v. ae s.»e 

of .ny two ~™po.di.6 .nsle bioecloto. (S<« 


triangle and 
w =. CA X 
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Proposition 10. Theorem 


373. The areas of two similar •polygons have the same 
ratio as the squares of any tivo corresponding sides. 



Given: Potygons P and P' similar, mth corresponding 
vertices A and A', and corresponding sides a and a'. 

rrx P a- 

To prove: 


Plan: Think: “ Since P ~ P' I know that R ~ R\ S ~ S', 
T T' (§367). Then since the areas of ~ A have the 
same ratio as the squares of corresponding sides, I can obtain 
a series of equal ratios.” 

Proof : 


STATEMENTS 

1. Draw diagonals from A and A' 


Then R ^ R',S S', T T'. 


2 . 


R 


S 


R' a'2 S' 


o . E. 

" R' S' ~ T' 


4. 


R A' S -A T R 
R' + S' + T'’" W 


5 . 


P' ~ a'2 


REASONS 

1. §367. 


2. §372. 

3. Ax. 1. 

4. §364. 
6. Ax. 7. 
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EXERCISES 

1. Two corresponding sides of two similar polygons are 5 in. and 
8 in., respectively^, and the area of the smaller polygon is 100 sqt in. 
What is the area of the larger? 

2. The sides of a quadrilateral are 4 in., 6 in., 10 in., and 12 in., 
respectively. Find the sides of a similar quadrilateral whose area is 
twenty'five times as great. 

3. The adjacent sides of a parallelogram are 8 ft. and 12 ft., re- 
spectively. Find the corresponding sides of a similar parallelogram 
whose area is one fourth as great. 

4. The areas of two similar polygons are 324 sq. ft. and 576 sq. ft., 
respectively. What is their ratio of similitude? 

5. The sum of the areas of two similar polygons is 400 sq. ft. If 
the ratio of similitude of the polygons is 3 ; 4, what is the area of each 
polygon? 

6. The areas of two similar hexagons are 121 sq. in. and 361 sq. 
in., respectively, and a side of the smaller hexagon is 6 in. Find the 
corresponding side of the other hexagon. 

7. The side of a square is 16 in. Find the area of a square erected 
on its diagonal. (See Ex. 4, § 363.) 


8. The non-parallel sides of a trapezoid form with the diagonals 
two equal triangles. 

9. If, in the parallelogram ABCDj point F is taken on AD and Q 
on CD, prove that ABPC = AAQB. 

10. Prove that the areas of two similar polygons have the same ratio 
as the squares of corresponding diagonals. 

11. Given a quadrilateral ABCD, construct a similar quadrilateral 
whose area shall be one-ninth as great as that of A BCD. 

12. If segments are drawn connecting the middle points of the seg- 
ments of the diagonals of a given trapezoid^ compare the area of the 
trapezoid thus formed with the area of the given trapezoid. 




REASONS 


Complete the proof. 

Ex. 1. Using the method in § 374, construct an equilateral triangle 
equal to the sum of two given equilateral triangles. 

Ex. 2. Construct a hexagon similar to two given similar hexagons 
and equal to their sum. 

Ex. 3. Construct an equilateral triangle whose area is equal to the 
difference in the areas of two given equilateral triangles. 
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Proposition 11. Theorem 


374. A. In any right triangUj a polygo7i constructed on 
the hypotenuse is equal in area to the sum of similar polygons 
constructed on the other two sides. 


Given: Right A ABC, AC a right angle, similar poly- 
gons P, Q, and R, with corresponding sides c, b, and a. 

To prove i P — Q + R, 


Plan: Compare Q with P and R with P, using § 373. Then 
add. 

Proof: 
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376. A. Continuity. In § 374 you have an extension of 
the Pythagorean theorem (§ 326). 

You have seen in § 332 how §§ 328 and 329 can be con- 
sidered as extensions of the same theorem from a different 
point of view. 

Again Ex. 5, § 360 shows that the Pythagorean theorem 
is a special case of the more general theorem given by 
Pappus (Ex. 10-12, § 347). 


MISCELLANEOUS EXERCISES 

1. The geometric figures of this book are printed from wax en- 
gravings. The cost of a wax engraving is computed at a certain pric^ 
per square inch of its surface. If the geometric figures of this lx>ok 
had been made vdth the dimensions twice as great, how would the 
cost of the wax engravings have compared with the actual cost? 

2. A square air duct with side 12 in. has the same capacity as how 
many square air ducts 3 in. on a side? 

3. A trapezoid has bases of 3 in. and 1 in., respectively, and its 
altitude is 2 in. IVliat is the altitude of a triangle with an equal area 
if the base is equal to the longer base of the trapezoid? 


4. Construct the triangle in Ex. 3. 

6. Point 0 is any point in AABCy OP ± AB^ 
OE ± BC,OF ± AC. Prove that AD" + DE" + 
CP" = DD" + H?" + Fl^. 

Suggestion. — AD" -f DO" ~ PA" 4- PO", etc. 

*0. Trisect a given triangle by 
drawing straight lines through any D 

given point on one of the sides. cx\ 

*7, If A 1, 2, 3, and 4 are right ^ X 
angles show that 

AF == Vd^ +l^ + c^ + (P + ^ 

*8* In the same figure, a \ 

find AC,. AD, AP, 

and AP. 



1. Area of a rectangle, A - hb. 

2. Area of a square, A = a®, where a is a side. 

3. Area of a parallelogram, A = hb. 

4. Area of a triangle, A = i hb. 

5. Area of a trapezoid, A = | h{b + b'). 

6. Area of a rhombus, A = | dd', where d and d' 
are diagonals. 


7. Area of an equilateral triangle, A = ^ 
where a is a side. 

8. Area of any triangle, A = Vs{s~a) (s —b) (s —c), 
where a, b, and c are sides and s is'the semiper- 
imeter. 

9. The diagonal of a square with side a, d = aV2. 

10. The altitude h of an equilateral triangle with side 

a,h^%V%. 

Note. — h is the number of units of length in the altitude, h the number 
of the same kind of units in^the base, A the number of square units in the 
area, etc. 


376. Stiimnary of the Work of Unit Seven 
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*^9. Use the construction illustrated to construct the side of a square 
air duct the area of whose cross section is equal to the sum of the areas 
of five square ducts with sides 2, 3, 5, 6, and 7. 

*10. An isosceles triangle ABC has base AR = 40 in., and altitude 
CD ~ 21 in. If AC is produced to E so that CE == 5 in., find the 
areaof ARCR. (See Ex. 4, § 356.) 

*11. In AARC, E is taken on AC so that 3 AR = AR, and D is 
taken on A R so that 3 AR == AC. If AR = 2 AC, compare the areas 
of A ARR and ACR. (See §356.) 


I. Formulas to be memorized* 
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II. Formulas that are not to be memorized. 

11. InAABC,mthzAacute,a^ = b--he^ — 2bXpt 

12. In AABC, with Z A obtuse, = b^ + c^+2b xpt 

2 / ' , 

13. In any triangle, ha= - V s{s— a) (s— b){s— c) 


Note. — See §§ 233 and 327 for the explanation of the symbols, 
uias 11 and 12 are from Unit VI. 


III. Important numerical relations in theorems. 

1. In similar triangles the perimeters, corresponding 
altitudes, angle bisectors, or medians, have the 
same ratio as any two corresponding sides. 

2. In similar polygons, the perimeters have the same 
ratio as any two corresponding sides. 

3. The areas of similar triangles have the same ratio 
as the squares of corresponding sides; and hence 
as the squares of the perimeters or as the squares 
of corresponding altitudes, angle bisectors, or 
medians. 

4. The areas of similar polygons have the same ratio 
as the squares of corresponding sides. 

IV. Constructions. 

1. To construct a triangle equal in area to a given 
polygon. 

2. To construct on a given segment as side a polygon 
similar to a given polygon. 
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REVIEW OE XTNIT SEVEN 

See if you can answer the questions in the following exercises. If you 
are in doiibt look up the section to which reference is made. Then study 
that section before taking the tests. The references given are those inost 
dosely related to the exercise. 

1. Is there any difference between equal figures and congruent 
figures? §342. 

_ ^ 2. Can two rectangles have the same area and different perimeters? 

_ 3. if two parallelograms have the same area and the base of one 

§^345'^ other, how do their altitudes compare? 

\ ^o you tlunk you can draw a triangle with a perimeter of 3 in. 
that has the same area as a triangle with a perimeter of 12 in or more? 
Illustrate. §348. ■ c. 

6. Can a rectangle with a perimeter of 6 in, have the same area as 
a rectangle with a perimeter of 9 in.? With a perimeter greater than 
y in. f § 341. 

6. Can two squares with different perimeters have the same area? 

S 341. 

C 1 J' the approximate area of an irregular 

held with curved boundaries. See Practical Applications, § 359, E.\'. 1,3. 

8. What is meant by the product of two segments? How can it 
be constructed? §§297,337. 

337®' construct the quotient of two segments? §§ 297, 

JVfliT •" ““ 

12. If two triangles have equal areas, and the base of one is five 
times the base of the other, how do their altitudes compare? § 350. 

13. The sides of one triangle are three times the sides of another 
mangle. How do their areas compare? § 372. 
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14. How can you find the area of a right triangle, one of whose acute 
angles is 45®, if you are given the hypotenuse? §§ 348, 360, 

16. If you are given the hypotenuse of a right triangle, one of whose 
acute angles is 30°, how can you find the area? §§ 160, 348, 360. 

For Ex, 16-21, see § 362: 

15. How can you transform a triangle into a square? 

17. How can you transform a triangle into a rectangle? Into a 
parallelogram? 

18. How can you transform a square into a triangle? 

19. How can you transform a rectangle into a triangle? A paral- 
lelogram into a triangle? 

20. How can you transform any polygon into a triangle? 

21. How can you transform any polygon into a square? Into a 
parallelogram? 

22. Explain two ways of constructing §§ 337, 360. 

23 . How can you construct a square equal to the sum of two given 
squares? §362, Ex. 4. 

24 . How can you construct a square equal to the difference of two 
given squares? § 362, Ex. 5. 

Complete the following: 

25 . The perimeters of two similar polygons ... § 365. 

26. The areas of two similar polygons ... § 373. 

27. A square erected on a given segment is times the square 

erected on half the segment. § 373. 

28. The areas of two triangles are to each other as . . . § 350, 

29. Two triangles having equal altitudes are to each other ... 

§ 351. , 

30 . Two parallelograms having equal bases are to each other as . . . 
§347. 

31. The area of a rhombus is . . . § 363, Ex. 2. 

32. The area of an equilateral triangle is . . , § 363, Ex. 5. 

33. A median of a triangle divides the triangle into two tri« 

angles. § 351. 
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§379 ^ triangle is doubled, the area is . 

a triangle 

36. If one triangle has a perimeter four times that of another similar 
triangle, how do the areas compare? § 372 . 

^37. The altitude of an equilateral triangle is one-third that of an- 
other equilateral tnangle. The area of the first triangle is one — 
that of the second. §372. 

38. If the altitude of an isosceles triangle is doubled, the base re- 
mammg the same, can you teU how the area is affected? § 352. 

numerical exercises 

See the formulas in ^ S 76 , 

L IS the area of a parallelogram with sides 10 in. and 8 in 
and included angle 30 °? ■ 

2. mat is the area of a rhombus with side 10 in., if an angle is 45»? 

3. What is the area of the rhombus in Ex. 2 if an angle is 30°? If 

an angle is 60°? 120°? ^ 

4. Fmd the area of an isosceles right triangle whose legs are 20 in 

H L ^ '*■ * «• 

sid^ » s 

7. Find the area of a triangle with sides 51 in., 75 in., and 78 in. 

_8. Two smilar triangles have two corresponding sides 6 in and 

of the smateT 

of the £1s ?7?r ^ 

10 . One side of an equilateral triangle is 10 ft. Find the area 
is S’in “ equilateral triangle whose altitude 

is 12 ^ rectangle is 37 in. Find its area if one side ‘ 
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13. The diagonal of a square is 15 in. Find its area. 

14. The area of a rhombus is 240 sq. ft. If one diagonal is 60 ft., 
what is the other? 

15. One diagonal of a rectangle is 20 in., and it makes an angle of 
30® with one side. Find the area of the rectangle. 

16. The areas of two similar polygons are 160 sq. ft. and 360 sq. ft. 
If a side of the smaller is 10 ft., what is the corresponding side of the 
other? '■ 

T?., Two similar : polygons have areas 250 sq. in., and 160 sq. ' in.'"' If 
a sid.e,;of the- first is .6 in., find the -.corresponding aide -of-,' the second.,' 

, 18. Find the side of an equilateral triangle whose ' area is 25 . %/3 ' 
sq.,in, . 

,19. , The areas of two similar tria.ngles are 200 sq., in. an,d., 450 sq., in. 
If an altitude of , the first .is 25 in., ■find.the'correspo.nding altitude of, 
the,-seco-nd., 

20. Two chords, AR and CD intersect at 0. If AB is 24 'ft., A'O 
is 6 ft., and ,(70 is 9, ft., find OD., 

,; ,21. A tangent to a circle, from an- external point Is 12 in. If the . 
..external segment of, a secant from the same point is '8 in., what is the, 
.length of the whole secant?' 

22. If, in Ex. 21, the length of another secant from the same point is 
16 in., what is the length of the external segment? 

23. The sides of a triangle are 3 in., 5 in., and 6 in. The longest 
side of a similar triangle is 15 in. Compute the other sides. 

24. If the radius of a circle is 10 in., find the length of a chord whose 
arc is 60®. 

25. In Ex. 24, if the arc is 90°, how long is its chord? 

26. If the arc is 30®, how long is its chord? 


27. Find the altitude on the 51 in. side of the triangle in Ex. 7. 
(See formula 13, § 376.) 

28. The area of a rhombus is 75 sq. ft. If the ratio of the diagonals 
is 2 : 3, find the diagonals. 

29. The sum of the areas of two similar triangles is 225 sq. ft. If 
one area is 1| times the other, what is the ratio of similitude of the tri- 
angles? 
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30. Find the area of a rhombus if its perimeter is 40 ft. and one 
diagonal is 16 ft. 

31. Two sides of a triangle are 12 in. and 16 in. If the included 
angle is 60°, what is its area? 

32. What is the area of the triangle formed by the radii and chord, 
in Ex. 24, if the included angle is 30°? 45°? 

33. The perimeter of a quadrilateral is 46 in. If the radius of the 
inscribed circle is 6 in., what is its area? (See Ex. 10, § 363.) 

34. Two triangles each have an angle of 70°. If the including sides 

axe 16 in. and 12 in. for the first and 15 in. and 24 in. for the second, 
h^hat is the ratio of their areas? (See §356.) ’ 

36. A point P lies outside a circle at a distance of 13 in. from the 
center. A secant from P cuts the circle at Q and B so that PQ = 9 in. 
and QB == 7 in. Find the radius of the circle. 

36. In Ex. 35 what is the length of the tangent from P? 

37. If the sides of a right triangle are in the ratio of 4 : 5, find the 
ratio of the parts into which the altitude on the hypotenuse divides 
the hypotenuse. 

38. The sides of a triangle are in the ratio 15 : 13 : 14. If the area 
of the triangle is 336 sq. in., wh^ are its sides? 

39. The bases of a trapezoid are 5 ft. and 20 ft. and its non-parallel 
sides are 12 ft. and 9 ft. Find its area. 

40. The altitude of a triangle is 15 in. How far from the vertex 
must a parallel to the base be drawn to cut off a triangle equal to one 
fourth of the original triangle? 

*41. If one leg of a right triangle is 25 in. and the altitude on the 
hypotenuse is 7 in., what is its area? 

*42.^ If the diagonal of a rectangle is 58 ft. and one side is 42 ft., find 
the side of an equilateral triangle having the same area. 


GENERAL EXERCISES 

1. The area of a square is half the square on its diagonal. 

The diagonals of a trapezoid divide the trapezoid into two pairs 


les, one pair similar and one pair equal. (See Ex. 6, § 317.) 
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3* In AABG, if AD is an altitude, prove •— - BI)‘ 


4. The altitude to the h^^otenuse of a right triangle divides it 
into two triangles whose areas have the same ratio as the squares of 
the legs of the given triangle. 

5. In A ARC, ZA is 30°. Prove that the area of A ARC is J 
AB X AC. 

6. The area of an isosceles right triangle is one-fourth the area of 
the square on the hypotenuse. 


7. If F is any point within a parallelogram ARCR, then A PAD 
+ A PRC is half the parallelogram. 

8. If a triangle ARC is formed by the intersection of three tangents 
to a circle, two of which, AD and AR, are fixed, while the third, RC, 
touches the circle at a variable point F on the arc DB\ prove that the 
perimeter of the triangle ARC is constant and equal to AD + AB, 

9. Construct an equilateral triangle equal to a given triangle. 

10. Construct an equilateral tnangle equal to a given polygon. 

*11. A railroad Y consists of three a B S 

tracks, x4C, CB, and AR, upon which -r 

a train is reversed in direction, by | Air ‘ 

moving as shown by the arrows, back- j Y | 

ing from C to R. In constructing a o C O' 

railroad F, AR is a straight track, 

and point A is given. It is required to locate the curves AC and CB 
with given radii P and r, respectively. _____ 

Prove that AD = DC = DB = \/ B X r. 

Suggestion. — Draw OD and O'D, Prove AOCD'^ AO^CD, 

*12. If, through any point P within a triangle, lines AD, BE, and CF 
are drawn, then A AFC : A APR = DC : BD, ^ 

Suggestion. — Compare A FDC and PRD, ^ jp 

using the common base PD; then compare them, 

using the common altitude from P. Also compv® A ^ 

A APB and AFD 
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^13. Tlie lines AD, RE, and CF are iawn from the vertices of 
A ARCVso that they meet at point P. Show that 
BB 1 

DC EA^FB 

Stjggestioj^. — Use the result of Ex. 12. 

^14. If P is any point on diagonal AC produced of parallelogram 
.ABCD, then APCD= AFCB. 

E.xplain the fallacy in the following puzzle: A piece of paper 8 in. 
square is cut into four pieces P, Q, R, and 8, as shown in the figure. 
These pieces are then placed in new positions so as to form, apparently, 
a rectangle whose area is 65 sq. in. 




H 5 8 

Suggestion. — Use similar triangles. If the triangles fitted together 
so that their sides formed a true diagonal of a rectangle, what proportion 
would follow? 

*16. Construct a polygon similar to one of two given polygons and 
equal to the other. 

Analysis. — If it is required to construct a polygon similar to P and 
equal to Q, let a and b be sides of squares equal to P and Q, respectively. 
Let R be the required polygon, an‘d r a side of R corresponding to side p 

of P. Then J Why? Also^ = g. Why? Hence, since 

Q P, Why? Thus r is the fourth proportional to a, 6, and p. 

*17. Bisect any quadrilateral by a straight line drawn through one 
of the vertices. 

Analysis. — Let A be the vertex. If M is 
the middle point of BD, then AM and CM 
divide the quadrilateral into two equal parts. 

Hence it remains to construct a triangle equal 
to AAlfU, having for base AC and a vertex 
in one of the sides of the quadrilateral. 
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*18. -Trisect any given quadrilateral by straight lines drawn through 

any vertex. 

Hmjr. — Trisect a diagonal and proceed as in Ex. 17. 


*19. Divide a given parallelogram into aii}^ 
required number of equal parts by straiglit 
lines drawn from one of its vertices. 

*20. Divide a given parallelogram into 
four equal parts by drawing straight lines 
through any given point on one of its 
sides.' 



EPG 


Suggestion. — Let P be the given point. 

Divide AB into four equal parts. Draw BF and GH parallel to AD, 
Bisect EF at R and GH at S. Then APMD = PMN -= i ABCD, 
Having drawn PM and PN, construct PO by Ex. 17. 


PRACTICE TESTS 

These are practice tests. See if you can do all the exercises correctly 
without referring to the test. If you miss any question look up the reference 
and be sure you understand it before taking other tests. 


TESTS OH UHIT SEVEH 
TEST ONE 
Numerical Exercises 

1. The area of a triangle is 30 sq. in. Its altitude is 10 in. What 
is its base? § 348. 

2. A rectangle is 30 in. wide and 50 in. long. Wliat is the area of 
a rectangle just as wide but only four-fifths as long? § 341. 

3. Two parallelograms have bases each equal to 8 in. What is 
the ratio of their areas if the altitude of one is 7 in. and the altitude of 
the other 14 in.? §347. 

4. A rectangular field Is SO rd. long and 20 rd. wide. How much 
fencing would a square field require if it hacf the same area? § 341. 
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0- The area of a trapezoid is 36 sq. iii. One base is double the 
other, and the altitude is 4 in. Find the bases. § 353. 

6. A square has a side of 6 in. A triangle has a base of 9 in. l^diat 
is the altitude of the triangle, if its area is equal to that of the square‘s 
.§§341,, 348. 

7. AABC AjB= 9in. A'B', the side of AA'^'C' 

corresponding to is 12 in. If the area oi A ABC is 36 sq. in. find 
the area of A § 372. 

8. A side of a square is 6 in. Find its diagonal to the nearest 
tenth. § 363. 

9. AABC ^ AA'B'C\ AB is three times as large as the cor- 
responding side A' B\ What is the ratio of 
their areas? § 372. 

10 . Find the area of trapezoid A BCD, 
if AB == 12 in., DC = 8 in., AD = 10 in., .4 
and angle A is 30°, § 353. 

11. Two similar pentagons have corresponding sides AB and A'B' 
equal to 6 in. and 8 in., respectively. What is the ratio of their 
perimeters? § 365. 

12. The area of a polygon is 64 sq. in. The area of a similar polj^'gon 
is 40 sq. in. If the smallest side of the first is 8 in., what is the smallest 
side of the second? § 373. 


TEST TWO 

True-False Statements 

If a statement is always true, mark it so. If it is not, replace each 
ivord in italics by a word which will make it a true statement. 

1. Equal polygons are always congruent. § 342. 

2. Two parallelograms having equal altitudes are to each other as 
their hasea. §346. 

3. The area of a trapezoid is equal to the product of its altitude by 
half the segment connecting the mid-points of the legs. § 354. 

4. A square and a rectangle have the same perimeter. The square 
has the larger area. § 342. 
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i. The area of a triangle is equal to the product of its base by its 
altitude. § 348. 

6. The perimeters of two similar polygons have the same ratio as 
my two^ides, §365. 

T. If a triangle has a base double that of a square, and their areas 
are the same, the altitude of the triangle is the same as that of the 
square. §§341,348. 

8. A trapezoid is equal in area to a parallelogram if the median 
of the trapezoid equals the base of the parallelogram, and the altitudes 
are equal. §§343,353. 

9. The area of a right triangle whose legs are a and b is koice ab. 
§363. 

10. If r is the radius of a circle inscribed in an equilateral triangle^ 

the altitude of the triangle is times r. § 363. 

11. A triangle is equal to half a parallelogram having the same base 
and altitude. §§ 341,348. 

12. The areas of two similar triangles have the same ratio as the 

squares of their §376-111. 


TEST THREE 
Drawing Conclusions 

Give a condimon that may be drawn from the hypotheals stated. The 
cmidvaion should be about areas in all except Ex, 4 

1. Triangle ABC has sides a, 5, and c. § 358. 

2. Polygon P ^ polygon P'. P has side a, and P' has correspond- 
ing side a\ § 373. 

3. Triangle ABC has base 6, and altitude A. A DBF has base 5, 

and altitude h', § 352. 

4. Polygon A BC D E polygon A'B'C^D'E' and the lettering is 
counterclockwise in each , Diagonals from A and A ' divide A BC DE into 
triangles ABC, ACD, ADE, and diagonals from A' divide A'BXyiAE' 
into corresponding triangles A^BV\ A'C'D', A^ DPT, § 367 . 

5. Triangle ABC ^ AA'B'C'. h is th| altitude drawn from ( 7 , 
and A' the altitude drawn from eorr^ponding point C\ § 376-III 
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6. In A ARC, Z A = 40°. In ARRP, Z A = 40°. § 356 . 

7. Parallelogram P and triangle T have their bases and altitudes 

ecpal respectively. §§343,348. 

8. In AABC^ Z C = 90®. P , and R are similar polygons liav- 

ing 15, CA, and B€ as corresponding sides, respectively. § 374. 

9. Trapezoid T has median m and altitude h. Parallelogram P 
has basejw and altitude A. §§ 343, 354. 

10. ParaUelogram P has base h and altitude A. Parallelogram Q 
has base ¥ and altitude N. § 345. 

11. A is the area and p the perimeter of polygon P. A' is the area 
and ]/ the perimeter of polygon P\ P ^ P', § 376-III. 

12. | = £ = ?=n §364. 

CUMULATIVE TESTS ON THE FIRST SEVEN UNITS 
TEST POUR 
Numerical Exercises 

1. How many degrees in the angle formed by the bisectors of two 
adjacent complementary angles? § 38. 

2. Two sides of an inscribed triangle have arcs which are one-fifth 
and one-eighth of the circle, respectively. Find the angles of the 
triangle. §241. 

3. If two angles of a triangle are 45° and 75°, respectively, how 
many degrees in the complement of the angle at the third verte.v? 

4. How many sides has a potygon if the sum of the exterior angles 
equals the sum of the interior angles? §§ 133, 134. 

6 . Triangles ABH and BHC are con- ' 5 

gruent. AC is a straight line and R is U 

the mid-point of AA. If CA is 10 in., find 
HR. § 302. 

6. From an external point P a tangent PA is drawn to a circle and 
also a secant passing through the center of the circle. If PA is 6 in. 

and the external segmenLof the secant is 4 in., find the radius of the 
circle. §335. 
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If segment BD 



7. Tlie hypotenuse AB of a right triangle is 18 in. 
made by the altitude 6^D is 8 in., find RC. §323. 

8. The altitude of a triangle is 3 times the base, and its area is 371- 

sq. 3 ^d. Find the length of the base and altitude. a 

.,§348. 

9. In the triangle ABC, DE is parallel to BC, 

If AD is 8 in., AB is 12 in., and DE is 10 in., / 
findRC. §302. — "R 

10. A square and a rectangle have equal perimeters, 144 ft., and 
the length of the rectangle is five times its breadth. Compare the 
area of the square and rectangle. §341. 

11. Find the length of the longest and shortest chord that can be 
drawn through a point 12 inches from the center of a circle whose 
radius is 20 inches. § 210, see Ex. 10. 

12. The areas of two similar triangles are 25 sq. ft. and 144 sq. ft* 
Find the ratio of their corresponding sides. § 372. 


TEST FIVE 

True-False Statements 

If a statement is always true^ mark it so. If it is not, replme each 
word in italics by a word which idll make it a true statement. 

1. The area of a trapezoid is equal to the product of the line joining 
the mid-points of its non-parallel sides by its altitude. § 354. 

2. If the opposite sides of a quadrilateral are equal the figure is a 
rectangle. § 146. 

3. Two polygons may be mutually equilateral without bfing 
similar. §302. 

4. If a triangle has sides 5 in., 12 in,, and 13 in,, it is a right triangle, 
§ 326. 

5. If a regular polygon has sides each interior angle is ^ 

§133. ' ’ 

6. The perpendicular bisector of a segment is determined by Iwo 
points equidistant from the extremities of the segment. § 87. 

7. Either leg of a right triangle is a mean proportional between the 
hypotenuse and one of the segments made by the altitude on the 
hypotenuse. §323, 
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Match 


B 


8. Equal angles are each 45°. § 38. 

9. If) from a pomt outside a circle, a secant and a tangent are drawn 

the tangent is a third proportional between the whole secant and the 
e.xtemal segment. § 335. 

V equilateral triangle the radius of the inscribed circle is 

half the radius of the circumscribed circle. § 363, Ex. 6 7. 

H. If two angles are inscribed in the same arc they are equal. § 242 
12. Two triangles having an angle of one equal to an angle of*the 

other are to each other as the products of the sides including the equal 
angles. §356. 

TEST SIX 
Matching Exercises 

In group B brief descriptions of the terms in group A are given, 
them correctly, 

A 

I. Similar polygons § 284 

II. Trapezoid § 140 

III. Perpendicular § 26 

lY. Third proportional § 290 
V. Ratio §285 

YI. Supplementary angles § 38 
YII. Quadrilateral § 131 

YlII. Vertical angles § 45 

IX. Minor arc § 187 

X. Secant § 211 

XI. Proportion § 286 

XIL Inscribed angle § 239 


1. A polygon with four sides. 

2. A fraction. 

3. Two angles whose sum is a 

straight angle. 

Polygons that have the same 
shape. 

5. A part of a circle less than* a 

semicircle. 

6. A line cutting a circle. 

7. A quadrilateral with only one 

pair of parallel sides. 

8. An angle formed by chords 

intersecting on a circle. 

The last term in a proportion 
involving three terms. 

10. Equal angles formed by inter- 

secting lines. 

11. A line making right angles 

with another line. 

12. An equality between two 

fractions. 
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TEST SEVEN 
Ntimerical Exercises 

1. Two angles of a triangle are 44° and 36°, respectively. How 
large is the exterior angle at the tliii’d vertex? § 128. 

2. Chords AB and CD intersect at P and form an angle of 18 °. 
If arc AC is 24°, find arc BD, § 333, 

3. Each interior angle of a polygon is 144°. How many sides has 
the polygon? § 133. 

4. The hypotenuse AB of right triangle ABC is 41 rd. If side AC 
is 40 rd., how long is side BC? § 326. 

5. In triangle ABC^ angle A is 70°, AB is 20 ft., AC is 30 ft., and 
the area is 282 sq. ft. Find the area of triangle DEF if angle D is 70°, 
DE is 8 ft., and DF is 25 ft. § 356. 

6. Two secants intersect at point P and intercept arcs AC and BD 
on a circle. If angle P is 36° and arc AC is 8°, how many degrees in 
arc HD? § 248. 

7. The median of a trapezoid is 10 in.,, and one of the bases is 16 in. 
How long is the other base? § 157. 

8. In parallelogram ABCD, angle B is 150°. If side BC is 48 ft,, 
how long is the altitude from C to ABl § 160. 

9 . Chords AB and CD intersect at point P. If AB is 15 in., CP 
is 1 in., and PD is 36 in., how long is AP? § 333. 

10. In triangle AHC, angle C is 90° and CD is perpendicular to AB* 
If CD is 15 in., and AD is 9 in., how long is AH? § 323. 

11. The sum of the areas of two similar triangles is 169 sq. in. 
If the ratio of similitude is 5 : 12, what is the area of the larger triangle? 
§ 372 . 

12. Chord BC is 12 in. and the perpendicular CD drawn to diameter 
AH is Vl08 in. What is the diameter of the circle? 



Geometry in Landscaping ® b,p, Jones 

The famous Zocalo Gardens in Mexico City show an unusual use of 
geometric design. 




UNIT EIGHT 


REGULAR POLYGONS 


377, In this unit you will make a study of regular poly- 
gons and of their relation to the circle. You will recall that 
a regular polygon is a polygon whose sides are all equal and 
whose angles are all equal. Thus an equilateral triangle is 
a regular polygon and so also is a square. Why is a 
rhombus not a regular polygon? The following exercises 
will review what you have learned about regular polygons. 
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10. If the side of an equilateral triangle is a, what is its altitude? 
What is the radius of the inscribed circle? Of the circumscribed circle? 

11. Two perpendicular diameters are drawn in a circle. Prove that 
the figure formed by connecting their ends is a square. 

12. Can you prove that a chord equal in length to a radius has a 
central angle of 60°, and hence is a side of a hexagon inscribed in a 
circle? 

13. mat must be proved to show that the hexagon in Ex. 12 is a 
regular hexagon? 

CONSTKFCTION XXIII 

378. To inscribe a square in a given circle. 

Given: Circle 0. 

Required: .Inscribe a square in circle 0. 

Write out the construction and proof. (See 
, Ex. 11.) ■ 

Construction XXIV 

379. To inscribe a regular hexagon in a given circle. 
Given: Circle 0. 

Required: Inscribe a regular hexagon in 
circle 0. 

White the construction and proof in full. 

(See Ex. 12 and 13.) 

EXERCISES 

1. If the side of a regular hexagon inscribed in a circle is a, what is 
the radius of the circumscribed circle? 

2. If the side of a regular hexagon is a, what is its area? 

Hint. — There are six equilateral triangles. The area of each is -v/3 

■■ 4 :'. ■ 

3. Prove thatj if all the diagonals are drawn from any vertex of a 
regular hexagon inscribed in a circle, they divide the angle at that 
vertex into equal parts. 
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4. If R is the radius of the circle, prove that the side of an inseribed 

square is jB '\/2. _ _ 

5. If E is the radius of the circle, prove that the area of the in- 
scribed square is 2 

6. Prove that the point of intersection of the diagonals of a square 
is equidistant from the sides of the square. 


7 From the result of Ex. 6, show how to inscribe a circle in a square. 
8. How can you inscribe a circle in the regular hexagon constructed 


in § 379? 


Design’ fob Metal Ceiling 


380. A circle divided into equal arcs. In § 378 e ha\ e 
found that if a circle is *vided into 
four equal parts and the points of divi- 
sion are connected, the resulting figure 
is a regular polygon. In § 379 we found 
the same result true when the circle is 
divided into six equal arcs. 

If a circle is divided into any number (more than two) of 
■fha-f formed bv connect iBg 

equal arcs, can you prove What must be 

the points of division is a regular 
proved to show that a figure is a regular po ygon. 
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Proposition 1. Theorem 

381. If a circle is dimded into equal arcs, the chords 
of these arcs form a regular inscribed polygon. 

B 



Given: Circle 0 divided into equal arcs at A j B, C\ D, 
mdE. 

To prove: JIBCDjB is a regular polygon. 


Plan: Mentally: To prove that ABODE is a regular 
polygon I must prove that it is equilateral and equiangular.^^ 
Proof: 


I STATEMENTS 

I 1 . AB ^ BO CD == DE EA. 

I 2. AB BC ^ CD ^ DE ^ EA. 

3. A A has the same measure as | arc 
BODE. 

I Z B has the same measure as . . . 


REASONS 

1. Why? 

2. Why? . 

3. Why? 


Complete the proof in full. 


382. CoBOLLAKY 1. An equilateral polygon inscribed 
in a circle is a regular polygon. 


1 383. CoBOLLABY 2. If lines are drawn from the mid- 

point of each arc determined by a side of a regular inscribed 
polygon to its extremities^ a regular inscribed polygon of 
I double the number of sides is formed. 
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384. Gokollary 3. Regular inscribed polygons of 4^ 
8^ 16 j SB, etc,, sides can be constructed, (§ 378. j 

385. Corollary 4. Regular inscribed polygons of 6^ 
24 , 46, etc,, sides can be constructed; and, by joining 

the alternate vertices of an inscribed hexagon, an inseribed 
equilateral triangle is formed, (§379.) 

EXERCISES 

1. Draw a circle with radius 2 in. and in it inscribe a regular octagon. 

2. Prove that the perimeter of the octagon constructed in Ex. 1 is 
greater than the perimeter of the square inscribed in the same circle. 

3. Draw a circle and in it inscribe an equilateral triangle. 

4. Draw a circle with radius 2 in. and in it inscribe a regular polygon 
with 12 sides. 

6. In the construction of Ex. 4 connect every fifth vertex, beginning 
vtith any one, and thus form a 12-pointed star. What is the sum of 
the angles in the points of the star? 

6. Divide a circle into eight equal parts and form an eight-pointed 
star by joining every third point of division. Find the sum of the 
angles in the points of the star. 

*7. Prove that the perimeter of a regular inscribed polygon is less 
than that of an inscribed polygon with twice as many sides. 

386. Tangents at the points dividing a circle into equal 
arcs form a regular polygon. 

lYhat is the measure of A P, Q, R, S, and 
T? Why then are they equal? 

What kind of triangles are formed by con- 
necting the points A, B,C, D, and E? See 
if you can prove that they are congruent. 

Can you give the proof in full that PQRST 
is a regular polygon? 


s 
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387. If a circle is divided into equal arcs^ the tangents 
at the points of division form a regular circumscribed poly- 
gon. 


S 



Given: Circle 0 divided into equal arcs at A, B, ( 7 , D, 
and E; tangents PQ, QR, etc., at A, R, etc. 

To prove : PQRST is a regular polygon. 


Plan: Prove PQRST equiangular and equilateral. 
Proof: , 


STATEMENTS 

REASONS 

1, Connect points A, B, C, D, E. 

1. Wkyf 

A APR, BQA, etc., are isosceles. 


2. A P, Q, R, etc., are equal. 

2. Prove in full (§ 24S). 

3. A APE, BQA, etc., are congruent. 

3. Prove. 

4. AQ = QB = BR = etc. 

4. Prove. 

5. PQ = QR = RS = etc. 

5. Why? 


Write the proof in full. 


388. Corollary. If tangents are drawn at the mid- 
points of the arcs of adjacent points of contact of the sides of 
a regular circumscribed polygon^ a regular circumscribed- 
polygon of double the^’number of sides is formed. 
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exercises 

1. In a regular hexagon ABCDEF inscribed 
in a circle prove that / DC A = A ADD. 

2. In the hexagon of Ex. 1, two sides AB and 
EF, when produced intersect at P. Prove that 
PA X PB=^ PFXPE. 

Hint. — See 1 336. 

3. In the hexagon of Ex. 1 prove that diagonals AD, BE, and C 

"“frr»e . side of 2 in. is insoribed in . cisde. W. is 

^ttLbed in n cirde, id. di«.nd is . di.»et» oi 

“"rThe ares of . s,»«:e eonsimeW on a ‘ “ 

equal to twice the area of the square inscri bed in the circle. 

7 Prove thatftTiliiii^o^^^ circumscribed pol>jon 
is ^;aSr mat of a regul^ circumscribed polygon of twice as 

“T SStruct a square whose diagonal is 3 in. (^1 

9. Circumscribe a regular octagon almut a circle of - im ra^^^ 

10. Prove that the perimeter of the octagon m 

perimeter of the square circumscn inscribed in a circle of 

*11. Find the side of the regular octagon mscnbea 

radius 2 in. 

389. Circumscribing a circle about a regular polygon. 

You know that a circle can always^ drawn 

through any three points A, ^ O 

a stmight line. How do you find the center 0 

of this circle (§ 184)? 

If the circle also passes through point A how 

Od OD W of td„.les a. 

AOB and DOC? See if 5'“" “J* ” 

through D by showing that A\A0B = AGO . 
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Proposition 3. Theorem 


390. A circle can be circumscribed about any regulai 
polygon. 



1 

I 

X 

Given: Regular polygon ARC'D ... 

To prove: A circle may be circumscribed about 

ABCD ... 


Plan: Think: “I can construct a O through the three 
points Aj B, and C (§ 184). Then if I can prove that OA == 
ODj I vdll know the O passes through D.’* 

Proof: 


STATEMENTS 

KEASONS 

1. A O can be drawn through A, R, and 

1. '§184. , , ' 

C. Let its center be 0. Draw 


OA, OB, OC, and OD. 


2. ZABC = ZBCD,AB = CD. 

2. § 135. 

3. Since OB = 00, Z1 = Z2. 

3. §69. 

K 

II 

K 

4. Ax.S. 

5. AABOm ACOD. 

5. § 64. 

6. OA = OD. 

6. §,58. 

7. Hence a O with 0 as center and OA 

7. Post. 13, 

as radius will pass through D. It 


can be shown that the G will pass 


through the other vertices. 
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391. A circle can he inscribed in any regular -polygon. 


Regular polygon ABC DBF. 
i : A circle can be inscribed in ABC DBF . 


“ If a circle were circumscribed about the polygon, 
of the polygon would be equal chords in the circle, 
u can complete the proof. Recall § 203. 

For you to write out. 


EXERCISES 

If the radius of a circle inscribed in an equilateral triangle is 3 
rhat is the altitude of the triangle? 

If the radius of a circle circumscribed about an eriuilateral tn- 
: is IB in what is the altitude of the triangle? 
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392. The apothem of a regular polygon is the radius of 
the inscribed circle, and the radius of a regular polygon is 
the radius of the circmnscribed circle. 

_ The common center of the circles is caUed the center, 
and the central angle whose chord is a side of the regular 
polygon is called the central angle. 

Theorem. Each central angle of a regular polygon of n 

sides is —• 
n 

393. Angles of a regular polygon. You know that the 
sum^ of the angles of a polygon having n sides is {n - 2) 
straight angles. Hence, 

Theorem. Each angle of a regular polygon of n sides is 
n — 2 


n 


straight angles. 


394. Perimeter of a regular polygon. Since the sides of 

a regular polygon are equal, if each side is s, and there are 
n sides. 

Theorem. The perimeter of a regular polygon is ns. 
EXERCISES 

1. How large is the central angle of an equilateral triangle? Of a 
square. Of a regular polygon with 12 sides? 

and a^thenf^*^*'^^^ equilateral triangle is 12 in. find its radius 
3. If the side of a square is 20 in., find its radius. 


apJthL*^^ equilateral triangle is 6 in., find its radius and 

^ ^ “■> “'scribed equi- 
lateral triangle. (See Ex. 3, § 391.) ‘ 

r^us^^ the area of an equilateral triangle is 12v/3 sq. in., find its 
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Proposition 5. Theorem 


396 . The area of a regular polygon is 
product of its apothem by its perimeter. 


of the A thus formed, 


Plan; Draw 


STATEMENTS _ 

1. Draw OA, OB, OC . . ■ thus forming 1. ^ 

2. The altitude of each triangle is r and 2. Whyf 

its sides. o roar 

3. The area of each A — si’s- • ‘ 

4. The areaofn A = |rns. 4. 

5. But ns = P- - 

6 . ABC. ..-irp. .1 1 , 

Therfusof cMeisein. K.d fc oI the «sute 

hexagon inscribed in the circle. 

Hint, — See E^c. 2, § 379, , 

Ex. 2. What is the area of a square circumscribed about a circle 

whose radius is 10 in.? 
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408 REGULAR POLYGONS 

EXERCISES 

1. Compare the central angle of an equilateral triangle with an 
exterior angle at any vertex. Do the same for a square. For a regular 
pentagon. For a regular hexagon. 

2. The apothem of an equilateral triangle ^ 10 in. What is its 
radius? 

3. A side of an equilateral triangle inscribed in a circle is 3 in. Find 
the side of the equilateral triangle circumscribed about the same circle. 

4. Find the ratio of the areas of the triangles in Ex. 3. 

5. The radius of a circle is 2 in. Show that the area of the regular 
circumscribed hexagon is 13.86~ sq. in. 


6. Prove that the central angle of a regular polygon is the supple- 
ment of an angle of the polygon. 

7. Prove that the apothem of an equilateral triangle is one half the 
radius. 

8. Prove that the side of the equilateral triangle circumscribed 
about a circle is twice the side of the equilateral triangle inscribed in 
the circle. 

9. The radius and apothem of an equilateral triangle inscribed in a 
circle are one-half the radius and apothem of the circumscribed triangle. 

^ *10. An equilateral polygon circumscribed about a circle is regular 
if it has an odd number of sides. 

396. Regular polygons with 
the same number of sides are 
similar. Can you prove it? F 
WTiat two things must be proved 
to show that the polygons are A 
similar? 

How large is each angle of a regular polygon having n sides 
(§ 393)? 
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Proposition 6. Theorem 


397* Regular 'polygons of the same 

similar-. 

mmiber of sides am , 

' \ - 

d' 

— *-Y 1 

\ /v 


A B a! 


Given: Regular polygons AD and each having 

n sides. 

To prove: AD ^ A'D\ 


Plan: Prove that the angles are equal and the sides pro- 


portional. 

Proof: 


STATEMENTS 

EEAS0N8 

1. EachZof AUandA'D' = st. A 

1 . § 393 . 

2. Hence Z A = ZA', ZS = ZB', etc. 

2. Ax.l. 

3 . AB = BC = CD, etc., and A'B' = 

3 . § 135 . 

B'C' = C'D',ete. 


AB BC CD , 


4. Hence etc. 

4 . Ax. 5 . 

6 . .-. AD ^ A'D'. 

.0. § 302 . 


Ex. 1. A regular polygon is circumscribed about a circle 0. Two 
adjacent sides are tangent to the circle at points P and Q, respectively. 
Compare the angle at any vertex with the angle POQ if the regular 
polygon is a triangle; a hexagon; an octagon. 

Ex. 2. Find the side of a regular polygop of 12 sides inscribed in a 
<mcle whose radius is 2 in. 
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EXERCISES 

1. The perimeters of two regular polygons having the same number 
of sides are 24 ft. and 30 ft., respectively, A side of the smaller is 3 ft. 
What is the side of the other? 

2. Prove that if all the diagonals are drawn from any vertex of a 
regular polygon, they will divide the angle at that vertex into equal 
parts, 

3. Prove that the apothem of a regular polygon bisects any side to 
which it is drawn. 

4. If tangents are drawn at the mid-points of the arcs 

formed by the sides of a regular inscribed polygon, they 
form a regular circumscribed polygon of the same num- 
ber of sides. AN 

6. In Ex. 4, prove that the sides of the inscribed and circumscribed 
polygons are parallel. 

6. Tangents at the vertices of a regular inscribed polygon form a 
regular circumscribed polygon. 

7 . The diagonals AC, BD, CE, etc. of a regular 
hexagon form another regular hexagon. 

Suggestion. — Show that a circle can be inscribed in 
the smaller hexagon. 

*8. In Ex. 4, the vertices of the circumscribed polygon lie on the radii 
produced of the inscribed polygon. (Recall postulate 10.) 

If the area of an equilateral triangle is 108 \/B sq. in., find its 
apothem. 

398. Eqttal ratios in similar regular polygons. If regular 
polygons P and P' have the same number of sides, we, know 
they are similar. Can you prove 
that their perimeters have the same 
ratio as their radii and also as their 
apothems? 

Why is AOAB -- AO'A'P' 

(§312)? 

Then how do the equal ratios follow (§ 306)? 
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Proposition 7. Theorem 


399. The perimeters of two regular polygons of the: same 
number of sides have the same ratio as their radiiy. or as 
their apoihems. 


Given: Regular polygons ABC . . . and , 

each of n sides, with centers 0 and O', perimeters p and 
p', radii R and R\ and apothems r and r'. 

^ p R T 

To prove: 5 = -^ = -,- 


Plan: Prove that A AOB and A’O'B' are similar. 
Proof: 


REASONS 


STATEMENTS 

1. Draw radii to A, B, A', B'. 

OA = OB&ndO'A' = O' B‘ 

2. lAOB = lA'O'B'. 

^ OA OB 

0'A'~ O’B'' 

4. AA05~AA'0'5'. I 4. §312. 

Complete the proof . 

400. CoEOLLAKT. Th£ areas of two regular polygons 
of the same number of sides have the same ratio as the squares 
of their radii or as the squares of their apothems. 
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EXERCISES 

1. Find the ratio of the perimeters apd the ratio of the areas of two 
regular hexagons if their sides are 2 in. and 6 in. 

2. Squares are inscribed in two circles of radii 2 in. and 8 in., re- 
spectively. Find the ratio of the perimeters of the squares and also 
of their areas. 

3; Two regular pentagons have corresponding sides 3 in. and 9 in. 
What is the ratio of their radii? Of their perimeters? Of their areas? 

4. Miat is the ratio of the perimeters of two regular octagons whose 
^reas are 144 sq. in. and 324 sq. in.? 

5. The perimeters of a square and of a regular octagon inscribed 
in a circle whose radius is 1 in. are 5.66 ~ in. and 6.12+ in., respectively. 
Find to the nearest unit the perimeter of the square and of the regular 
octagon inscribed in a circle whose radius is 5 in. 

6. The area of a regular hexagon inscribed in a circle whose radius 
is 5 in. is 64.95+ sq. in. Find to one decimal place the area of a 
regular hexagon inscribed in a circle whose radius is 1 in. 

7. Two regular hexagons have sides 4| in. and 6| in. Find the 
ratio of their perimeters and areas. 


8* What is the ratio of the perimeters of the inscribed and circum- 
scribed equilateral triangles of a circle? (See Ex. 8, § 395.) l^^Tiat is 
the ratio of their areas? 

Prove that the area of an inscribed square of a circle is equal to 
half the area of the circumscribed square. 

10. The area of a regular inscribed hexagon is three-fourths the 
area of a regular circumscribed hexagon of the same circle. 

11. The diagonals of a regular pentagon are 
equal. 

12. If two diagonals of a regular pentagon in- 
tersect, the greatest segment of each is equal to a 
side of the pentagon. 

Hint, — Prove / I = /2., ,, ; 

*13, One side of a regular octagon is 8 in. Find its apothem and 
area. 
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That. 


401. A. The problem of the golden section, 
rectangle is most pleasing to the eye whose 
base and altitude are so related that their 

ratio is approximately 5 : 8. Such a rect- 

angle has the ratio of its half perimeter to ^ 
its length the same as the ratio of its length to its width. 

If the segment A 5 is divided at C so that 


I 


w 

This 


w 


it is said to be divided in extreme and mean ratio, 
division of a segment greatly interested 
the Greeks, who thought it the most ^ — g q 

artistic division of a segment and called 
it the golden section. They also spoke of the proportion 
as the divine proportion. 

Two methods of construction were given by Euclid, one 
thought to be his own, and the one used in this book due 
to Pythagoras. 


^ EXERCISES A 

1. If the base of a rectangle is 10 and its altitude is h, so that 
10 + A 10 . , , 

Solution. — (1) 10 A + = 100. Clearing of fractions. 

(2) ^2 -j- 10 ^ -f 25 ~ 125. Completing the square. 

(3) + 5 = 11.18, or A = 6.18. 

2. Is the ratio of the altitude to the base in Ex, 1 nearer to | or to f ? 

3. If the altitude of a rectangle is 16 in., what must its base to 
have the pleasing proportions given in § 401? 

4. If AB in § 401 is 10, find I and w. 

Hint. — Let ^ - 10 - L 

6. A segment a inches long is divided in extreme and mean ratio. 


Show that the segments are - (3 ■ 


-v/IlafidgC-v/l- 


1 ). 
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Construction XXV 

402. To divide a segment in extreme and mean ratio. 

Given: Segment AB, 

Required: Divide AR in extreme 
and mean ratio. 

Construction: Construct a ± to A 5 
at B and on it take BO = i AB. 

Gonstmct a circle vdth 0 as a center 
and BO as radius and let AO intersect the circle at C and D. 
On AB take AP = AC, Then P is the required point of 
division. 

Proof: 



STATEMENTS 

REASONS 

1. is tangent to O 0. 

1. Wh yf 

^ AD AB 


AB AC' 

2. Whyf 

, AD - AB AB - AC 


AB AC 

3. Whyf 

A CD = AB&ndAC = AP. ' 

4. Whyf 

. „ AP PB AB AP 1 


o. Hence or, ^p~ p^- j 

5. Whyf 


EXERCISES A 

1. If the length and width of a picture are obtained by dividing the 
semiperimeter in extreme and mean ratio, find to the nearest tenth the 
width of a picture whose length is 25 in. 

2. Use the method of § 402 to divide a segment 2 in. long in extreme 
and mean ratio, 

3. Show that the parts of a segment 15 in. long divided in extreme 
and mean ratio are 9.27 in. and 5.73 in. approximately. 

'*‘4. A segment ^B is divided in extreme and mean ratio. Given 
the longer part AP, construct AB, 
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Suggestion. — If the figure represents the com- 
pleted construction, Z A' can be found by draising 

a right triangle whose leg O'B' = -y , where A'B' 
is any length. 

To locate 0, notice that AO'C'B' is isosceles. If a ^ ^ 
l.C'E' is draw^n from C', and C^F' is taken equal to C E ^ 
why will F'E'he W CB'l 

*6. Diameters AB and CD are perpendicular, and 
M is the mid-point of AO. If ME = MD, prove 
that radius OB is divided in extreme and mean 

ratio at E. 

Suggestion. — Show that OE = where 

Hence, by Ex. 5, § 401, r is divided in extreme and mean 
ratio. 

*6. Prove that the diagonals of a regular pentagon 
divide each other in extreme and mean ratio. 

Hint. — Prove that AABC ~ CABPC. ^ 

*7. If tangent PA is drawn from any point P 
to a circle and divided at B in extreme and mean 
ratio so that BA is thejreater segment, and if 
PC = BA, prove that CD'* = PC X PD- 


f is the radius. 
E 
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Construction XXVI 
403. A. To inscribe a regular decagon in a circle. 
Given: Circle 0. 

Required : Inscribe a regular 
decagon in G 0. 

Construction: Draw 0 A and 
divide it at P so that OA : 

OP^OP:AP. Take AS = 

OP. Then AR is the side of the required decagon. 

Proof: 


STATEMENTS 

KEASONS 

1. Draw PB and OB. Since 

1 1. Construction, 

0A:0P = OP: AP 


2 . OA: AB = AB: AP. 

2. Wh^f 

3. Hence, since ZA = ZA, AOAB ^ 

3. §312. 

APAB. 


4. .'. AFAR is isosceles. 

4. Whyf 

5. .•• A5 = PB = OP. 

5. Whyf 

6. ZAFR = 2ZO. 

6. §128. 

7. ZA = 2Z0. 

7. Whyf 

8. ZORA = 2ZO. 

8. Whyf 

9. ZO+ ZA + ZORA = 180°. 

9. §123. 

10. 5ZO = 180°. 

10. Whyf 

11. ZO = 36°. 

11. Ax, 5. 

12. Z 0 is one tenth of 360°. 

12. Whyf 

13. A R is one tenth of the G. i 

13. Whyf 

14. AR is a side of a regular in- | 

14. Whyf 

scribed decagon. 



404. A. Corollary 1. Regular polygons of 5, 10, 
BO, 40 , 80, etc., sides may be inscribed in a circle. 

Note. — If the alternater vertices of a deeagoii are joined, a pentagon is 
formed: if the arcs are bisected and chords drawn, a 20-sided polygon; etc. 
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THE DrVTOE PROPORTION IN PLANTS ' 

The way the seeds are arranged in a sunflower, and 
the order of arrangement of the leaves on the stem of a 


Photograph of the Sen- Geometric Drawing op Spirals 
FLOWER IN THE Sunflower 

plant, follow a very definite law represented by one of 
the fractions in the series, |, |, I, ts-j td if? etc. It 

is interesting to notice that these fractions represent 
successive approximations to the length of the shorter 
segment of a line 1 in. 
long divided in extreme 
and mean ratio; that k, 
the value of | (3 — VS) 
as found in Ex. 5, § 401. 

Look up the Phyllotactic 
law in the encyclopedia. 

This illustration 
shows how the points of 
interest in a painting, drawing, or photograph are located 
by the intersections of the diagonals with perpendiculars 
drawn from the vertices. Notice some paintings and see 
if they seem to follow this law. 

^ 

^ See The Art of ComposUion^ by Michel Jacobs. 
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EXERCISES 
. (Optional) 

1. It R is the radius of the circle, the side of an inscribed equilateral 
triangle is BV3* 

2. If T is the radius of the circle, the side of a circumscribed equi- 
lateral triangle is 2 r\/3* 

3. If r is the radius of the circle inscribed in an equilateral triangle, 
show that the area of the triangle is 3 r-VS. 

4. If jK is the radius of the circle circumscribed about an equilateral 

triangle, show that the area of the triangle is 

6. If R is the radius of the circle, the area of a regular inscribed 
hexagon is 

2 /— 

6. The side of a regular circumscribed hexagon is ~v 3, when r is 
the radius of the circle. 

*7. In the figure of § 402, if point Q is taken on BA produced so that 
AQ = AD, prove that segment AB is divided externally in extreme 
and mean ratio so that AB : AQ == AQ :QB. 


Construction XXVII 

405. A. To inscribe a regular fifteen-sided polygon in a 
circle, 

Given: Circle with center 0. / \ 

Required: Inscribe a regular fifteen-sided / \ 

polygon in the circle. I I 

Construction: Construct A £, the side of V / 

a regular inscribed hexagon, and AC, the 
side of a regular inscribed decagon. Then ^ 

C Bis the side of the required polygon. 

Proof: 

Suggestion. — What part of the circle is Sb? AC? Then what part 
of the circle is BC? A fifteen-sided polygon is called a pentadecagon. 
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44)6. A. CoBOLLAEY. Regular polygons of 15, SO, 60, 
WO, etc., sides may be inscribed in a circle. » 

EXERCISES A 

1. Tell how to construct an angle of 24°; of 12°. 

2. Tell liow’’ to construct an angie of 6°; of 54°; of 27°. 

3. Tell how to construct an angle of 9°; of 3°. 

4. Tell how to di\dde a right angle into five equal parts. 

‘^5, Find the area of a regular pentagon whose side is 10 in. 

*6. A regular decagon is inscribed in a circle whose radiiis.:is , 10 in.. 
Find the length of a side of the decagon. 

EXERCISES A 
(Optional) 

For exercises 1-8 use §§ 307“-310. 

1. If the radius of the circle inscribed in an equilateral triangle is 
8 in., find the area of the triangle. 

2. If the radius of a circle is 10 in. find the side of an equilateral 
triangle inscribed in the circle. 

3 . If the radius of the circle circumscribed about an equilateral 
triangle is 10 in., find the area of the triangle. 

4. If the radius of a cMe is 24 ft., find the side of an eq,ui!aterar 
triangle circumscribed about the circle. 

5. The radius of a circle is 10 in. Find the side of, the regular' 
inscribed octagon. 

6. Find the apothem of the octagon in Ex. 5. 

7. Find the area of the octagon in Ex. 5 and 6. 

8. If the radius of a circle is 20 in., find a side of the regular in- 
scribed decagon, and also the side of a regular pentagon iriseri!)ed in 
the same circle. 

0. Prove that the perpendicular bisector of a side of a regular 
inscribed pentagon passes through a vertex. 

*10. Construct a regular decagon, having given a side. 

*11. Construct a regular pentagon, haring given a side. 

*12. Construct a regular pentadeeagon, haring given a diagonal 
connecting two alternate vertices. 
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407. Construction of regular polygons. An interesting 
question is : What regular polygons can we construct by 
means of straightedge and compasses alone? Until the 
beginning of the last century it was thought that these 
were limited to the ones we have studied in this course. 
(§§ 378-9, 384-5, 403-6.) 

In 1801 Gauss, a German mathematician, made a study 
of this question. He found that certain polygons with n 
sides, where n was a prime number, could be constructed 
if and only if, n was of the form n = 2” + 1 (m is any 
positive integer). Thus when m = 1, » = 3; when m — 
2, n = 5; when m = 4, n = 17; when m = S, n = 257; 
etc. Hence polygons with 3, 5, 17, etc., sides can be 
constructed. But when m = 3, 5, 6, 7, etc., n = 9, 
33, 65, 129, etc. These values of n are not prime num- 
bers. 

Of course, by bisecting the arcs formed by the sides of 
polygons which can be constructed, we can form other 
polygons with an even number of sides, and by such com- 
binations as we used in § 405 other polygons can be formed. 

Measurement of a Circle 

408. Length and area of a circle. The length of a 
circle cannot be measured as can the length of a segment 
of a straight line, because a unit of length cannot be 
laid off along a circle. 

For the same reason we cannot apply a square unit of 
measure to determine the area of the surface inclosed by 
a circle. However, these measurements can be made as 
accurately as we please, by the use of certaia principles 
discussed in the following sections. 

We shall use the*^ term circumference to mean the 
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length of a circle, and the area of the surface inclosed by 
a circle we shall call its area. 

409 . Increasing the number of sides of regular poly- 
gons. We have seen that in two regular polygons with 
the same nmnber of sides the per im- 
eters have the same ratio as the radii. 

It is evident that the hexagon in the 
figure has a greater perimeter than 
the triangle; and that the perimeter 
of the 12-sided polygon is greater 
than that of the hexagon. Thus, as 
the number of sides of the polygon 
increases, its perimeter gets larger (but is always less 
than the circumference) and approaches as close as you 
please to the circumference of the circle. 

Also, as the number of sides increases, the apothem 
grows larger and approaches as close as you please to the 
radius of the circle. 

In a similar manner the area of the inscribed polygon 
increases as you increase the number of sides, and ap- 
proaches as close as you please to the area of the circle. 

410 . As a result of the reasoning above, we may state a 
principle which can be considered fundamental in finding 
the circumference and area of a circle. 

Postulate 19. Any theorem which has been proved true 
regarding a regular polygon, and which does not depend on the 
number of sides of the polygon, is equally true for the circle. 

411 . Circumference of a circle. Hence, from § 410 and 
from § 399, we have: 

Theorem: The circumferences of» two circles ham the 
same ratio as their radii. (Prop. 8.) 
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412. CoKOLLAEY 1. The circumferences of two circles 
have the same ratio as their diameters. 

Suggestion. — Since by § 411, in circles with circumferences c and c', 
radii r and r', and diameters d and d': 



413. CoROLLAEY 2. The ratio of the circumference 
to the diameter of a circle is a constant: that is, it is the 
same for any two circles. 

Proof: Since — = y, (§412). 

C Ci 

Why? 

414. The constant niunber x. The constant ratio of 
the circumference to the diameter of a circle is denoted 
by the Greek letter x (pi). If c is the circumference 

and d the diameter of a circle, ^ = x. The value of x is 
3.1416-. “ 

415. Formula for the circumference. Since -, = v 

d 

for any circle, then c = xd, and since d = 2 r, we have 
c = 2 xr. Hence the theorem: 

Corollary 3. The circumference of a circle is equal 
to the product of its radius by twice the constant number x 
or, c = ^-kt. 

416. Corollary 4. The length of an arc of a circle 
in linear units has {he same ratio to the circumference, 
as the number of degrees in the arc has to 360. 
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Given : Circle 0^ with circumference c, radius 

fj and A 5 containing m linear units and inter* / q \ 
cepted by , Z 0 containing a degrees. \ ^ / 

To prove : = ~~ • 

^ 2 7rr 360 

Proof: Since two arcs Lave the same ratio as their ceiitml 
angles, and AB contains a arc degrees, wtiile the circumfereHee, 
AB a 

e contains 360, — = But AB ^ m linear units and c = 


2 7rr. Hence. 


EXERCISES 

Use TT ===8 ,14. 

1. Find the circumference of a circle whose radius is 5 ft. 

2. If the circumference of a circle is 24 ft., find its diameter. 

3. Find the radius of a circle whose circumference is equal to the 
semicircumference of a circle whose radius is 4 in. 

4. The circumference of a circle is 147 in. Find the length of an 
arc of 120^. 

5. In a circle whose radius is S ft. find the length of an arc whose 
central angle is 36°, 

6. Archimedes proved that the value of t lies between 31 and 31 
Find to how many decimal places tliese numbers approxiiriate the \aliie 
of TT (3.14159+ ). 

7. A water tank Is cylindrical in form and 20 ft. in diameter. How 
long a piece of stra|.) iron is required to make a hand around it, allowing 
1 ft. for overlapping? 

8. How is the circumference of a circle aiTe(ted if its radius is 
multiplied !>y 2? By 5? By f? 

0. The length of an are of a circle is 33 in. If the arc is 54°, wliat 
is the radius of the circle? 
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Id. If the radius of a circle is 25 in., and an arc is 60 in., how many 
degrees does the arc contain? 

11. The central angle whose arc is equal to the radius is used in 
mathematics as a unit of measure of angles, and is called a radian. 
Find the number of degrees in a radian. 

Area op a Circle 

417. From the reasoning in §§ 409 and 410, and because 
the area of a regular polygon is half the product of its 
perimeter by its apothem, we have: 

Theorem : The area of a circle is equal to half the product 
of Us circumference by its radius. (Prop. 9.) 

418. Corollary 1. The area of a circle is equal to 
the product of the constant number t by the square of the 
radius. 

Proof: Since 

c = 2Tr,andA =f,then/l = ^ 

Z 2i 

419. A sector of a circle is that part of 
the interior of a circle bounded by two 
radii and an arc. Z AOB is called the angle 
of the sector. 

420. Corollary 2. The area of a sector has the same 
ratio to the area of the circle as the angle of the sector has to 
360°. 

421. Corollary 3. The area of a sector is equal to the 
'product of the length of its arc by half the raflius. 

422. Corollary 4. The areas of two circles have the 
same ratio as the squares of their radii, or as the squares 
of their diameters. 
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423. A segment of a circle is that part 
of the interior of a circle bounded by a 
chord and its arc. 

The area of a segment can be found by 
subtracting from the area of the sector 
OACB the area of AOAB. 

EXERCISES 

Use TV = SJ4> 

1. The radius of a circle is 4 in. Find its area. 

2. If the radius of a circle is doubled, how is its area affected? 

3. The area of a circle is 254.34 sq. in. Find its diameter. 

4. Find the area of a circular sector if its arc is 30® and the radius 
of its circle is 15 in. 

6. An arc of a sector is 18 in. long. Find the area of the sector if 
the radius of the circle is 12 in. 

6. How many degrees in the angle of the sector in Ex. 5? 

7. A cow is tied at the end of a rope 100 ft. long which is fastened 

to the comer of a barn 50 ft. square. Over how great an area can the 
cow graze? ^ 

8. If the diameter of a circle is d, prove that its area is i Trd^. 

9. In the papyrus that he copied, Ahmes, the Egyptian, said the 
area of a circle could be found by squaring | of the diameter. What 
value of TT is indicated in this mle? 

10. Show that a circle has the same area as a triangle whose base 
equals the circumference, and whose altitude equals 
the radius. 

11, Find the area of a segment of a circle whose 
arc is 150® if the radius of the circle is 30 in. 

Hint. — If BP ± AO produced, how large is Z 1? 

Then how long is PB? 

12, The arc of a segment of a circle is 120®, Find the area of the 
segment if the radius is 15 in. (See § 160.) 

13. In a circle whose radius is 5 in. a sector has an area of 25 sq, in. 
Find the area of a similar sector in a circle whose radius is 8 in. 

Note. — sectors are sectors having equal centra! angles. 
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424. A. Problem. Given the radius of a circle and 
the side of a regular inscribed polygon, find the side of a 
regular inscribed polygon with twice as 
many sides. 

Given: Circle 0, with radius r, and 
AB the side of a regular inscribed 
polygon. 

To find: The side of a regular in- 
scribed polygon with twice as many sides. 

SuGGESTious. — Let AB = s, and let AC equal the side of a regular 
polygon of twice as many sides. Draw diameter CE intersecting AB at D. 

Prove that CE is the perpendicular bisector of .^45. 

In LADOy show that = f 2 _ .1 ^. 2 ^ 

Hence DO = vV’ ^ s% and CD = r - V r- ~ J 

Now by § 324 j h) AC^ ^ CE X CD = 2 r jr - * Explain. 

Hence, AC ^ V^2 r(r V r- ~ J 

Write the proof in full. 

425. A. Computation of ir. Using the formula in 
§ 424 the approximate value of x may now be computed. 

For this purpose, in a circle of radius r = 1, let regular 
polygons of 6, 12, 24, 48, etc., sides be inscribed. 

If Se is the .side and pa the perimeter of the polygon of 
6 sides, and s^ is the side and pi^ the perimeter of the 
polygon of 12 sides, etc., then §6 = 1 and pe = 6. Why? 

Th en by substit uting successively in the form ula, 

= v/p - rVA r^- - Sn% where Sa* is the side of a polygon 
of twice as many sides as s„, we find that the perimeter 
of a polygon of 768 sides is 6.283169+. If this value 
is taken as approximately equal to the circumference, 
then dimding it by the length of the diameter, 2, gives 
3.14158+. A closer japproximation to x, obtained by 
taking a polygon with' a greater number of sides is 3.14159. 
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The values of v used generally in computation are 3.1416, 
3.142, 3.14, or depending upon the accuracy of the 
result required. 

, Note. — The exact value, of tt can be computed correct to as many 
places as we wish. Its value to 25 decimal places is 3.14,1592653589793238- 
4626433. The value has been computed to 707 decimal places. 

The ratio ir has a long and interestmg history. The 
ancient Babylonians and Hebrews thought that a- = 3, 
as shown by the Bible. (See 1 Kings \Ti, 23, and 2 
Chronicles iv, 2.) Ahmes, the Egyptian, about 1700 b.c., 
used a value of ir equivalent in modern notation to 3.1604. 
Archimedes, a Greek mathematician (225 b.c.), by em- 
ploying inscribed and circumscribed regular polygons, 
proved that the value of x is between 31 and 3i-". Ar\'ab- 
hatta, a Hindu born 476 a.d., showed that x = 3.1416. 
Other approximations for x have been used by different 
people in the past. 

The attempt to compute the exact value of x was 
connected with the famous inrpossible problem with 
w’-hich mathematicians struggled for centuries, dating 
from the time of the ancient Greeks, namely, to con- 
struct with straightedge and compasses alone a square 
whose area should equal that of a given circle, or to 
“ square a circle.” 

426. Summary of the Work of Unit Eight. 

In this unit you have learned about: 

I. Regular polygons. 

1. If a circle is divided into equal arcs the chords of 
the arcs form a regular inscribed polygon and the 
tangents at the points of dimion form a regular 
circumscribed polygon. 
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2. *4 circle can he circumscribed about or inscribed 
in any regular 'polygon. 

3. Regular polygons of the same number of sides are 
similar; their perimeters have the same ratio as 
their radii or as their apothems; their areas 
have the same ratio as the squares of their radii 
or as the squares of their apothems. 

4. Regular polygons of 3, 6, 12, 24 , of 4, 8, 16, 

82, . . . . . , of 5, 10, 20, 40, , of 15, 30, 

60, 120, sides can he inscribed in a 

circle. 

II. Constructions. 

1. To inscribe a square in a given circle. 

2. To inscribe a regular hexagon in a given circle. 

Z. To divide a segment in extreme and mean ratio. 

A. A.. To inscribe a regular decagon in a circle. 

5. A. To inscribe a regular fifteen-sided polygon 
in a circle. 

III. Measurement of a circle. 

1. Circumference of a circle: C = 2 rr or Ttd. 

2. Length of arc of a circle: L = ^ ^ 

360 

3. Area of a circle: A = or 4 vd^. 

4. Area of a sector: A = y 

360 • 

REVIEW OF UNIT EIGHT 

See if you can answer the questions in the following exercises. If you 
are in doubt look up the section to which reference is made. Then study . 
tM section before taking the test. The references given are those most 

closely related to the exercise. 
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L What is a regular polygon? § 377. 

2. Are two regular polygons always siindlar? § 397. 

3. Is an inscribed equilateral polygon alw^ays a regular pol 3 ^goii? 
■§382. 

4. What is the center of a regular potygon? § 392. 

5. Define apothem and radius of a regular poh'gon. § 392. 

6. How large is each central angle of a regular poi 5 ?'gon of 5 sides? 
Ofbsides? Of■^^sides? §392. 

7,. If a regular poWgon has w. sides, is one. of its .angles, /equal 

to X ISO"? §393. 

n . , , ■ 

8. How can you find the number of sides of a regular poK'gon 
if you are given a central angle? An exterior angle? An interior 
angle? §§392, 393. 

9. What are the names of regular polygons of 3, 4, 5, 6, and S 
sides, respectively? § 131. 

10. Two regular pol^'^gons have t^ same number of sides. If 
a side of one is S and of the other is s, what is the ratio of their perime- 
ters? Of their radii? Of their apothems? Of their areas? §§ 399, 
400. 

11. The side of a regular inscribed hexagon is r, and the side of a 

regular circumscribed hexagon is | rV 3, is the ratio of their 

areas? § 400. 

12. In Ex! 11 what is the ratio of the apothems? § 400. 

13. Two circles have diameters D and fL What is the ratio of 
their radii? Of their circumferences? Of their areas? §§412, 422. 

14. How many pipes | in. in diameter are needed to replace a l-iii. 
pipe? § 418. 

15. Is the side of an inscribed equilateral triangle half the side of the 
circumscribed triangle? § 395, Ex. 8. 

16. Two circles are concentric. If the radius of the larger is R, and 
of the smaller r, what is the area of the circular ring? § 418. 

17. How can you find the area of a regular polygon? § 305. 

18. How can you find the area of a circle if you know the cir- 
cumference? § 418. 

19. How can you find the circumference of a circle if you know the 

area? § 418. * 

20. Give two methods for finding: the area of a sector. §§ 420, 421. 
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21. How can the area of a segment of a circle be found? § 423. 

22. Can the area of a segment of a circle always be found? § 423. 

28. One circle has an area nine times that of another circle. How- 
do their radii compare? § 422. 

24. Can you find the length of an arc of a circle if you are given 
its central angle and its radius? § 416. 

26. If, in two unequal circles, equal central angles are taken, what is 
the ratio of the intercepted arcs? §§411,416. 

26. If, in two equal circles, unequal central angles are taken, what is 
the ratio of their intercepted arcs? § 416. 

27. In a circle a central angle 0 intercepts a certain chord AB. 

Will a central angle twice as large as Z 0 have a chord twice as lar«-e 
as ABJ ■ “ 

28. Will 100 feet of fence inclose a greater area in the form of an 
equilateral triangle, a square, or a circle? §§ 341, 363, E.x. 5, 418. 

29. As you increase the number of sides of a regular inscribed 
polygon, how does the apothem change? The perimeter? The area^ 
§ 409. 

30. As you increa.se the number of .sides of a regular circumscribed 
poiyson, teU how each of the parts of the polygon changes. § 409. 

31. \\ hat regular polygons can you inscribe in a circle? § 407. 

^ 32. How can 3’ou inscribe in a circle a regular polygon of eight 
sides? Of twelve sides? §§ 378, 379, 383. 

*33. Is the ratio of the areas of two similar sectors (sectors han'ng 
equal central angles) the same as the ratio of the squares of their radii? 

*34. Is the ratio of the area.s of two similar sectors the same as the 
ratio of the squares of the lengths of their ares? 


NUMERICAL EXERCISES 

1 . Find the area of a sector of a circle with central angle 40° and 
radius 12 in. 

2. How long i.« the tire of a caniage wheel that is 4 ft. in diameter? 

3. How many revolutions per mile does a 28-in. bicycle wheel 

• 1 1 nearly §000 miles in diameter. TlTiat is the approx- 

unate length of the equator? 
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6. A circular running track is one niile long. If two atliletes 
run, one 1 ft. from the pole (inner curb) and the other 6 ft. from it, 
how much farther does the second man run? 

6. How much farther does the second man in Ex. 5 ran if the 
running track consists of two parallel straightaways each a quarter 
of a mile long, and two semicircular ends each a quarter of a mile 
long at the inner curb? 

7. The boiler of an engine has 96 flues, each 3 in. in diameter, 
which conduct the hot air from the furnace through the water to heat 
it. If the rule requires that the smokestack shall have the same 
capacity (cross-sectional area) as ail of the flues which empty the 
smoke into it, what must be the diameter of the smokestack? 


8. Find the area of the regular hexagon inscrited in a circle whose 
radius is 36 in. 

9. Find the area of a square inscribed in a circle mth radius 12 in. 

10. Find the area of the square circumscribed about the eircle in 
Ex. 9. 

11 . Find the area of the regular hexagon circumscribed about the 
circle in Ex. 8. 

12. An isosceles triangle has its vertex at the center of a circle and 
two of its sides are radii. If the radius of the circle is 5 in., what is 
the area of the triangle: 

a. If the central angle is 150®? 

b. If the central angle is 120®? 

c. If the central angle is 90®? 

(I If the central angle is 60®? 

e. If the central angle is 135®? 

/. If the central angle is 45®? (Bee Ex. 11, § 423.) 

13. Find the areas of the segments formed in Ex. 12. 

14. Find the area of a segment of a circle whose are is 60®, the radius 
being 3 ft. 

■ 15. A horissontal oil tank 8 ft. in diameter is filled with oil to a depth 
of 2 ft. Find the axea of a segment formed fty a vertical cross section 
of the oil. 
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16. A trefoil is constructed, as in the figure, by 
drai?idng arcs of circles with centers at the vertices 
of an equilateral triangle and radii equal to one half 
of the side of the triangle. If the side of the triangle 
is 12 in., find the area of the trefoil, that is, of 
the entire surface inclosed by the three arcs. Find 
its perimeter. 

17. The quatrefoil shown in the figure is formed 
by the arcs of four semicircles drawn with the sides 
of a square as diameters. Find the area and perim- 
eter of the quatrefoil if the side of the square is 4 in. 

18. The perimeter of a church window is formed by three equal 
semicircles drawn on the sides of an equilateral triangle as diameters. 
If the sides of the triangle are 4 ft. long, find the area of the window 
and the length of its perimeter. 

10. Consider the earth a perfect sphere, and a circular hoop made 
whose circumference is 6 ft. longer than the equator of the earth. If 
this hoop were placed around the equator with its center at the center 
of the earth, what would be the width of the ring between them? 

20. With each vertex of an equilateral triangle as a center and with 
a radius equal to half of a side, an arc is drawn mthin the triangle, 
terminating in the sides. If the side of the triangle is 6 in., find to two 
decimal places the area and perimeter of the surface inclosed by the 
three arcs. 

CONSTRtJCTIOHS 

Tell how to inscribe the following regular 'polygons in a circle: 

1 . Equilateral triangle 3. Hexagon 

2. Square 4. Octagon 

Tell how to construct: 

5. A straight line tangent to a given circle at a given point on the 
circle. 

6. A straight line tangent to a given circle and passing through 
a given external point. 

Tell how to drcmnscribe the following regular polygons about a circle: 

7. Equilateral triangle 9, Hexagon 

8. Square ^ 10. Octagon 
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IL The top of a taboret is to be made in the form of a regular 
octagon whose longest diagonal is 12 in. Gonstmct a design of it 
to the scale of 3 in. to an inch. 

12. Construct a paper pattern for a doily like the 
adjoining figure, making the width from A to B 
12 in. 

13-15. Study the following ornamental designs and 
explain how they are made. Construct designs, similar to these, 
making the drawings several times as large. 



16-18. Copy the arches shown below. Fig. 1 is a Persian arch, 
Fig. 2 a Gothic window, and Fig. 3 a lancet arch. 







10. Divide a given circle into three equal parts by drawing concentric 

■■circles. ' ■■■'■■. ■ ■ 

StJGGESTiOM. — Trisect the radius at M and Y. Diw 
a semicircle on OA as diameter. Erect perpendiculars 
MB and NC^ meeting thel semicircle at B and C\ With 
centers 0 and radii OB and OC, draw circles. 



20. The rosette shown is formed by ares of tangent and 
intersecting circte. See if you can make a similar rosette. 
Make the diameter of the largest circle 3 in. ^ 
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21. The adjoining figure is of 
a steel ceiling panel. The four 
tangent arcs are drawn mth cen- 
ters on the sides of the square. 

Construct a similar design three 
inches square. 

Analysis. — Since the arcs are 
to be tangent to each other, they must be tangent to what lines? Since 
each arc is to be tangent to both diagonals, its center must be on what line? 

22. Construct within a given sciuare four equal circles each tangent 
to two others and to two sides of the square. 

23. In a given circle construct three equal circles, each tangent to 
the other two and to the given circle. 

24. This tracery window contains three equal 
circles within an equilateral triangle, each circle 
being tangent to the other two circles and to 
the two sides of the triangle. Construct three 
such circles within a given triangle. 

Suggestion. — Since the circles are tangent to 
each other, they must have a common tangent line 
at each point of contact. 

25. The construction of a trefoil, formed by the 
arcs of three equal circles in a given circle as shown 
in the figure, is encountered frequently in architectural 
designs. Explain the construction, and draw a trefoil in 
a given circle. 

Suggestion. — Use a circle at least 3 in. in diameter. Proceed as in 
Ex, 23. 

*26. A line segment approximately equal to the circumference 
of a given circle maybe constructed as follows: 

Draw diameter CD, Construct ZAOD = 30°. Draw AB A CD. 
Draw CE tangent at C and equal 
to 3 CD, Dra’w BE. Then BE = 
the circumference, approximately. 

Determine the accuracy of this 
construction. 
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^27* Mathematicians long attempted to construct a line segment 
equal in length to the circumference of a ^ 
given circle. The following is an approxi- 
mate construction: / IV ^ ^ ^ ^ ^ ^ ^ 

Draw the diameter AB, and draw CD \ 

tangent at R, making ACOB= 30°, and . ■ : 

CD three times the radius. Draw AD. ^ 

Then 2 AD is the circumference, nearly. Determine the accuracy of 
this construction by computing the ratio of 2 x4D to AB. 

Suggestion. — Let R = radius. Compute iiB and 2 AD in terms of 
Ry then divide. 


GENERAL EXERCISES 

1. Show that the area of a circumscribed equilateral triangle 
is four times the area of the inscribed equilateral triangle. 

2. What is the radius of a circle whose area is equal to the sum 
of the areas of two circles having radii E and r, respectively? 

3. Prove that the area of the ring between two concentric circles 
whose radii are R and r, respectively, is 7r(R + r) 


4. Prove that the area of the ring between two / / \ 

concentric circles is equal to the area of a circle I I y i 
whose diameter is a chord of the larger circle which 

is tangent to the smaller. 

Suggestion. — In the formula of Ex. 3 the factors {E ~r r) {R — r) 
equal the square of what single line segment? 

5. The radius of a regular inscribed polygon is a mean proportional 
between its apothem and the radius of a regular circumscribed poly-* 
gon of the same number of sides. 

Hint. — Use the figure for Ex. 4, § 397. triangles are similar? 

6. Prove that if the radius of a circle is R, the area of a segment of 

the circle whose arc is a quadrant is equal to | R^iT— 2). — ^ 

7. The area of the square inscribed in a sector of a 

circle whose centra! angle is a right angle is equal to half \ 

the aim of a square whose side is a radius. LJ 
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B. Miat is the ratio of the area of a square inscribed in a semi- 
circle to the area of a square inscribed in the whole circle? 

9. Prove that if the radius of a circle is R, the area of a segment of 
the circle whose arc is 60° is equal to E-{2 w ~ 3-\/3). 

10. With the mid-points of the sides of an equi- 
lateral triangle as centers, and a radius of half the 
side, arcs are dra^m as shown. Find the area of 
the figure in terms of s, the side of the equilateral tri- 
angle. 


11. If all the diagonals joining the alternate vertices of a regular 
hexagon are drawn, the area of the second regular hexagon which they 
form is one third that of the original hexagon. (See figure Ex. 7 
§ 397.) 

12. The area of a regular inscribed polygon of twelve sides equals 
three times the square of the radius. (Use the figure in § 424. Notice 
that Z. AOC will be 30°. Then how long is altitude AD?) 

13. The area of an inscribed regular hexagon is a mean proportional 
between the areas of the inscribed and circumscribed equilateral 
triangles. 

14. If from any point within a regular polygon of n sides per- 
pendiculars are drawn to all of the sides, the sum of these perpendicu- 
lars is equal to n times the apothem of the polygon. 

the radius of a regular octagon, prove that the side 
is f V 2 — \/2 and the apothem is | rV 2 + \/2- (See § 424. ) 

16. A. If r is the radius of a regular polygon of twelve sid es, prove 

that a side is r'\/2—\/S and the apothem is i'rV^2+'\/§ 
(See §424.) 

*17. A. The side of a regular circumscribed octagon is less than the 
radius of the circle, but is greater than three-fourths of the radius. 
(Use the indirect method.) 

*18. A crescent is bounded by a semicircle and the arc 
of another circle whose center is on the first arc produced. 

If r is the radius of the^semicircle, show that the area of 
the crescent is 
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*10. Semicircles are constructed on the three sides and c, of, a 
right triangle, as in Fig. I. , Show that the sum of the cres.cents , A DBE 
and is equal to the triangle. 




*20. Hippocrates, a Greek mathematician who lived about 460 b.c:., 
proved that, if on the sides of an 'inscribed square as diameters semi- 
circles are described, the area of 'the. four crescents l}4ng without the 
.circle equals the area of the inscribed square, (Fig. II).., .Can you 
prove it? ■ 

*21. The following ds an' old principle, due to, A.rc!iim„edes: AC 
(Fig. Ill) is divided into twO' unequal parts at 5. .Semicircles are 
drawn with. AC, AB, .and BC, respectively, as diameters. ■ BD is per- 
pendicular to AC and meets the larger semicircle at D. Then the area 
of the surface bounded by the three arcs AC, AB, and BC k equal to 
the area of the circle with diameter BD. Prove it. 

Note. — The curve formed is called the sJimmaker’s knife. ^ 




*22. AB is trisected and semicircles are drawn as showm in Fig. IV» 
Prove that the area of the figure bounded by the curved lines is equal 
to the area of the circle whose diameter is CD. 

Note. — ■ The curve formed is caUed the cellar. 

*23. Diameter AB (Fig. V) is trisected e-nd semicircles are drawn 
as shown. Prove that the area of the circle is trisected. 
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PRACTICAL APPLICATIONS 
(Optional) 

1. A grindstone of Ohio sto'ne will stand a surface speed of 2500 
ft. per minute. How many revolutions per minute will a stone stand 
if it is 4 ft. in diameter? 

2. An emery stone will safel}’ stand a surface speed of 5500 ft. 
per minute. An emery grinder is to make 1500 revolutions per minute. 
What is the largest wheel that may safely be used? 

3. The drmng pulley of an engine is 6 ft. in diameter and makes 
120 revolutions per minute. It is belted to a 24-inch pulley on the 
main shaft that runs the machinerj- of a mill. Find the speed of the 
shaft (revolutions per minute). 

4. If it is customary’- in iron turning to allow a cutting speed 
at the rim of 40 ft. per minute, at what speed should a lathe be driven 
for turning a piece of iron 2 in. in diameter? 

5. The steam pressure of an engine is indicated as 96 lb. per square 
inch. The cylinder of the engine is 20 in. in diameter. What is the 
total pressure against the piston? 

6. "What is the propelling pressure exerted against the piston of a 
locomotive when the steam pressure is 100 lb. per square inch and the 
diameter of the cylinder is 28 in.? 

7. In making a water ’wheel, a square block of wood is‘to be made into 
the form of a regular octagon by cutting off the four corners and then 
attaching buckets to each of the eight faces. 

Sho'w how to cut off the corners accurately. 

8. Draw the face and edge views of a 
hexagonal nut of a bolt, the side of the nut to 
be one inch. 

9* A method of obtaining a regular octagon from 
a square is : Draw the diagonals of the square, inter- 
secting at P. With radius equal to *4P and centers 
A, P, 0, D, draw arcs cutting the sides of the square 
at P, F, G, P, J, /, -JC, L. Draw PP, GP, 7J, 
and KL, Then EFGEJJKL is a regular octagon. 

Prove it. 
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10. Carpenters, • in order to. cut' a. square piece of timber 'down 
to an octagonal shape, proceed as follows: Place a 24-meh rule 
diagonally across the timber, the ends 

even with the edges at A and R, as in 

the figure. Then mark the points C ^ j 

and D at the 7-inch and 17-inch points 

on the rule. Through these points ^ 

draw lines parallel to the edges of the timber. Repeat this on each 
face. The corners must foe cut down to these lines to form an oc- 
tagonal piece of timber. Is this-- method accurate or approximate?' 
Prove the answer. 

11. A conduit for carrying water is 12 ft, in diameter. C 

If the water is 9 ft. deep in the conduit, find the area of I j 
the cross section of the water. This must be known 

before the rate of flow of the water can be determined. 

12. Find the length of the arc ABC in the conduit of Ex, 11. This 
“ wetted perimeter ” must be known before the resistance of the con- 
duit to the water flow can 

c 

foe determined. 

13. The adjoining figure /I \ \ 

is much used in different /' ^ \ 

decorative designs, such as j V ' |7 Wi 

ornamental church -win- i/ ^ 

dows. .Arcs AB, AC, and 
BC are drawm with centers 

at C, B, and A, the vertices of an equilateral triangle. Arcs ADF(\ 
BDECj and AEFB are semicircles. 

■Wliere are the centers of these semicircles? 

14. How much belting does it require to run over two pulleys 

each 24 in. in diameter and with their centers 16 ^ 

ft. apart? ' 

15. If the curves AC and AS of tw’o railroad 

tracks begin at the same tangent point A and 0\ \ 

■end in parallel tracks at C and S, prove that \ 

(1) their chords AC and AB coineide in tiirec- 
tion, and (2) their chords are proportional to tlieir radii. 
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PRACTICE TESTS 

These are practice tests. See if you can do all the exercises correctly 
without referring to the text. If you miss any question look up the reference 
and be sure you understand it before taking other tests. 


TESTS ON UNIT EIGHT 

TEST ONE , , ' 

Numerical Exercises 

Leave answers in terms of t or use ir = 3.14 your teacher directs. 

1. Find the apothem of a square whose side is 6 ft. § 392. 

2. The circunifereiiee of a circle is 20 w. Find its radius. § 4L5. 

3 . The radius of a circle is 5 in. Find its area. § 418. 

4 . Find to two decimals the radius of a square whose side is 5 in 
§§ 326, 392. 

6. In a circle whose radius is .3 in., find the area of a sector whose 
angle is 70°. § 420. 

6. The radius of a circle is 5 in. How long is the perimeter of the 
regular inscribed hexagon? §379. 

7. How many degrees in each central angle of a regular pentagon 7 
§392. 

8. Find the length of the arc of a circle which contains 25 arc 

degrees, if the radius of the circle is 18 in. § 416. 

9 . The perimeters of two regular potygons having the same number 
01 sides are 20 in. and 32 in., respectively. A side of the smaller is 2 in. 
What is a side of the other? § 397. 

10. Find the apothem of an equilateral triangle if the altitude is 18 
in. §§278,392. 

11. Regular pentagons are inscribed in two circles of radii 2 in., 
and 5 in., respectively. What is the ratio of their areas? § 400. 

12. Find the area of a circular segment whose central angle is 90°, 
if the radius of the circle is 12 in, § 423. 
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TEST TWO 
Matching Exercises 

In group A hriej descriptions of the terms in group B are.giimf Match 
them correctly. 

A 

L A polygon with five sides, §131. 

II. A polygon whose sides are tan- 
gent to a circle. §219. 

III. Part of the area of a circle 
bounded by a chord and its arc. 

§ 423. 

IV. Part of the area of a circle cut 
off by two radii. § 419. 

V. A polygon whose sides are 
chords of a circle. § 198. 

VI. A polygon with equal sides and 
equal angles. § 377. 

The length of a circle. § 408. 


B 

1. Pi (T). 

2. Apotheiii of an equilat- 
eral triangle. , 

3. Hexagon. 


4. Pentagon, 
o. Regular polygon. 


6. Apothern, 


VIL 


VIIL The ratio of the circumference 
of a circle to its diameter. 
§ 414. 

IX. The radius of the inscribed 
circle of a regular polygon. 
,,§392. 

X. Two-thirds of the altitude of 
an equilateral triangle. § 394, 
Ex. 2. 

XI. Polygon with six sides. § 131. 

XII. One-third of the altitude of 
an equilateral triangle, § 394, 
Ex. 2. 


7. Radius of an eciuilatera! 
'triangle.' 

8. Segment of. a eirele.,: 


9. Inscribed polygon. 

10. Sector of a eirele. 

11. Circumscribed polygon. 

12. Circumference. 
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TEST THREE 
True-False Statements 

If a statement is always true, mark it so. If it is not always true, 
replace each word in italics by a word ichich will make it a true statement. 

1. If the radius of a circle is doubled, the area is multiplied by two. 

§ 422 , 

^ 2. A segment of a circle is that part of the area within a circle 

bounded by a chord and its arc. § 423. 

3. The areas of two simOar regular polygons have the same ratio 

as any two corresponding sides. § 373. 

4. The area of a circle is equal to 1 7rrc. §417. 

5. If two regular polygons have the same number of sides thev 
are congruent. § 397. 

6. If the ladius of a circle is doubled, the circumference is also 
doubled. § 411. 

ters*^' §37^ inscribed regular hexagon two of the diagonals are diame- 

8. The apothem of an equilateral triangle is one-third the altitude 
and the radius is two-thirds altitude. §§ 278, 392. 

9. Each angle of a regular polygon of n sides k n — 2 straight 

angles. §393. ^ 

10. 'EB.ch central angle of a regular polygon of n sides contains ~ 
degrees. § 392. n 

central angle of a regular polygon is the complement of an 
angle of the polygon. §§392,393. 

12. The area of a sector has the same ratio to the area of the circle 
as the angle of the sector has to 180^. § 420. 

CUMULATIVE TESTS OF ALL EIGHT UFITS 

TEST FOUR 

Numerical Exercises 

1 . How many degrees in each interior angle of a regular octagon? 

2. Ihe bases of a trapezoid are 8 in. and 12 in; how long is the 

mid-points of the non-parallel sides? § 1 57 

3. TOat must be the,altitude of the trapezoid given in Ex. 2 to ' 
make the area 40 sq. in.? § 353. 
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4. In right. triangle ABC, the hypotenuse -4^ is 10 in., . . If .4„0 is 
5 in., how large is angle B? § 161. 

5. A quadrilateral is inscribed in a circle. If two coiisecutiTe angles' 
are 140® and 80®, respectively, find the number of degrees in the other 
two angles. Page 227, Ex. 14. 

6. A tangent and a secant drarra from an exterior point F to a 
circle form an angle of '25° at F. If the smaller of the two arcs .inter- 
cepted is 10°, how large is the other arc? § 248. 

7. . Find the length of the shortest chord that can be d.rawn through 
a point 5 in. from the center of a circle whose radius is 13 k. § 210, 
Ex. 10. . 

8. The bases of two similar triangles are 6 in and 10 in. The alti- 
tude of the first is 8 in. Find the altitude of the second. § 306. 

9. The side of an equilateral triangle is 6 in. Find its area. 
§376-1. 

10. The diagonal of a square is 10 in. Find its area. § 376-1. 

11. The sides of tw^o similar triangles are to each other as 5 is to 3. 
The area of the larger is 50 sq. in. Fmd the area of the smaller. § 372. 

12. A tangent PA and a secant PBC are dravm from a point F to 
a circle. If FB, the external segment of the secant is S in. and chord 
BC is 10 in., find FA. § 335. 

TEST FIVE 

True-False Statements 

If a statement is always true mark it so. If it is not always trm, re- 
place each tvofd in italics by a word ichich will make a true siaiement. 

1. The areas of two triangles are to each other as the separes of 
any two corresponding sides. § 372. 

2. The area of a trapezoid is equal to the product of the altitude 
by half the sum of its bases. § 353. 

3. A median of a triangle divides the triangle into two egud 

triangles. § 350. » 

4. The area of a triangle equals s \/(s — aj(s — b) (s^c}, § 358. 
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5. If a Ime is drawn through the vertex of an isosceles triangle 
parallel to the base, it bisects the ext&rior angle at the vertex. §§ 113 
114. 

6. In an inscribed square the diagonals are diameters. § 378. 

7. Parallel lines intercept equal arcs on a §226. 

8. If a quadrilateral has its opposite sides 'parallel, its opposite 
angles are equal. §141. 

0. The diagonals of a rhombus are equal. § 162, Ex. 6. 

10. The angles at the extremities of the shortest side of a triangle 
are acute. § 170. 

11. A line parallel to one side of a triangle cutting the other two 
sides, forms with the sides a triangle similar to the given triangle. 
§305. 

12. The diagonals of a trapezoid divide each other in the same 
ratio. § 305. 

TEST SIX 
Matching Formulas 

In group B statements are given 'which are expressed by the formulas in 
group A. Match them correctly. 


A 


L 

c^ 

= a2 + 

■6^ §: 

326. 


A 


II. 

A 

= 1 r X ar c . 

§421. 

VIII. 

A 

= rV3- 

. §376-1. 

III. 

2. 

p' 

a'* 

§ 399. 


IX. 

h 

= |V3- 

§376-1. 

IV. 

A 

-I ft 

+ h). 

§353. 

X. 

L 

-.arc.^ , 
360 ^ 

iirr. § 416. 

V. 

c 

=2 2tt. 

§415. 


XI. 

d 

== a-s/2. 

§376-1. 

VL 

A 

A' 


§373. 


XII. 



-2 cp\ § 328. 
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B 

1. The altitude of an equilateral triangle is half the side times the 
square root of three. 

2. The diagonal of a square is equal to the side times the square 
root of two. 

3. The area of a trapezoid is half the altitude times the sum of the 
bases. 

4. The area of a sector of a circle is equal to times the area of 
the circle multiplied by the number of degrees in the angle of the 
sector. 

6. The areas of two similar polygons have the same ratio as the 
squares of two corresponding sides. 

6. The square on the hypotenuse of a right triangle is equal to the 
sum of the squares on the legs. 

7. In any triangle the square of a side opposite an acute angle 
is equal to the sum of the squares of the other two sides diminished 
by twice the product of one of those sides by the projection of the other 
side on it. 

8. The circumference of a circle is equal to the product of twice 
the radius by the constant number pi. 

9. The area of a sector of a circle is equal to the product of the 
length of its arc by half the radius. 

10. The perimeters of tvro regular polygons having tlie same num- 
ber of sides have the same ratio as their apothenl^. 

11. The length of an arc : of a circle is times the eircumferenee 
multiplied by the number of degrees in the are. 

12. The area of an equilateral triangle is equal to one-fourth the 
square of the side times the square root of three. 
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APPENDIX 
REVIEW OF ALGEBRA 
Simple Equations 

1. Solve for x: x — (180 — x) = 40 

Solution. x — (180 — x) = 40 

X — 180 H” X — 2 X 180 

X = no. 

2. What is the angle which equals five 
plement? 

Solution. Let x = the angle 

90 — X = the complement 
Thenx = 5 (90 - X.) 
x = 450 - 5x 
6x = 450 
x = 75 
90 - X = 15 

The angles are 75° and 15 . 

3. x(x + 20) = (x + 6) (x + 6) 

Solution. x® + 20 x = x^ + 12 x + 36 
20 X - 12 X = 36 
8x = 36 

X = ¥ = 

{n - 2)18 0 ^ jgo 
* n 

Solution. {n - 2)180 = 160 n 
180«- 360 = I60n 
180 n — 160 n = .360 
20n = 360 
n = 18 • 

AM 


40 

times its com- 


Multiplying 
Transposing 
Simplifying 
Dividing by 8 


Multiplying by n 
Simplifying 
Transposing 
Simplifying 
Dividing by 20 


448 


appendix 


Square Root 

(Refer to table on page 464.) 

1. Find the square root of 24 correct to the nearest 
hundredth; to the nearest tenth. 

Solution. From the table = 4.899. 

Correct to the nearest hundredth this is 4.90- 
to the nearest tenth it is 4.9. ' ’ 

2. Find V 4:32 correct to the nearest tenth. 

Solution. 432 = 144 X 3. Hence ^432 = Vl 44 X 3 = 
12^/3. 

From the table a/S = 1.732; hence 12 %/§ = 20.784. The 
answer is 20.8. 

3. Find ^7470 correct to the nearest tenth. 

Solution. From the table 86® = 7396 

r® = 7470 
87® = 7569. 

The diflFerence between 7569 and 7396 is 173; between 7470 
and 7396 is 74. 

74 

ji^ = .43. Hence V74TO = 86.4. 


Anothee Method. 


166 

8 6. 4 2 
74 70.00 00 
64 

10 70 

1724 

9 96 

7400 

17282 

6896 

50400 

Hence V7470 = 

34564 
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To reduce a niixed expression to a fraction 

1. Change to fractional form: . 


Solution. 


2. Change to fractional form: c‘ 


Solution, 


Factor the following 
1. ax + bx + cx 


Ans. x{a + h + c). 
Am. {a - 6) (a + h) 


3. a? — (V - 2 he + c^). 

Solution, a® — (6^ — 2 6c + c-) = a® — (6 — c)' 
= (a — 6 + c) (a + 6 — c) 


4. 4&V - (6® + c=® - 

Solution. [2 6c + (6* + — a®)] [2 6c — {W + c? ~ a®)] 

= (2 6c + V A- - a*) (2 6c - 62 - c* + a*) 

= [(6 + c)® — a“] [a® — (6 — c)^] 

= (6 + c - a)(6 + c + a/(a - 6 + c)(a + 6 -■ c) 


- i ’ •''' 


:0y APPENDIX 

Simultaneous Linear Equations 
Solve for X and 2 / : 
j /2x + 3y = 70 (1) 

■ [3x + 2 2/ = 80 (2) 

Solution. 6 x -j- Q y = 210 Multiplying (1) by 3 

6 X + 4 2 / = 160 Multiplying (2) by 2 

5y = 50 Subtracting 

y = 10 Dividing by 5 

2 X + 3 X 10 = 70 Substituting in (1) 

2x = 70 — 30= 40 Transposing and simplify 
X = 20 Dividing by 2 

2. Solve for x, y, and 2 . 

X + y = 5 (1) 

X -f 2 = 6 (2) 

y + z = 8 (3) 

Eliminating 2 by subtracting (3) from (2) 

X - y = - 2 (4) 

Adding (1) and (4) x = f 
Similarly find y and 2 . 


Solve for x: 

1 . (x + 6) (x 
Solution. 


Quadratic Equations 


• 36 = 8.8 
x2 = 44.8 

X = 6.7 to one decimal 


2 . x(x + 8) 
Solution. 


X® + 8 X = 240 
x2 + 8x - 240 = 0 

(x + 20) (x - 12) = 0 


20 , + 12 
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3. a; (16 - x) = 36 

Solution. 16 a; — a?* = 36 
x2- 16a; + 36 = 0 

To solve by formula, a = l,b = — 16, c = 36 


Substitute in 


X = 


b±Vb^- 4: 


ac 


2 a 

16 ± V2m - 144 16 ± VUi 


X — 


16 ±10.6 

X = - - = 13.3 or 2.7 


1. Find the value of 


Simplifying Radicals 
3 - 2\/5 


Solution. 


3 - 2^5 3 - 2(2.236) _ 3 - 4.472 


2. Simplify 


3. Simplify(L^)‘. 


3 - VSV 14 - 6Vo 


(^) = 


t= .146 or .15 


.49 


Solution. 
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FORMULAS USED IN PLANE GEOMETRY 

a, b, c, sides of AABC, a being opposite Z A, etc. 

(In a right triangle Z(7 = 90°) 

р, perimeter 

s, semiperimeter 
A, area 
r, radius 

с, circumference 

d, diameter or diagonal 
h, altitude; ha, altitude on side a 

b, base 

pt, projection of a on 5 
X, 34 approx. 
a, apothem 

(1) ha = -Vs(s — a) (s - b) (s — c) 

ct 

(2) h (equilateral triangle) = ^ Vs 

(3) = a- + 6^ - 2 bp\ (zC acute) 

= a=> + b- + 2 bpt (Z C obtuse) 

c^ = a‘^ + b- (zC right) 

(4) d = (square) 

(5) c = 2xr 

(6) Length of an arc - x 2 

360 

(7) Each angle = - — 180°. (regular polygon) 

Th 

(8) p:p' = a:a' = b:b'... etc. (similar polygons). 

(9) c:c' = r :r^ = d:d' (circles) 
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Areas 

(10) = /i& (rectangle or parallelogram) 

(11) A (triangle) 

(12) A = |- V3 (equilateral triangle) 

(13) A = (square) 

(14) A = V s.(s — a)(s — b) (s - c) (any triangle) 

(15) ^ = I (&i + h) (trapezoid) 

(16) A = \ d X d' (rhombus) 

(17) A = ifA' (circle) 

(18) A = ^ ap (regular polygon) 

(19) A = Ttr”, (sector of circle) 

oOU 

or, 

A — arc of sector X r 

(20) A = sector ± A formed by chord and 
(segment) 

(21) A: A' = :a'^ (similar polygons) 

(22) A : A' = ^ : d'^ (circle) 
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Sq . 


, No . 

Sqs . 

Roots 

Cubes 

Roots 

No . 

Sqs . 

Roots 

Cubes 

Roots 

1 

1 

1.000 

1 

1.000 

51 

2,601 

7.141 

132,651 

3.708 

2 

4 

1.414 

8 

1.260 

52 

2,704 

7.211 

140,608 

3.732 

3 

9 

1.732 

27 

1.442 

53 

2,809 

7.280 

148,877 

3.756 

4 

16 

2.000 

64 

1.587 

54 

2,916 

7.348 

157,464 

3.780 

5 

25 

2.236 

125 

1.710 

55 

3,025 

7.416 

166,375 

3.803 

6 

36 

2.449 

216 

1. S 17 

56 

3,136 

7.483 

175,616 

3.826 

7 

49 

2.646 

343 

1.913 

57 

3,249 

7.550 

185,193 

3.849 

S 

64 

2.828 

512 

2.000 

58 

3,364 

7.616 

195,112 

3.871 

9 

SI 

3.000 

729 

2.080 

59 

3,481 

7.681 

205,379 

3.893 

10 

100 

3.162 

1,000 

2.154 

60 

3,600 

7.746 

216,000 

3.915 

11 

121 

3.317 

1,331 

2.224 

61 

3,721 

7.810 

226,981 

3.936 

12 

144 

3.464 

1,728 

2.289 

62 

3,844 

7.874 

238,328 

3.958 

13 

169 

3.606 

2,197 

2.351 

63 

3,969 

7.937 

250,047 

3.979 

14 

196 

3.742 

2,744 

2.410 

64 

4,096 

8.000 

262,144 

4.000 

15 

225 

3.873 

3,375 

2.466 

65 

4,225 

8.062 

274,625 

4.021 

16 

256 

4.000 

, 4,096 

2.520 

66 

4,356 

8.124 

287,496 

4.041 

17 

289 

4.123 

4,913 

2.571 

67 

4,489 

8.185 

300,763 

4.062 

18 

324 

4.243 

5,8.32 

2.621 

68 

4,624 

8.246 

314,432 

4.082 

19 

361 1 

4.359 

6,859 

2.668 

69 

4,761 

8.307 1 

328,509 

4.102 

20 

400 : 

4.472 

8,000 

2.714 

70 

4,900 

8.367 

343,000 

4.121 

21 

441 i 

4.583 

9,261 

2.759 

71 

5,041 

8.426 

357,911 

4.141 

22 

484 1 

4.690 

10,648 

2.802 

72 

5,184 

8.485 

373,248 

4.160 

23 

529 i 

4.796 

12,167 

2.844 

73 

5,329 

8.544 

389,017 

4.179 

24 

576 : 

4.899 

13,824 

2.884 

74 

5,476 

8.602 

405,224 

4.198 

25 

625 

5.000 

15,625 

2.924 

75 

5,625 

8.660 

421,875 

4.217 

26 

676 

5.099 

17,576 

2.962 

76 

5,776 

8.718 

438,976 

4.236 

27 

729 

5.196 

i 19,683 

3.000 

1 77 

5,929 

8.775 

456,533 

4.254 

28 

784 

5.292 

21,952 

3.037 

i 78 

6,084 

8.832 

474,552 

4.273 

29 

841 

5.385 

24,389 

3.072 

1 79 

6,241 

8,888 

493,039 

4.291 

30 

900 

5.477 

27,000 

3.107 

i 80 

6,400 

8,944 

512,000 

4.309 

31 

961 

5.568 1 

29,791 

3.141 

81 

6,561 

9.000 

531,441 

4.327 

32 

1,024 

5.657 

32,768 

3.175 

82 

6,724 

9.055 

551,368 

4.344 

33 

1,089 

5.745 

35,937 

3.208 

83 

6,889 

9,110 

571,787 

4,362 ■ 

34 

1,156 

5.831 

39,304 

3.240 

84 

7,056 

9.165 

592,704 

4.379 

35 

1,225 

5.916 

42,875 

3.271 

85 

7,225 

9.220 

614,125 

4.397' 

36 

1,296 

6.000 

46,656 

3.302 

86 

7,396 

9.274 

636,056 

■4,414. 

37 

1,369 

6.083 

50,653 

3.332 

87 

7,569 

9.327 

658,503 

4.431 

38 

1,444 

6.164 

54,872 

3.362 

88 

7,744 

9.381 

681,472 

4.448 

39 

1,521 

6.245 

59,319 

3.391 

89 

7,921 

9.434 

704,969 

4.465 

40 

1,600 

6.325 

64,000 

3.420 

90 

8,100 i 

9.487 

729,000 

4.481 

41 

1,681 

6.403 

68,921 

3.448 

91 

1 8,281 

9.539 

753,571 

4.498 

42 

1,764 

6.481 

74,088 

3.476 

92 

I 8,464 

9.592 * 

778,688 

4.514 

43 

1,849 

6.557 

79.507 

3.503 

93 

' 8,649 

9.644 j 

804,357 

4.531 

44 

1,936 

6.633 

85,184 

3.530 

94 

1 8,836 

9.695 

830,584 

4.547 

45 

2,025 

6.708 

91,125 

3.557 

95 

; 9,025 

1 9.747 

857,375 

4.563 

46 

2,116 

6.782 

97,336 

3.583 

96 

1 9,216 

9.798 

' 884,7.36 

4.579 

47 

2,209 

6.856 

103,823 

3.609 

97 

! 9,409 

9.849 

912,673 

4.595 

48 

2,304 

6.928 

110,592 

3.634 

98 

: 9,604 

9.899 

941,192 

4.610 

49 

2,401 

7.000 

117,649 

3.659 

99 

1 9,801 

9.950 

970,299 

4.626 

SO 

2,500 

7.071 

125, rf 00 

3.684 

100 

1 10,000 

10.000 

1,000,000 

4.642 
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AXIOMS 

1 . Quantities which are equal to the same quantity, or 
to equal quantities, are equal to each other. 

2. If equals are added to equals, the sums are equal. 

3 . If equals are subtracted from equals, the, remainders 
are equal. 

4 . If equals are multiplied by equals, the products are 
equal. 

5. If equals are divided by equals (not zero), the quotients 
are equal. 

6 . The whole of a quantity is equal to the sum of all of 
its parts, and is greater than any of its parts. 

7 . A quantity may be substituted for its equal in any 
expression. 

8 . If equals are added to or subtracted from unequals, 
or if unequals are multiplied or divided by the same positive 
number, the results are unequal in the same order. 

9 . If unequals are subtracted from equals, the re- 
sults are unequal in the opposite order. 

10 . If unequals are added to unequals in the same order, 
the results are unequal in the same order. 

11 . If the first of three quantities is greater than the 
second, and the second is greater than the third, then the first 
is greater than the third. 

12. Like powers, or like positive roots, of equals are equal. 

POSTULATES AND FUNDAMENTAL THEOREMS 

1 . A straight line can be produced to any required length. 

2 . Two straight lines cannot intersect in more than one 
point. 

3 . Through two given points one d^d only one straight 
line can be drawn. 
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4 . The length of the line segment connecting two points 
is the shortest distance between them. 

0 . A circle may he drawn with any point as center 
and with any line segment as radius. 

Q. All radii of the same circle or of equal circles are 
equal, and all diameters of the.same circle or of equal circles 
are equal. 

7 . A geometric figure may he moved without changing 
its size or shape. 

8 . A line segment has one and only one point of bisection. 

9 . All right angles are equal. 

10 . An angle has one and only one bisector. 

11 . Two lines in the same plane must either be parallel 
or they must intersect. 

12. Through a given outside point there can be one 
and only one parallel to a given line. 

13 . A point is within, on, or outside a circle according as 
its distance from the center is less than, equal to, or greater 
than the radius. 

14 . A diameter of a circle bisects the circle and the sur- 
face inclosed by it; if a line bisects a circle, it is a diameter. 

15 . Two lilies perpendicular to intersecting lines must 
intersect. 

16 . In the same circle, or in equal circles, equal central 
angles have equal arcs, and conversely. 

17 . In the same circle, or in equal circles, the greater of 
two unequal central angles has the greater arc, and con- 
versely. 

18 . A central angle has the same measure as its arc. 

19 . Any theorem which has been proved true regarding 
a regular polygon, which does not depend on the number 
of sides of the polygon, is equally true for the circle. 
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SYLLABUS OF THE PROPOSITIONS 

The seetion numbers starred are the starred theorems of the College 
Board. Those in bold face are the ones stressed by the New York Regents. 

39. Equal angles have equal complements. 

40. Equal angles have equal supplements. 

46. Vertical angles are equal. 

*64. If two sides and the included angle of one triangle 
are equal, respectively, to two sides and the included angle of 
another, the triangles are congruent. 

*65. If two angles and the included side of one triangle are 
equal, respectively, to two angles and the included side of 
another, the triangles are congruent. 

*6Q. If a triangle is isosceles, the angles opposite the 
equal sides are equal. 

71. An equilateral triangle is equiangular. 

*76. If two angles of a triangle are equal, the sides oppo- 
site these angles are equal. 

77. If a triaiigle is equiangular, it is also equilateral. 

*80. If the sides of one triangle are equal, respectively, 
to the sides of another, the triangles are congruent. 

*83. Two right triangles are congruent if the hypotenuse 
and a side of one are equal, respectively, to the hypotenuse and 
a side of the other. 

87. If two points are each equidistant from the ends of 
a segment, they determine the perpendicular bisector of the 
segment. 

89. a. Any point m the perpendicular bisector of a 
segment is equidistant from the ends of the segment. 

b. Any point equidistant from the ends of a segment 
is on the perpendicular bisector of the segment. 

91. An exterior angle of a triangle)is greater than either 
opposite interior angle. 
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*97. One and only one perpendicular can he dravm to a 
given line through a given point. 

98. Two right triangles are congruent if the hypotenuse 
and adjacent angle of one are equal, respectively, to the 
hypotenuse and adjacent angle of the other. 

100. a. Any point in the bisector of an angle is equi- 
distant from the sides of the angle. 

b. Any point equidistant from the sides of an angle is 
on the bisector of the angle. 

102. 1. Of two contradictory propositions, one mttst be 
true and the other must be false. 

3. If the conclusion of a correct line of reasoning is 
shown to he false, then the hypothesis from which the con- 
clusion follows must he false. 

107. Two lines in the same plane perpendicular to the 
same line are parallel. 

109. If a line is perpendicular to one of two parallel 
lines, it is perpendicular to the other also. 

* 113 . If two parallel lines are cut by a transversal, the 
alternate interior angles are equal. 

114. If two parallel lines are cut by a transversal, the 
corresponding angles are equal. 

115. If two parallel lines are cut by a transversal, the 
interior angles on the same side of the transversal are 
supplementary. 

116. If two angles have their sides respectively parallel, 
they are either equator supplementary. 

118 . If two lines are cut by a transversal so that a pair of 
alternate interior angles are eq^i, the lines are parallel. 

119. If two lines are cut by a transversal so that a pair of 
corresponding angle j are equal, the lines are parallel. ' 

120. If two lines are cut by a transversal so that two 
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intsnoT o/nglcs on the sq/mb side of the tronsveTsul utb sup- 
plementary, the lines are parallel. 

121. Two lines parallel to a third line are parallel to 

each other. . _ 

*123. The sum of the angles of a triangle is equal to a 

straight angle. 

124. A triangle can have but one ri^ht angle or one 
obtuse angle. 

125. The acute angles of a right triangle are eomph- 
mentary. 

126. If two angles of one triangle are equal, respectimly, 
to two angles of another triangle, the third angles are equal. 

127. If two triangles have a side, an adjacent angle, 
and the opposite angle of the one equal, respectwely, to 
the corresponding parts of the other, the triangles are con- 
gruent. 

128. An exterior angle of a triangle is equal to the sum 
of the two opposite interior angles. 

129. If two angles have their sides, respectively, perpen- 
dicular, they are either equal or supplementary. 

133. The sum of the angles of a polygon of n sides is 
{n — 2) straight angles. 

134. The sum of the exterior angles of a polygon made 
by producing each of the sides in succession is tivo straight 

angles. , 

141. The opposite sides of a parallelogram are equal and 

the opposite angles are equal. 

142. A parallelogram is divided into two congruent 

triangles by either diagonal. 

143. Segments of parallel lines cut off by parallel lines 

are equal. I . 

145. Two parallel lines are everywhere equidistant. 
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146. If the opposite angles of a quadrilateral are equal, 
it is a parallelogram. 

147 . The diagonals of a parallelogram bisect each other. 

148. If the diagonals of a quadrilateral bisect each other, 
the quadrilateral is a parallelogram. 

* 149 . If the opposite sides of a quadrilateral are equal, the 
quadrilateral is a parallelogram. 

* 160 . If two sides of a quadrilateral are equal and parallel, 
the quadrilateral is a parallelogram. 

* 162 . If three or more parallels intercept equal segments 
on one transversal^ they intercept equal segments on every 
iramversaL 

163, If a line bisects one side of a triangle^ and is parallel 
to a second side, it bisects the third side also, 

154. If a line connects the mid-points of two sides of a 
triangle, it is parallel to the third side. 

155. A line segment connecting the mid-points of two 
sides of a triangle is parallel to the third side and equal to 
half of it 

157. The median of a trapezoid is parallel to the bases 
and equal to half their sum. 

159. In a right triangle the median to the hypotenuse is 
equal to half the hypotenuse. 

160. In a SO^SO" right triangle, the hypotenuse is double 
the side opposite the SO"" angle. 

161. If the hypotenuse of a right triangle is double one 
of the sides, then the acute angle opposite that side is SO"", 
while the other one is 60°. 

170 . If two sides of a triangle are unequal, the angles 
opposite these sides are unequal and the angle opposite the 
greater side is the gredter. 

172. If two angles of a triangle are unequal, the sides 
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opposite these angles are unequal, and the side opposite the 

greater angle is the greater. r>n'n hp 

173. The perpendicular is the shortest segment that can be 

drawn from a given point to a given line. _ 

174. '^ The shortest segment that can be drawn from a given 
point to a given line is the perpendicular from the point o 

thS * 7 

177 'if two sides of one triangle are equal, respectively 

U, to sties 0 / oMfter (mn«ie. tut the included ajle ef 
If is greaf thnn the included ungle of tte seeond then^ 
Airdside of the first « 9 «aier thun tl^ thrrd stde 
178. If two sides of one trwmk are 
to to sides of another triengU. but the third 
is greater than the third side of the second, 
ovposUe the third side of the first ts greater than the angle 

opposite the third side of the second. ^ ote.„gnhf 

*184. Through any three given points not in a g 
line one circle, and only on£, can be drawn. , ^ 

185. A straight line or a circle cannot intersect 

in more than two points- 7 • ? « tn,m nrr^ are 

191. In the same circle, or in equal circles, if two arcs are 

equal, their chords are equal. _ , . , of Hnn ehorTs 

193. In the same circle, or in equal circl , f 

to a chord Usects the 

'^mf^f‘lff.tar which Usects a chord (»oi a dianwter) 
* f^fffrffffXfbiscctar of a chard passes through 

^^mwotrt indorse, the li^ ofeendsrs is ths per- 
pendicular bisector of thair common chord. 
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"^ 202 * In the same circle^ or in equal circles^ chords equi- 
distant from the center are equal. 

"^ 203 , In the same circle , or in equal circles, equal chords 
are equidistant from the center. 

205 . In the same circle, or in equal circles, if two minor 
arcs are unequal, the greater arc has the greater chord. 

206 . In the same circle, or in equal circles, if two chords 
are unequal, the greater chord has the greater minor arc. 

208 . In the same circle, or in equal circles, if two chords 
are unequal, the greater chord is nearer the center. 

209 . In the same circle, or in equal circles, if two chords 
are unequally distant from the center, the one nearer the 
center is the greater. 

214 . A line perpendicular to a radius at its outer ex- 
tremity is tangent to the circle. 

215 . The tangent to a circle at a given point is perpen- 
dicular to the radius drawn to that point. 

216 . A line perpendicular to a tangent at the point of 
contact passes through the center of the circle. 

217 . A line from the center of a circle, perpendicular 
to a tangent, passes through the point of contact. 

220 . Two tangents to a circle from an outside point are 
equal and make equal angles with the line joining that point 
to the center. 

222 . If two circles are tangent, the line of centers passes 
through the point of contact. 

226 . Two parallel lines intercept equal arcs on a circle. 

* 241 . An inscribed angle has the same measure as half 
of its intercepted arc. 

242 . Angles inscribed in the same arc or in equal arcs 

are equal. | 

243 . An angh inscribed in a semicircle is a right angle. 
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246 . An angle formed hy a tangent and a 
point of contact Ms the same measure os half 

^46. An angle formed by two intersecting chords 
measured by half the sum of the intercepted ^ 

248 . An angle formed by two secants, by a 
tanaent or by two tangents intersecting outside the 
has the same measure as half the difference u 

%7‘fCccu. 0 , points at a pmn 

point is a circle with the given point as center and with 

given distance as radius. ^ ^ r)nir>f^ 

* 264 . The locus of points equidistant from two ^ 
is the perpendicular buector of the segment connecting the 

The locus of points equidistant from the sides of an 

angleisthebisector of the angle. 

257 The locus of points equidistant from 
JStp LigU uJis the pair of lines Usecttnp tie angles 

The loms of points equidistant ^7- 

lines is the line parallel to each of them and mi y 

ThehwofpointsatagiKndi^rmJro^^P^ 

line is a pair of l^s. ou, on .fc. - »/ 
each parallel to the given line, and at me go 

^''TeO. The locus of the vertex of the right ^ 

triangle hauing a given hypotenuse is a circle having g 

hypotenuse as diameter. trionde 

■ 270. The perpendicular Usectors of the sides of a triangle 

are concurrent. 
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273. The bisectors of the angles of a triangle are con- 

current 

276. The altitudes of a triangle are concurrent. 

278. The medians of a triangle intersect in a point which 
is two-thirds oj the distance from any vertex to the mid-point 
of the opposite side. 

281. The locus of the vertex C of a triangle with a given 
base AB and given angle C is the arc of a circle in which angle 
C can be inscribed which arc has AB as a chord. 

289. 1. In any proportion, the product of the means 
equals the product of the extremes. 

2. In any proportion, the first term is to the third as 
the second term is to the fourth. 

3. In any proportion, the second Urm is to the first as 
the fourth is to the third. 

4:. If the hoo numerators of a proportion are equal, the 
denominators are equal. 

5. If three terms of one proportion are equal, respectively, 
to three terms of another proportion, the remaining terms 
are equal. 

6. If the product of two numbers is equal to the product 
of two otUr numbers, either two may be made the means in 
a proportion in which the other two are the extremes. 

7. In a proportion, the sum of the first two terms is to 
the second (first) as the sum of the last two is to the fourth 
(third). 

S. In a proportion, the difference between the first two 
terms is to the second (first) as the difference of the last 
two IS to the fourth (third). 

293. A line parallel to one side of a triangle and inter- 
secting the other two divides those two sides propor- 
tionally. ^ 
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294. One side is to either of its segments as the other side 
is to the corresponding segment. 

298. The segments cut off on two transversals by a 
series of parallels are proportional. 

* 300 . If a line divides two sides of a triangle propor- 
tionally, it is parallel to the third side. 

* 306 . Two triangles are similar if two angles of one are 
equal, respectively, to two angles of the other. 

Corresponding altitudes of similar triangles have 
the same ratio as any two corresponding sides. 

* 312 . Two triangles are similar if an angle of one eqitals 
an angle of the other and the sides including these angles 
are proportional. 

* 314 . Two triangles are similar if their corresponding 
sides are proportional. 

317. The bisector of an interior angle of a triangle 
divides the opposite side into segments which are propor- 
tional to the adjacent sides. 

319. The bisector of an exterior angle of a triangle 
divides the opposite side externally into segments propor- 
tional to the adjacent sides. 

321. A. The bisector of the interior angle of a triangle 
and the bisector of the exterior angle at the same vertex 
divide the opposite side of the triangle harmonically. 

322. In any right triangle, the perpendicular dropped 
from the vertex of the right angle to the hypotenuse divides 
the triangle into two triangles similar to the given triangle. 

323. I. The two triangles are similar to each other. 

II. The perpendicular is the mean proportional between 
the segments of the hypotenuse. 

III. Either side is the mean proporHonal between the hy- 
potenuse and the segment of the hypotenuse adjacent to it. 


466 


APPENDIX 


324. The perpendicular to the diameter of a circle from 
any point on the circle (a) is the mean proportional between 
the segments of the diameter; and 

(b) the chord from that point to either extremity of the 
diameter is the mean proportional between the diameter 
and the segment of the diameter adjacent to that chord. 

* 326 . In any right triangle the square of the hypotenuse 
is equal to the sum of the squares of the legs. 

328. A. In any triangle, the square of a side opposite 
an acute angle is equal to the sum of the squares of the 
other two sides, diminished by twice the product of one 
of those sides by the projection of the other side on it. 

329. A. In any obtuse triangle, the square of the side 
opposite an obtuse angle is equal to the sum of the squares 
of the other two sides, increased by twice the product of 
one of those sides by the projection of the other side 
on it. 

* 333 . If two chords intersect in a circle, the product of 
the segments of one is equal to the product of the segments 
of the other. 

336 . If, from a point outside a circle, a secant and a 
tangent are drawn, the tangent is the mean proportional 
between the whole secant and its external segment. 

336. If , from an external point, secants are drawn to a 
circle, the product of each secant by its external segment is a 
constant. 

341. The area of a rectangle is equal to the product of its 
base and altitude. 

* 343 . The area of a parallelogram is equal to the product 
of its base by its altitude. 

344. Parallelograi^s having equal bases and equal altitudes 
are equal in area. 
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345 . Two 'parallelograms are to each other as the products 

of their bases and altitudes. , 

346 . Parallelograms having equal altitudes are to each 
other as their bases. 

347 . Parallelograms having equal bases are to each other 
as their altitudes. 

348 . The area of a triangle is equal to half the 'product of 
its base by its altitude. 

349 . Tioo triangles having equal bases and equal altitudes 
are equal in area. 

350 . Two triangles are to each other as the products of 
their bases and altitudes. 

351 . Triangles having equal altitudes are to each other as 
their bases. 

352 . Triangles having equal bases are to each other as 
their altitudes. 

* 363 . The area of a trapezoid is equal to half the product 
of the sum of its bases by its altitude. 

354 . The area of a trapezoid is equal to the product of its 
altitude and the segment connecting the mid-points of the legs. 

356 . Two triangles having an angle of one equal to an 
angle of the other are to each other as the products of the 
sides including the equal angles. 

360 . In any right triangle the square on the hypote- 
nuse is equal to the sum of the squares on the other two sides. 

364 . In a series of eq'ual ratios, the sum of the numera- 
tors is to the sum of the denominators as any numerator is 
to its denominator. 

365 . The perimeters of two similar polygons have the 
same ratio as any two corresponding sides. 

* 367 . If two polygons are similar^ they can be divided 
into triangles which are similar and similarly placed. 
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368.' 1/ two polygons can be divided into triangles which 
are similar avid similarly placed, the polygons are similar. 

* 372 . The areas of two similar triangles are to each other 
as the squares of any two corresponding sides. 

* 373 . The areas of two similar polygons have the same 
ratio as the squares of any two corresponding sides. 

374. A. In any right triangle, a polygon, constructed on 
ike hypotenuse is equal in area to the sum of similar polygons 
constructed on the other two sides, 

381. If a circle is divided into equal arcs, the chords of 
these arcs form a regidar inscribed polygon. 

382. An equilateral polygon inscribed in a circle is a 
regular polygon . 

383. If lines are drawn from the mid-point of each 
arc determined by a side of a regular inscribed polygon, to 
its extremities, a regular inscribed polygon of double the 
number of sides is formed. 

384. Regular inscribed polygons of 4, 8, 16, 32, etc., sides 
can be constructed. 

385. Regular inscribed polygons of 3, 6, 12, 24, 4^, etc., 
sides can be constructed, and, by joining the alternate vertices 
of an inscribed hexagon, an inscribed equilateral triangle is 
formed. 

387. If a circle is divided into equal arcs, the tangents 
at the points of division form a regular circumscribed 
polygon. 

388. If tangents are drawn at the mid-points of the arcs 
of adjacent points of contact of the sides of a regular cir- 
cumscribed polygon, a regular circumscribed polygon of 
double the number of sides is formed. 

* 390 . A circle cai{ be circumscribed about any regular 
polygon. 


APPENDIX 


469 


391. A circle can he inscribed in any regular polygon. 

- 392. Each central angle of a regular polygon of n, sides 
.360° 

IS . 

n 

393. Each angle of a regular polygon of n sides is 

n — 2 . ' 

straight angles. 

394. Since the sides of a regular polygon are equal, if 
each side is s, and there are n sides, the perimeter of a 
regular polygon is ns. 

* 396 . The area of a regular polygon is equal to half the 
product of its apothem by its perimeter. 

397. Regular polygons of the same number of sides are 
similar. ■ 

399. The perimeters of two regular polygons of the same 
number of sides have the same ratio as their radii, or as 
their apothems. 

400. The areas of two regular polygons of the same 
number of sides have the same ratio as the squares of their 
radii or as the squares of their apothems. 

404. A. Regular polygons of 5,10, 20, Ifi, etc., sides can 
be inscribed in a circle. 

406. A. Regular polygons of 15, SO, 60, 120, etc., sides 
can be inscribed in a circle. 

411. The circumferences of two circles have the same 
ratio as their radii. 

412. The circumferences of two circles have the same 
ratio as their diameters. * 

413. The ratio of the circumference to the diameter of a 
circle is a constant: that is, it is the same for any two circles. 

415. The circumference of a circle fis equal to the product 
of its radius by twice the constant nuThber ir, or, C —2 ifr. 
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416 . The length of an arc of a circle in linear units has 
the same ratio to the circumference as the number of degrees- 
in ths arc has to 360°. 

417 . The area of a circle is equal to half the product of 
its circumference by its radius. 

418 . The area of a circle is equal to the pi'oduct of the 
constant number t hy the square of the radius. 

420 . The area of a sector has the same ratio to the area 
of the circle as the ajigle of the sector has to 360°. 

421 . The area of a sector is equal to the product of the 
length of its arc by half the radius. 

422 . The areas of two circles have the same ratio as the 
squares of their radii, or as the squares of their diameters. 
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Abbreviations, xiv. 

AbAl-Wefa, 296. 

Acute, angle, 22; triangle, 

Adjacent angles, 21. _ 

Ahmes, 21, 365, ^5^ 427. 

Vlffebra Review, 44^. . ^ . 

Alternate, exterior, and interior 

74. ^ . 

Angle," acute, 22; bisected, 25; bb 
slctor of, 304; central, l(o, 2^2, 
See, 221; of depression, 209; 
^elevation, 299; exterior, 93, 

Mtial side, 19, 

224; measuring of> 09. 

obtAse, 22; reflex, 22; right, 22, 
sides 18; size of, 18, 154; straight, 
19, 122; vertex, 

Mgles, adjacent, 21; alternate, 
119;» complementaiy, 3- , coi 
responding, 11^; 
terior, 119; 

plementary, 32; vertical, 36. 
^Vntecedents, 280. 

.'Vppendix, 447. 

Apothem, 406. 

Arc, 7; degree, 321, 

minor, 175; minute, 221, nega 
tive, 234; positive, 234; second, 

■ ' 99ll'' 

\rGS, ' complementary, 222; ^^sup- 

',t,Pwri6"f6,427,437. 

S of a circle, 424; of a 

nrLm 346; of a rectangle, 3% 
S a surface, 343; of a trapezoid, 
350; of a triangle, 34f 
Arithmetic in Nine Sections, -.83. 
Aryabhatta, 427. 


Auxiliary lines, 72. 

Axiom, 39. 

Axioms, list of, 45o. 

Babylonians, 427. , 

Base, of an isosceles triangle, lU, 
of a parallelogram, 136. 

Bases, of a trapezoid, 136. 

Bhaskara, 361. ' 

Bisector, of an angle, ^o; ot a seg- 
ment, 15; perpendicular, 30. 
Broken line, 6, 

Center, of a circle, 6, 173; of grav- 
ity, 254; of a regular polygon, 

406. . t . 

Central angle, 175; of a regulai 
polygon, 406. 

Centroid, 254. 

Chord, 7, 173. ^ ^ 

Circle, 6, 173; arc, /; area, 420, 
center, 6, 173; centra] angle, 175, 
chord, 7, 173; circumference, 420, 
circumscribed, 182j diameter, 
173; escribed, 252; inscnbeci, 
195; radius, 7, 173; sector, 424; 
segment, 423. - 

Circles, concentric, l^C imc oi 
centers. 182; tangent, externally, 
internally, 197. 

Circumcenter, 250. 

Circumference, ^1. 
Circumscribed, circle, Ibii, poiy 

gon, 195. 

Clinometer, 333. 

Commensurable, 284. 

Common tangent, iJb. . 

Compasses, 11; proportional, 331. 
Complement, 32. 

Concave polygon, 1*^. 

Concentij.c cu'cles, 177. 

Conclusion, 71. 

Concurrent, 249. 
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Congruent, 21. 

Congruent figures, 45. 

Conic sections, 243, 

Consequents, 280. 

.'Converse, 75. ■ 

Con,vex polygon, 132. 

Corollary, 73. 

Corresponding, angles, 119; angles 
of polygons, 290; parts, 49; sides 
of polygons, 290. 

Cosine, 295: table of, ratios, 298. 
Cross-staff, 332. 

Curved line, 6. 

Cycloid, 245. 

Decagon, 132. 

DelSnition, properties of, 4. 

Degree, angle, 27, 221; arc, 221. 
Demonstration, 67. 

Depression, angle, 299, 

Diagonal, of a polygon, 132. 
Diameter, 7, 173. 

Direct proof, 100. 

Distance, between parallel lines, 
137; from a point to a line, 98, 

. 152. 

Divine proportion, 413. 

Division, external, 307; liannoiiic, 
308; internal, 307. 

Drumheads, 332. 

Duplicating the cube, 358. 

Egyptians, 2, 19. 

Elevation, angle, 299. 

Ellipse, 243. 

Equiangular, 23. 

Equilateral, 8, 10. 

Escribed circle, 252. 

Euclid, 66, 102, 311, 343, 413. 
Excenter, 252. 

Exterior angles, 93, 119. 

External division, 307. 

External tangent, 198. 

Extreme and mean ratio, 413. 
Extremes, 278. 

Ifigures, ‘^ngment, 45. 

452. 

Fourth proportional, 282. 
Fundamental theorems, 4^, 

Galileo. 335. 


Gauss, 420. 

Geometric square, 333. 

Golden section, 413. — 

■Greeks, 2, 3, 6, 10, 27, 102,187, 283, 
294, 296, 310, 313, 343, 354, 358, 
362,‘-383,/437. 

Harmonic division, 308. 

Harpedonaptae, 19. 

Hebrews, 427. 

Heptagon, 132. 

Hero, 354. 

Hexagon, 8, 132. 

Hipparchus, 297, 

Bbppocrates, 187, 437. 

Historical notes, 2, 3, 6, 16, 19, 21, 
27, 77, 98, 102, 187, 283, 294, 296, 
297, 310, 311, 313, 320, 335, 343, 
354, 358, 361, 362, 365, 383, 407, 
413, 420, 425, 427, 437. 

Hyperbola, 243. 

Hypotenuse, 83. 

Hypothesis, 71. 

Hypsometer, 333. 

Incenter, 252. 

Indirect anethod, 10 1 . 

Inequalities, 150, 186. 

Inscribed, angle, 224; circle, 195; 
polygon, 182. 

Intercepted, 142, 224. 

Interior angles, 119. 

Interpolation, 296. 

Internal, division, 307; tangent, 
198. 

Isosceles, trapezoid, 145; triangle, 

10 . 

K’iu-chaiig Suan-shu, 283. 

Legendre, 66. 

Legs, of an isosceles triangle, 10; 
of a right triangle, 83. 

Lincoln, 77. 

Linei broken, 6; curved, 6; straight, 
6; of centers, 182. 

Lines, auxiliary, 72; concurrent, 
249; parallel, 104; perpendicu- 
lar, 22; transversal, 119. 

Line segment, 6; bisected, 15, 

Linkages, 244, 320, 358. 

Locus, 235, 238, 241, 246. 
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Major are, 175. 

Maps s^rid plans, 303. 

‘ , /Mariner’s Compass, 29. 

7?^' Mean proportional, 282. 

Means, 278. 

f Measure, of an angle, 27; of an arc,^ 
221; of a central angle, 222; of 
an inscribed angle, 224; numer- 
ical, 221. 

Median, of a trapezoid, 145; of a 
triangle, 16, 74. 

Mid-point of a segment, 15. 

Minor arc, 175. 

Minutes, 28. 

Mirror, angle, 22. 

Mutually equiangular, 2f>0. 

Negative arc, 234. 

Nonagon, 132. 

Obtuse, angle, 22; triangle, 23. 

Octagon, 132. 

Optical illusion, 35. 

Orthocenter, 253. 

Pantograph, 334. 

Pappus, 362. 

Parabola, 243. 

Parallel lines, 104; distance be- 
tween, 137. 

Parallelogram, 136; base of, 136; 
altitude of, 136. 

Peaucellier, 320. 

Pentagon, 132. 

Perimeter, 198. 

Perpendicular bisector, 30. 

Perpendicular lines, 22. 

Pi (t), 422; computation of, 427. 

Plane, 1. 

Plane table, 372. 

Plans and maps, 303. 

Plato, 2, 66. 

Plutarch, 98. 

Point, of contact, 192; of tangency, 
192. 

Polygon, 9; circumscribed, 195; 
concave, 132; convex, 132; diag- 
onal of, 132; inscribed, 182; 
perimeter of, 198; regular, 133, 
. 397; sum of the angles of, 132; 
vertices, 132. 

Polygons, classified, 132; mutually 
equiangular, 290; similar, 290. 


Positive arc, 234. 

Postulate, 13. 

Postulates, list of, 455. 

Powers and roots, table of, 454. 

Practical Applications of Geometry, 
60-62, 131-132, 134-135, 141-142, 
164-166, 212-214, 268-270, 294, 
330-336, 359, 438-439. 

“Problems of Antiquity,” 358, 

Proclus, 313. 

Projection, 313;* negative and posi- 
tive, 317; of a point, 313; of a 
segment, 314. 

Proof, 36, 67, 100; by aualysi.s, 84; 
indirect proof, 101; reductio act 
absurdum, 107. 

Proportion, 277; terms, 278. 

Proportional, compasses, 331 ; 
fourth, mean, third, 282. 

Proposition, 67. 

Protractor, 28, 

Ptolemy, 27. 

Pythagoi’as, 66, 187, 310, 313, 413. 

Pythagorean theorem, 810, 311, 361 . 

Quadrant, 175. 

Quadrilateral, 132. 

Quatrefoil, 432. 

Radius, of a circle, 7, 173; of a reg- 
ular polygon, 406. 

Ratio, 277; extreme and mean, 413; 
of similitude, 290; trigonometric, 
295,298. 

Rectangle, 136. 

Reductio ad absurdum, 107. 

Reflex angle, 22. 

Regular polygon, 133, 397; apo- 
them, 406; center, 406; central 
angle, 406; perimeter, 406. 

Resultant, 141, 

Review of Algebra, 447. 

Reviews, 57-60, 109-112, 161-166, 
209-214, 263-270, 324 - 336 , 382 - 
389, 428-440. „v 

Rhombus, 136. 

Riemann, 66. 

Right angle, 22. 

Right triangle, 23; hypotenuse and 
legs of, *83; 30°-60°, 147. 

Rope Stretchers, 19. 
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Scale, 303, 

Scalene triangle, 10, 

Secant, 191, 318; external and 
whole segment, 318. 

Seconds, 28. 

Sector, 424. 

Segment, of a circle, 423; of a line, 
6; divided, externally, internally, 
307; divided harmonically, 308; 
projection of, 314. 

Semicircle, 175. 

Sextant, 28. 

Similar, figures, 277; polygons, 290. 

Sine, 295; table of, ratios, 298. 

Size of an angle, 18, 154. 

Socrates, 3. 

Sophists, 187. 

Square, 136; geometric, 333. 

Square root, 448; table of, 454. 

Squaring the circle, 358. 

Straight, angle, 22; line, 0. 

Straightedge, 6. 

Study Aids, 70. 

Summaries 55-56, 107-108, 158-16.0, 
208-209, 260-262, 323-324, 380- 
381, 427-428. 

Superposition, 45. 

Supplement, 32. 

Symmetry, 9. 

Table, Powers and Roots, ^454; 
Trigonometric Ratios, 298. 

Tangent, common external and in- 
ternal, 198; historical note, 296; 
of an angle, 295; to a circle, 318; 
table of, ratios, 298. 

Tangent circles, 197. 


Telemeter, 334. ■ . 

Terminal side of an angle, 19, 122. 

Tests, 62-66, 112-115, 115-117, 166- 
169, 169-171, 214-216, 217-210, 
270-273, 273-276, 336-339, 339- 
341, 389-392, 392-395, 440-442, 
442-445. 

Thales, 6, 66, 294, 296. 

Theorem, 34, 67; parts of, 70. 

Third proportional, 282. 

Three famous problems of antiquity, 
358 

Transit, 28, 30. 

Transversal, 1 19. 

Trapezoid, 136; isosceles, 145; me- 
dian of, 145. 

Trefoil, 334. 

Triangle, 10; acute, 23; altitude of, 
74; congruent, 21, 45; equiangu- 
lar, 23; equilateral, 10; Isosceles, 
10; median of, obtuse, 

23; right, 23; scalene, 10. 

Triangles, mutually equiangular, 
291; similar, 21. 

Trigonometric ratio, 295; table of, 
298. 

Trisecting any angle, 358. 


Unit of measure, of an angle, 27, 
221; of an arc, 221; of a surface, 
343. 


Vertex, of an angle, 18; of i 
gon, 9; of a triangle, 10. 
Vertical angles, 36. 

Vertices of a polygon, 9, 132, 



